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Constant Elevation-Beamwidth Beamforming
With Concentric Ring Arrays

Orel Peretz and Israel Cohen , Fellow, IEEE

Abstract—A hybrid approach is proposed to efficiently design a
constant elevation-beamwidth beamforming with concentric ring
arrays (CRAs). The design exploits the degrees of freedom of
the array geometry for superior performance. In particular, the
ring radii and the beamformer coefficients are optimized simul-
taneously for all frequencies. We introduce a convex quadratic
programming problem for a given CRA configuration, directly
optimizing the beamformer coefficients while maintaining constant
elevation-beamwidth over a wide range of frequencies. The pro-
posed objective function contains a control variable, allowing a
tradeoff between the directivity factor and the white noise gain.
Subsequently, a hybrid approach is proposed to optimize the ring
radii with a genetic algorithm exploiting the partial convexity of the
problem. Experimental results demonstrate the flexibility and ad-
vantages of the proposed approach compared to the state-of-the-art
in terms of directivity factor, white noise gain, sidelobe level, and
beamwidth consistency, with reduced resources and a significantly
lower computation time.

Index Terms—Array processing, microphone array, con-
centric ring array, constant-beamwidth beamforming, frequency-
invariant beamforming.

I. INTRODUCTION

B EAMFORMING is a classical method for spatial filtering
of a desired signal from noise and interference using obser-

vations from multiple microphones [1], [2], [3]. It has been at the
forefront of research activity for many decades, applied in appli-
cations such as hands-free audio communication, hearing aids,
and teleconferencing systems [4], [5]. Most applications involve
signals that are broadband in nature in a three-dimensional (3D)
setting, requiring efficient solutions for low latency, minimum
resources, and high performance.

Conventional beamforming suffers from beamwidth narrow-
ing as frequency increases, causing an undesired distorted low-
passed output for signals deviating from the look direction.
Over the last few decades, several frequency-invariant (FI) and
constant-beamwidth (CB) methods have been suggested with
different array geometries, which can be generally divided into
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three categories: linear [6], [7], [8], [9], [10], planar [11], [12],
[13], [14], [15], [16], [17], [18], [19], [20], [21], [22], [23], [24]
and volumetric [25], [26]. The planar arrays are favored over the
others due to their 2D steering ability and limited resources (area,
number of elements, etc.). Among the planar array, geometries
are: the rectangular arrays (RAs) [11], [12], [13], [14], [15],
[16], [17], [27], the circular arrays (CAs) [18], [19], [20] and the
concentric circular arrays (CCAs) [21], [22], [23], [24]. The last
is preferred in many applications due to 360◦ azimuth coverage
and superior performance in direction of arrival (DoA) [21],
[28], peak sidelobe level (PSLL) [29], noise suppression [30],
and frequency invariance over a wide range of frequencies [31].
However, most works restrict the desired signal DoA to the
horizontal plane, affecting the beamformer’s performance in
terms of directivity factor (DF) and white noise gain (WNG).
In [32], a CB beamformer for CCAs controlling both the azimuth
and elevation beamwidths was suggested. Yet, for large arrays,
the computational complexity and required resources may be
too high due to the large number of degrees of freedom (DOF).
A compromise is the concentric ring array (CRA), where all
microphones in a ring share the same weight. While eliminating
beam steering ability, the number of DOFs is reduced, as are
the computational complexity and required resources. In [33], a
window-based CB beamformer for uniformly spaced CRA was
suggested.

Generally, two main design controls are affecting the perfor-
mance of the CRA beamformer: the ring radii and weights. Pre-
vious work on beampattern synthesis of CRAs optimizing both
radii and weights includes optimization methods such as particle
swarm optimization (PSO) [34], compressed sensing (CS) [35],
and moth flame optimization (MFO) [36]. Yet, for the most part,
these methods are computationally exhaustive for large arrays.
Following, hybrid approaches [37], [38], [39] decomposing the
optimization problem into two parts were suggested. In [37], a
combination of a genetic algorithm (GA) and convex program-
ming (CP) was proposed, exploiting the convexity of the problem
and the parallelism of the GA for improved efficiency. Yang et
al. [39] employed the same combination while optimizing the
ring partitions in addition to the radii and weights under linear
constraints. Unfortunately, all the aforementioned approaches
were designed for the narrowband case without beamwidth
control. Moreover, they ignore important performance measures
such as the DF and WNG.

Recently, Klieman et al. [40] proposed a maximum DF
CB beamformer with time-domain implementation by solving
a mixed integer quadratic programming (MIQP) problem of
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both the weights and radii. However, it suffers from several
disadvantages. First, the radii are optimized on a grid, which is
computationally exhaustive, especially for a large grid. Second,
the algorithm comprises two separate optimization problems:
one for finding the weights that maximize the DF and the other
for finding the finite impulse response (FIR) coefficients approx-
imating the beamformer weights concerning the least-squares
cost. Next, the FIR coefficients are designed independently
for each ring. Consequently, the final time-domain solution is
suboptimal, which may cause a degradation in performance.
Lastly, objective function weighting and a pre-processing step
are needed to compensate for the non-smooth filter response
of the incoherent solution. How to design an efficient CB FIR
beamformer with CRAs is still an open question. Moreover, to
our knowledge, no hybrid approach has been developed for CB
FIR-beamforming with CRAs.

In this paper, we propose an efficient approach for the design
of a CB FIR beamformer with CRAs. The design exploits the
degrees of freedom of the array geometry for superior perfor-
mance. In particular, the ring radii and the FIR beamformer
coefficients are optimized simultaneously for all frequencies.
First, we utilize the continuous-phase representation of the FIR
filters for defining a convex quadratic programming (CQP)
problem, maintaining CB over a wide range of frequencies for a
given CRA configuration. We propose an objective function that
includes a control variable, allowing a tradeoff between DF and
WNG. Following, a hybrid approach is proposed to optimize the
ring radii with a genetic algorithm utilizing the aforementioned
convex problem as its cost and exploiting the partial convexity of
the problem. Simulation results compare the proposed approach
against the state-of-the-art, showing several advantages. First,
the flexibility of the proposed approach is demonstrated, allow-
ing a compromise between DF and WNG. Second, the improved
performance in terms of WNG, beamwidth consistency, and
sidelobe level (SLL) due to the direct and joint optimization
of the coefficients is shown. Lastly, the significantly lower com-
putational time and faster convergence of the proposed approach
are demonstrated through independent Monte Carlo (MC) runs.

Our motivation arises from many multi-speaker applications
involving large spaces with speakers distributed across different
pre-defined areas such as auditoriums, classrooms, houses of
worship, and conference centers. In such scenarios, our beam-
former with the eliminated steering ability can be installed as
a circular ceiling array over the different regions of interest.
This solution benefits from low cost, latency, and high perfor-
mance [33].

The rest of the paper is organized as follows: Section II
presents the CRA and signal model, problem formulation, and
performance measures. In Section III, we introduce the proposed
hybrid approach. Section IV presents experimental results, and
in Section V, we summarize and highlight our conclusions.

Notation: Throughout the paper, the following notation is
adopted: X is a matrix, x is a vector and x is a scalar. The
i, j-th element of a matrix X is denoted (X)i,j . The imaginary
unit is j (so that j2 = −1). The conjugate transpose of a matrix
is (·)H , its conjugate is (·)∗ and its transpose is (·)T . The
Euclidean norm is ‖ · ‖2. The N ×N identity matrix is IN

Fig. 1. Illustration of a CRA with M rings and Nm microphones per ring.

and the N × 1 all-ones vector is 1N . The ceil of a number α
is written as �α�. Functions are denoted by lowercase italics,
e.g., f(·). Re{·}, Im{·} denote the real and imaginary parts of
a complex scalar, vector, or matrix. The Kronecker product is
denoted by⊗, and the Hadamard product by ◦. Finally, the phase
of the complex-valued variable α is denoted by ∠{α}.

II. PROBLEM FORMULATION AND PERFORMANCE MEASURES

A. Concentric Ring Array

Consider a discrete CRA with M rings. The m-th (m =
1, . . .,M) ring has a radius Rm, containing Nm equally spaced
omnidirectional microphones, as illustrated in Fig. 1. We assume
that the center of the CRA coincides with the first ring having
R1 = 0 and N1 = 1. The total number of microphones in the
array is N =

∑M
m=1Nm.

The location of the k-th (k = 1, . . ., Nm) microphone on the
m-th ring is given by

rm,k = Rm (cosψm,k, sinψm,k, 0)
T (1)

ψm,k =
2π (k − 1)

Nm
(2)

where ψm,k is the angular position, measured anti-clockwise
concerning the x-axis.

To prevent spatial aliasing, the inner-microphone spacing on
each ring should satisfy the Nyquist spatial sampling criterion,
i.e., be less than λmin

m /2, where λmin
m is the minimal wavelength

in which the m-th ring is effective in the beamforming process.
Consequently, the number of microphones of the m-th ring is
given by

Nm ≥
⌈
4πRm
λmin
m

⌉
. (3)

Since the microphones are spaced uniformly and satisfy the
Nyquist criterion, we get an azimuth-invariant beampattern.
Therefore, without loss of generality, we choose ϕ = 0 for the
rest of the paper.
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Fig. 2. Block diagram of CRA FIR-beamformer.

B. Signal Model

Suppose a desired broadband signal s(t) propagates in an
anechoic acoustic environment at the speed of sound, i.e., c =
340 m/s, impinges on the CRA. We assume a far-field model so
the wave can be approximated as planar. The DoA of the desired
signal is parameterized by the elevation angle θd.

The signal observed by the m, k-th microphone is a time-
delayed version of the original signal corrupted by noise vm,k(t),
that is

xm,k(t) = s (t− τm,k) + vm,k(t) (4)

τm,k =
Rm
c

sin θ cos (ψm,k) (5)

where τm,k denotes the propagation time difference between the
origin and the m, k-th microphone. Applying the Fourier trans-
form translates the time delay τm,k to a phase shift e−j2πfτm,k ,
that is

Xm,k(f) = e−j2πfτm,kS(f) + Vm,k(f) (6)

where f is the temporal frequency. In vector form, the observed
signal of the m-th ring becomes

Xm(f) = [Xm,1(f), . . ., Xm,Nm
(f)]T

= dm (f, θ)S(f) + V m(f) (7)

where the vector V m(f) is defined similarly to Xm(f) and
dm(f, θ) is the steering vector of the m-th ring given by

dm (f, θ) =

⎡⎢⎣ ej
2πfRm

c sin θ cos(ψm,1)

...
ej

2πfRm
c sin θ cos(ψm,Nm )

⎤⎥⎦ . (8)

Concatenating the M rings steering vectors yields the steering
vector of the CRA, which is given by

d (f, θ) =
[
dT1 (f, θ) , . . .,dTM (f, θ)

]T
. (9)

C. Problem Formulation

In the proposed beamformer design, the first stage is the
summation of all microphone signals of each ring followed
by an A/D sampler per ring. Then, in the second stage, each
output signal is filtered by an FIR filter. A block diagram of
the proposed beamformer design is illustrated in Fig. 2. While
eliminating beam steering ability, the proposed design requires
fewer resources and simplifies the computational complexity.

Mathematically, the sum operation can be represented by apply-
ing a partitioning preprocessing matrix T of size N ×M to the
digital signal, defined as

T =

⎛⎜⎜⎜⎝
1N1

/N1 0 · · · 0
0 1N2

/N2 · · · 0
...

...
. . .

...
0 0 · · · 1NM

/NM

⎞⎟⎟⎟⎠ (10)

The weight vector at frequency f of the CRA rings is given by

h(f) = [H1(f), . . ., HM (f)]T (11)

where Hm(f) is the FIR frequency response at frequency f
applied to the m-th ring. Using (10), the weight vector at
frequency f of the CRA microphones can be expressed as:

h(f) = Th(f) (12)

D. Performance Measures

In this section, we define some relevant performance measures
for deriving and analyzing the proposed beamformer.

The beampattern describes the sensitivity of the beamformer
to a plane wave impinging on the array from different directions,
defined as

B [h(f), θ] = hT (f)d (f, θ)

=

M∑
m=1

Hm(f)

Nm∑
k=1

ej
2πfRm

c sin θ cos(ψm,k) . (13)

When the Nyquist criterion in (3) is satisfied, the beampattern
can be expressed using the beampattern of continuous rings

B [h(f), θ] =

M∑
m=1

Hm(f)NmJ0

(
2πf

c
Rm sin θ

)
(14)

where J0 is the zero-order Bessel function.
The (narrowband) WNG quantifies the robustness of the

beamformer to imperfections, such as microphone noise, dis-
placement, and mismatch, defined as

W(f) =

∣∣hT (f)d (f, θd)
∣∣2

hT (f)h(f)
. (15)

where θd is the look direction. The broadband WNG is defined
as

W =

∫
f

∣∣hT (f)d (f, θd)
∣∣2 df∫

f h
T (f)h(f)df

. (16)

Another important measure is the (narrowband) DF, which
quantifies how the sensor array performs in the presence of
reverberation, defined as

D(f) =
|B (f, θd)|2

1
2

∫ π
0 |B (f, θ)|2 sin θdθ

=

∣∣hT (f)d (f, θd)
∣∣2

hT (f)Γ(f)h(f)
(17)
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which is the ratio between the array gain in the look direction
θd and the average gain over all other directions. Γ(f) is the
pseudo-coherence matrix whose elements are

[Γ(f)]i,j = sinc

(
2πf ‖ri − rj‖2

c

)
(18)

where ri, rj 1 ≤ i, j ≤ N are the coordinates of the i and j
microphones. The broadband DF is defined as

D =

∫
f

∣∣hT (f)d (f, θd)
∣∣2 df∫

f h
T (f)Γ(f)h(f)df

. (19)

III. THE PROPOSED HYBRID APPROACH

In this section, we present a hybrid approach for the design
of a CB FIR beamformer with CRAs. The proposed approach
optimizes simultaneously the ring radii and the FIR coefficients.
This problem is generally nonlinear and nonconvex; however,
for fixed radii, the relationship becomes linear and can be solved
as a convex problem. Therefore, we decompose the optimization
problem into two parts: a global search optimization and a
convex one, where the second is incorporated as the cost of
the first.

In Section III-A, we formulate the optimization constraints
and objective function regarding the FIR-beamformer coeffi-
cients. This optimization problem aims to design a CB beam-
pattern for a given CRA configuration with flexible control of the
DF and WNG. Following, in Section III-B, we incorporate the
above optimization problem as the cost of a genetic algorithm.

A. Constant-Beamwidth Beampattern Design

The following subsections describe the main steps in the
CB FIR-beamformer design for a given CRA configuration: In
Section III-A1, the continuous-phase representation is used to
define the optimization problem in terms of the FIR coefficients.
Next, the optimization constraints maintaining CB are defined in
Section III-A2. Finally, in Section III-A3, an objective function
is suggested that allows a tradeoff between WNG and DF.

1) Time Domain Filter Design: Implementing a broadband
beamformer in the time domain is essential for applications
requiring computational efficiency and low latency [41]. The
FIR frequency response Hm(f) is defined as

Hm(f) =

L∑
n=0

bn,me
−j2πfn (20)

where {bn,m}Ln=0 are the real-valued coefficients of the m-th
ring and L denotes the order of the filter. The design of an
FIR filter is done by computing the optimal impulse response
coefficients {bn,m}Ln=0 concerning a chosen performance mea-
sure. In many applications, such as speech, filtering the signal
without distortion is desirable. This is why linear phase filters are
preferred, as their linear phase characteristic introduces a pure
time delay. The frequency responseHm(f) can be expressed as

Hm(f) = Am(f)ejφm(f) (21)

where Am(f) is a real-valued amplitude function and φm(f)
is continuous phase. This form is called a continuous-phase
representation and is very common in filter design.

We design the filters as Type-I linear-phase FIR filters with
even order and symmetric coefficients. All filters have the same
order to maintain a fixed time delay, so φm(f) = 2πfL/2.
Type-I filters are a good choice due to their versatility [42].
Consequently, the amplitude function can be written in the form

Am(f) =

L/2∑
n=0

b̃n,mcos (2πfn) (22)

where

b̃n,m =

{
bL/2,m

2bL/2−n,m

n = 0

1 ≤ n ≤ L/2 .
(23)

Let Φ denote the frequency range of interest. We uniformly
discretize the frequency space and introduce K frequency bins
{fk}K1 ∈ Φ. We denote bm as a vector of length (L/2 + 1)
containing the coefficients of the m-th ring, and B as a (L/2 +
1)×M matrix containing the coefficients of all rings, that is,

bm =
(
b0,m, . . ., bL/2,m

)T
(24)

B = (b1, . . ., bM ) . (25)

We arrange the cosines values at frequency f in the vector g(f)
of length (L/2 + 1), and the values across all frequency bins in
the (L/2 + 1)×K matrix G, that is,

g(f) = [1, 2 cos (2πf) , . . ., 2 cos (2πfL/2)]T (26)

G = [g (f1) , . . ., g (fK)] . (27)

Then, the amplitude function in matrix form, evaluated over the
frequency grid, is given by

A = BTG (28)

where A is a M ×K matrix with entries holding (A)k,m =
Am(fk).

2) Optimization Constraints: We present a set of constraints
that should be considered while designing CB beamformers.

The first constraint restricts the FIR coefficients to the class of
Type-I FIR filters and the amplitude response to be real-valued:

C1 : A = BTG . (29)

The second is the well-known distortionless response con-
straint, which ensures that any signal arriving from the desired
direction will pass the beamformer without distortion, given by

hT (fk)T
Td (fk, θd) = 1, ∀fk ∈ Φ (30)

Since we restrict ourselves to Type-I FIR filters, by (21), the
filters frequency response can be expressed as

h (fk) = ake
−j2πfL/2 (31)

where ak denotes the k-th column of the matrix A. All filters
share the same continuous linear phase response (pure delay)
which by the commutative property of LTI systems can be
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applied after the summation part in Fig. 2, resulting

C2 : (Tak)
T d (fk, θd) = 1, ∀fk ∈ Φ, (32)

The beamformer aims to maintain CB across a large frequency
range. Let ΘBW , ΦBW denote the angles and frequencies that
cover the mainlobe region, respectively. We define the matrix
BBW containing the samples of the beampattern power over
the grid as (

BBW
)
k,i

= B [(Tak) , θi] (33)

where k ∈ [1, |ΦBW |] and i ∈ [1, |ΘBW |]. Hence, a CB can be
achieved by restricting the magnitude to be greater or equal to
the magnitude at the mainlobe region, expressed as

C3 : BBW ≥ ABW , (34)

where ABW marks the −3 dB amplitude. In addition, the
maximal beampattern fluctuation within the mainlobe region is
constrained to be less than δ, that is,

C4 : max
∣∣∣BBW − 1|ΦBW | ⊗BBW

|ΦBW |
∣∣∣ ≤ δ, (35)

where BBW
|ΦBW | is the |ΦBW |-th row of BBW , i.e., the beampat-

tern of the highest frequency in the mainlobe region serving as
a reference beampattern.

Furthermore, to avoid negative amplification values and im-
prove robustness, a fifth constraint on the amplitude is added:

C5 : 0 ≤ ak ≤ 1, ∀k ∈ [1,K] . (36)

3) Objective Function: Under the distortionless constraint in
(32), the broadband DF and WNG can be expressed, respec-
tively, as

D =

K∑
k=1

[
(Tak)

T Γ (fk)Tak

]−1

(37)

and

W =

K∑
k=1

[
(Tak)

T Tak

]−1

. (38)

We suggest the combination of the two as an objective function
for the minimization problem, which is given by

αD−1 + (1− α)W−1 (39)

where α is a constant between 0 and 1, controlling the tradeoff
between DF and WNG. A bigger α makes the DF more signifi-
cant.

To sum up, the CB FIR-beamformer for a given CRA config-
uration can derived by solving the following CQP optimization
problem:

min
A,B

αD−1 + (1− α)W−1

s.t. C1, C2, C3, C4, C5 . (40)

B. Genetic Algorithm

GA is a stochastic optimization technique inspired by natural
selection, where a population of solutions evolves to solve
complex problems efficiently.

In this paper, a candidate solution is a vector r =
(R1, . . ., RM )T containing M real-valued ring radii, lying in
the interval [Rmin, Rmax]. All solutions are normalized to have
values between 0 and 1, and referred to as chromosomes. With-
out loss of generality, we assume the genes in a chromosome are
sorted in ascending order. Next, we describe the main stages of
the GA.

1) Initial Population: An initial population of chromosomes
{xi}Npop

i=1 is generated by

xi = xun + ni (41)

where xun is the uniform solution of Ngenes evenly spaced
points in the [0, 1] interval, and ni is a Ngenes × 1 white Gaus-
sian noise vector, with zero mean and standard deviation ofσpop.

2) Fitness Calculation: The fitness of a chromosome de-
scribes how good is the solution. We use the negative of the cost
obtained by the CQP optimization problem defined in (40) as the
fitness where the fitness of the non-solvable chromosomes is set
to the lowest fitness in the population. Next, the fitness values are
scaled using the rank-scaled (RS) [43] technique, which scale
the fitness values by their rank ordering preventing premature
convergence.

3) Elitism: To ensure that the best solution won’t be lost, we
use the elitism strategy by passing theNelite best chromosomes
directly to the next generation.

4) Selection: Choosing the most fit parent chromosomes for
reproduction is done using the stochastic universal sampling
(SUS) [44] technique. In this technique, the chromosomes are
chosen by one spinning of a roulette wheel with sections propor-
tional to the fitness values and multiple equally spaced selection
points, giving weaker solutions a chance to be chosen.

5) Crossover: Every two parents produce a child by com-
bining their genetics using the extended intermediate crossover
(EIC) [45] operator. Let x and y be two parent chromosomes.
Then, a child chromosome is produced by

z = x+α ◦ (y − x) (42)

where α is a random vector with elements uniformly distributed
in the [−0.25, 1.25] interval. The solutions are generated in
a slightly larger hypercube, allowing the exploration of new
solutions.

6) Mutation: Mutation allows the algorithm to explore new
solutions and divert from converging to popular solutions. We
use the dynamic multi-nonuniform mutation (DMNUM) [46]
which decreases the mutation search interval as time progresses.
Let x be a parent chromosome and z the produced child. We
first generate a random vector p of lengthNgenes with elements
uniformly distributed in the [0, 1] interval. A gene is chosen to
mutate if its probability is lower than the mutation probability
pgenemu . Next, we iterate in random order over the chosen genes
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Algorithm 1: Hybrid Genetic Algorithm.
1: Generate initial population of size Npop.
2: for i = 1 to Ngen do
3: for j = 1 to Npop do
4: Evaluate fitness by solving (40).
5: end for
6: Scale fitness with RS.
7: if convergence satisfied then
8: break.
9: end if

10: Transfer Nelite best individuals to next generation.
11: Select 2(Npop −Nelite) individuals with SUS.
12: for j = 1 to (Npop −Nelite) do
13: Apply EIC (42).
14: Apply DMNUM (43) w.p. pmu.
15: Repair individuals.
16: end for
17: Replace the old population with the next generation.
18: end for
19: returnbest individual.

and apply the following mutation operation:

zi =

{
xi + [xi−1 − xi] f(g), w.p. 0.5
xi − [xi − xi+1] f(g), w.p. 0.5

(43)

f(g) = r

(
1− g

Gmax

)γ
(44)

where r is a uniform random number in the [0, 1] interval, g is the
current generation,Gmax is the maximum number of generations
and γ is a shape parameter. In the boundaries we use x0 = 0 and
xNgenes+1 = 1.

The algorithm terminates when the fitness of the fittest mem-
ber does not change over a certain number of generations or when
it reaches the maximal number of generations. To ensure that the
individuals meet the constraints, we repair them by clipping and
sorting after each operator.

The steps of the hybrid approach CB FIR beamformer are
summarized in Algorithm 1.

IV. EXPERIMENTAL RESULTS

In this section, we provide a few simulation results examining
the performance of the proposed approach compared to the state-
of-the-art approach suggested by Kleiman [40]. In Section IV-A,
the simulations demonstrate the advantages of the proposed CQP
optimization for designing CB beamformers for a given CRA
configuration. In Section IV-B, the simulations show the hybrid
approach’s advantage in computation time.

All simulations consider the design of a CB beampattern
obtaining a beamwidth of θBW = 30◦ measured at amplitude
ABW = 1/

√
2 over the range of frequencies [0,8] kHz. The

DoA of the desired signal is θd = 0. The optimization problems
were implemented in MATLAB using the CVX toolbox [47]
and the MOSEK solver, and conducted on a Xeon E5-2697V4

CPU @ 2.3 GHz of Intel with 128 GB of RAM. The source code
for this paper can be found at.1

A. Constant-Beamwidth Beamformer Design

In this section, we consider the design of a CB FIR beam-
former for a given CRA configuration. The chosen CRA
configuration is a non-uniform CRA consisting of M = 5
rings, with radii Rm = (2, 4.8, 8.1, 13.9, 25)T cm, containing
Nm = (6, 15, 17, 19, 19)T microphones, the same as that of
Kleiman [40].

1) Influence of α: The beampatterns power as a function
of frequency and elevation for α = 1, 0.3, 0 and L = 32 are
shown in Fig. 3(a)–(c), respectively. The overlayed dashed line
is the half-power of the mainlobe. We can observe that the
beamwidth is constant over the entire desired frequency range
ΦBW = [1.2, 8] kHz and mainlobe region ΘBW = [−15◦, 15◦].
The beamformer weights as a function of frequency applied to
the rings forα = 1, 0.3, 0 andL = 32 are shown in Fig. 3(d)–(f),
respectively. The choice ofα = 1, shown in Fig. 3(a), (d), yields
the maximum DF CB beamformer. We can see that the sidelobe
level is low compared to the others, which is desired to reduce
diffuse noise. Moreover, the produced filters are band-pass in
nature. As the frequency increases, the inner rings dominate,
while the outer ones become less dominant. The choice of
α = 0, shown in Fig. 3(c), (f), yields the delay-and-sum CB
beamformer. The produced filters are low-pass in nature. As the
frequency decreases, more rings participate in the beamforming
process, which can be thought of as beamforming with discrete
pistons. In the low-frequency region, all the rings are active,
which is desirable for reducing the microphone’s inner white
noise. For the choice ofα = 0.3, shown in Fig. 3(b), (e), we get a
compromise between the two beamformers above. The produced
filters are band-pass in nature, with more extensive support
toward the low frequencies, increasing the number of micro-
phones participating in the beamforming process and reducing
the microphone’s inner white noise. For more on the tradeoff
between beamwidth, radii, and frequency using discrete rings
and pistons, the reader is referred to [33]. Overall, the definition
of a single optimization problem, optimizing the FIR coefficients
of all rings jointly, has several advantages. First, the design
process is straightforward, produces smooth and continuous FIR
filter responses, and does not require a pre-processing step, as
suggested in Kleiman [40]. Second, the filter weights of different
rings are dependent, and the ripples are coordinated, resulting
in better beamwidth consistency, as shown in the following
subsections.

Figs. 4(a)–(b) show the DF and WNG as a function of fre-
quency obtained by Kleiman [40] and the proposed approach
for α = 1, 0.3, 0.15, 0 and L = 32. The choice of α = 1 yields
the maximum DF CB beamformer, which maximizes the DF.
The proposed beamformer attains slightly higher DF and WNG
for most frequencies due to the direct and joint filter design. For
the choice of α = 0, we get the delay-and-sum CB beamformer,

1[Online]. Available: https://github.com/PeretzOrel/CB-EL-CRA
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Fig. 3. (a)–(c) Beampatterns of the proposed beamformer for a non-uniform CRA with M = 5 rings and L = 32 filter taps. The overlayed dashed line is the
half-power contour of the mainlobe. (d)–(f) Weight values are applied to the rings at each frequency.

which maximizes the WNG. The suggested objective function
allows a tradeoff between WNG and DF, which can be observed
for α = 0.15, 0.3. A bigger α improves the DF at the expense of
the WNG. One can see that the choice of α = 0.3 can be picked
as a good compromise between WNG and DF. By allowing a
maximal reduction of 0.5 dB in the DF, we improve the WNG
by more than 1 dB in the low-frequency region and a maximal
improvement of about 3 dB at f = 1.8 kHz.

Fig. 4(c) illustrates the beamwidth as a function of frequency
obtained by Kleiman [40] and the proposed approach for α =
1, 0.3, 0.15, 0 and L = 32. The mean and standard deviation of
the beamwidth can measure the beamwidth consistency. Both
approaches maintain an approximately CB of about 30◦ over the
desired frequency range [1.2, 8] kHz. Kleiman’s approach [40]
has high ripples that break the constraint of the beamwidth (to
be larger than θBW = 30◦) while the proposed approach has
low ripples and holds the constraints. The proposed approach
obtains better beamwidth consistency due to the direct and joint
design of the FIR coefficients.

2) Influence of L: The DF, WNG, and beamwidth as a func-
tion of frequency obtained by Kleiman [40] and the proposed
beamformer for α = 1, 0.3, 0.15, 0 and L = 20 are shown in
Fig. 5. Compared to the results of L = 32 shown in Fig. 4,
we notice that a smaller L damages the flexibility of the pro-
posed approach. The maximal gain in the low-frequency region
is reduced to maintain the constant beamwidth constraint. In
addition, both approaches have higher ripples.

3) Sidelobe Level Comparison: The sidelobe level is another
important performance measure. A beamformer with a low
sidelobe level can suppress interference better. The beampatterns
at different frequencies in the range of [1.4, 7.6] kHz obtained
by the proposed beamformer with α = 1 and Kleiman’s ap-
proach [40] forL = 32 are shown in Fig. 6. The solid line marks
the sidelobe level. The SLL of the proposed approach is −22.2
dB, which is lower by more than 3 dB than Kleiman’s SLL,
which is −18.6 dB.

Table I summarizes the above performance measures for the
different parameters. The SLL, beamwidth mean, and standard
deviation were measured over [1.4, 7.6] kHz. We can notice the
tradeoff between the DF and WNG, controlled by α. A bigger
α makes the DF more significant, and vice versa. In addition,
the proposed approach has better beamwidth consistency (lower
standard deviation) for the same number of filter taps. In general,
the proposed approach achieves better performance with fewer
filter taps.

B. Hybrid Approach

This section considers the joint design of both the beamformer
coefficient and the ring radii.

The allowed radii lie between Rmin = 0 cm and Rmax = 25
cm. The population size is set toNpop = 100, and the number of
elite individuals toNelite = 0.1Npop. In each generation, we ap-
ply the crossover operation over 2(Npop −Nelite) individuals.
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TABLE I
PERFORMANCE MEASURES COMPARISON FOR DIFFERENT PARAMETER CHOICES

Fig. 4. Performance measures of the proposed beamformer with α =
1 (square), α = 0.3 (diamond), α = 0.15 (cross), α = 0 (asterisk), and
Kleiman [40] (circle) forL = 32filter taps. (a) DF, (b) WNG, and (c) Beamwidth
θBW , as a function of frequency.

The mutation operation is applied to the offspring with a prob-
ability pmu = 0.2. The Gaussian noise standard deviation used
for the initial population generation is (Rmax −Rmin)/5(M −
1). The parameters of DMNUM [46] are γ = 2 for the shape
parameter, pgenemu = 0.2 for the mutation probability of the genes,
and Ngen = 100 for the maximal number of generations. The
cost function of the individuals is evaluated in parallel using the
MATLAB parallel toolbox.

Fig. 5. Performance measures of the proposed beamformer with α =
1 (square), α = 0.3 (diamond), α = 0.15 (cross), α = 0 (asterisk), and
Kleiman [40] (circle) forL = 20filter taps. (a) DF, (b) WNG, and (c) Beamwidth
θBW , as a function of frequency.

Figs. 7(a)–(b) show the DF and WNG of the proposed hybrid
approach as a function of frequency for α = 1, 0.3, 0.15, 0 and
L = 32. For each α we get different ring radii and weights
optimizing the cost objective in (40). The produced solutions are
summarized in Table II. As α increases the broadband WNG in
(40) becomes more dominant and the algorithm prefers weights
with larger support resulting by (3) more elements in each ring
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Fig. 6. Beampatterns at different frequencies in range [1.4, 7.6] kHz with
L = 32, α = 1. The solid line marks the sidelobe level.

Fig. 7. Performance measures of the proposed hybrid approach with α = 1
(square),α = 0.3 (diamond),α = 0.15 (cross) andα = 0 (asterisk) forL = 32
filter taps. (a) DF, (b) WNG, and (c) Beamwidth θBW , as a function of frequency.

TABLE II
PRODUCED SOLUTIONS OF THE HYBRID APPROACH FOR DIFFERENT α CHOICES

Fig. 8. Convergence plot. Cost value versus the number of generations ob-
tained by the proposed hybrid approach. The solid line and the shaded area are
the mean and standard deviation of the cost over 100 MC runs, respectively.

which reduces the inner white noise of the microphones. Com-
pared to Fig. 4 where the ring radii and number of microphones
per ring were fixed, we get DF and WNG with higher dynamic
range resulting from the optimization of the ring radii.

Fig. 7(c) illustrates the beamwidth as a function of frequency
obtained by the proposed hybrid approach forα = 1, 0.3, 0.15, 0
and L = 32. The proposed hybrid approach maintains an ap-
proximately CB of about 30◦ over the desired frequency range
[1.2, 8] kHz for all α values.

Fig. 8 illustrates the algorithm convergence, i.e., the cost value
as a function of the generation number obtained by the proposed
hybrid approach for L = 32 and α = 1. The solid line and the
shaded area are the mean and standard deviation of the cost
over 100 independent MC runs, respectively. As the number of
generations increases, the cost value converges to 7 dB with
higher confidence. The best solution produced by a random run
is (2, 4.6, 7.4, 13.5, 25) cm, which is quite similar to the solution
produced by Kleiman [40]. The average computation time of a
single generation is 22 seconds, and for a whole run, it is 36
minutes. While the proposed hybrid approach takes about 36
minutes to run, Kleiman [40] runs for about 8 hours, almost
two orders of magnitude more than the proposed approach. If
a specific cost value is satisfactory, the proposed approach can
stop before Ngen, resulting in a faster runtime.

V. CONCLUSION

We have introduced a hybrid approach for designing a CB
FIR beamformer with CRAs. The design optimizes the ring
radii and the FIR beamformer coefficients, achieving superior
performance. First, we defined a CQP optimization problem
maintaining CB over an extensive range of frequencies for a
given CRA configuration. Then, we proposed a hybrid approach
to optimize the ring radii with a genetic algorithm utilizing
the above convex problem as its cost and exploiting the partial
convexity of the problem. Simulations show that the proposed
approach provides a flexible solution for a good compromise
between WNG and DF. In addition, it demonstrates improved
performance in WNG, SLL, and beamwidth consistency with
reasonable computational complexity. Future research may fo-
cus on different array geometries, optimization of clusters of
rings, and testing the proposed design in the presence of mis-
match errors, like element spacing errors.
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