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a b s t r a c t

Source localization is a common problem in various fields and has applications in both military and civil
sectors. Localization of acoustic sources generally requires a few microphones, but it is also possible to
use a single microphone and data that was prerecorded in the same environment. Unfortunately, existing
single-microphone localization methods are restricted to acoustic sources that have a fixed location. In
this paper, we introduce a supervised method for estimating both the location and velocity of a moving
acoustic source, using a single microphone based on a manifold learning approach. Simulation results
demonstrate the sensitivity of the algorithm to variations in the speed of the sources, resulting in a trade-
off between the accuracy of the estimated location and the accuracy of the estimated direction. In addi-
tion, the results demonstrate the sensitivity to variations in direction and frame length of the received
signal. The algorithm performs well in reverberant and noisy environments, yet is sensitive to environ-
mental conditions changes.

� 2022 Elsevier Ltd. All rights reserved.
1. Introduction

Source localization problem has drawn attention and extensive
research efforts over the last several decades. Its applications are
tremendously broad and vary generally by the type of source
signal, e.g., radio frequency or acoustic, and by the goals of the
interested parties. Solutions to the source localization problem
can be divided into two groups: active sensing and passive sensing.
Classic and modern passive source localization methodologies
mostly rely on exploiting variations of a single physical attribute
between the received signals, which originated from a particular
source. Among these attributes are the amplitude (e.g., Watson-
Watt technique), frequency (e.g., Doppler effect), phase (e.g., cor-
relative interferometer method), and time (e.g., time difference of
arrival, TDOA). Except for the latter, utilization of these variations
by a sensor enables to estimate the direction toward the signal
source. This process is commonly known as direction finding
(DF), where the determined direction toward the source is called
either bearing or direction of arrival (DOA). Consequently, the
source location is determined as the point of intersection of bear-
ings produced by a spatial array of sensors that form triangulation.
Theoretically, the point of intersection (i.e., a fix) is determined by
at least three bearings. But in practice, under sensors’ formations
that are compatible with reasonable operational scenarios, two
bearings are mostly sufficient. On the other hand, utilization of
the acquisition time difference between the sensors results in a
hyperbola. Accordingly, in order to determine the location of the
source, at least three hyperbolas are needed for an unambiguous
point of intersection. Thus, source localization by these passive
methodologies is constrained to multiple sensors: Either two sen-
sors (each composed of a spatial array of multiple inner elements,
such as antennas or microphones) for all cases except TDOA, or
three sensors for TDOA (where each sensor involves a single
element).

In recent years, advanced spatial array processing methods and
algorithms for localization have been introduced, such as the max-
imum likelihood (ML) based beamforming and subspace-based
methods. The former relies on optimizing the output power of
the beamformer, according to a statistical model of the received
signals. A popular algorithm that follows this approach is the
steered response phase transformation (SRP-PHAT) [1,2]. On
the other hand, the subspace based approaches, such as the
well-known multiple signal classification (MUSIC) algorithm [3],
successfully tackle ML-based algorithms’ fundamental flaws,
alongside yielding high-resolution results. These benefits of the
subspace-based methods are obtained even in the presence of
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noise, but they come at the price of high computational and stor-
age resources. Common to all these algorithms is the requirement
of a spatial array.

In contrast to the mostly well-posed source localization prob-
lem of a pair of sensors (where each is composed of a spatial array),
under the constraint of a single sensor (e.g., a car speakerphone,
operational scenarios where only a single sensor is available) this
problem is mostly ill-posed/underdetermined using conventional
localization methods. The reason for that is that the system trans-
fer function (infamous multipath included) is mostly unknown. In
case it is known, alongside the statistical model of the transmitted
signal, the location can be recovered by ML-based beamformer.

Another approach [4–6], [7, Ch. 7], [8, Ch. 7] for source localiza-
tion using a single sensor (composed of a spatial array of multiple
antennas) is restricted to the high frequency (HF) range, due to the
modes of propagation of the signals in this range. The main prop-
agation component in the HF range, skywave, is reflected back
from the ionosphere toward Earth’s surface. Thus, in addition to
measuring the DOA, by recovering the elevation angle, a triangula-
tion is achieved and the location can be estimated. However, in
order to do so, the virtual height of the reflecting ionosphere layer
must be known and since it depends on many variables (e.g.,
weather and solar activity), it is mostly impractical. In addition
to the previously mentioned single-sensor source localization
methods, a useful technique named ‘‘running fix” [8, Ch. 7], can
be applied to a stationary (or relatively slow) source, using a mov-
ing sensor, if the source is active long enough.

Talmon et al. [9] have introduced a supervised manifold
learning-based method, which was implemented explicitly by dif-
fusion kernels. Instead of fitting the identified system to a prede-
fined model as conventional system identification methods, this
data-driven method focuses on revealing the underlying funda-
mental controlling parameters of the system. To do so, this method
is based on a training set of measurements of signals, such that no
knowledge regarding system transfer function is necessary. The
diffusion kernel, which is based on a specially-tailored distance
measure, combines local estimates of covariance matrices of the
measurements with global processing by spectral decomposition.
Accordingly, the diffusion kernel allows parameterization of the
measurements into a low-dimensional space. This low-
dimensional space is also known as the manifold. The unknown
parameter can be estimated based on the relation between its
embedded representation to the corresponding representations
associated with the training set. This method was later applied
by Talmon et al. [10] for source localization of stationary (i.e., fixed
location) acoustic sources by a single microphone, in a small rever-
berant room. Since the azimuth angle of the location of the sources
is the only degree of freedom of the system, the unknown location
can be estimated using this method. This method was further
investigated in a series of works by Laufer-Goldshtein et al. for
source localization of stationary acoustic sources by a pair of sen-
sors [11–14], and moving sources using multiple pairs of sensors
[15–17]. All of Laufer-Goldshtein’s works were recently concluded
in [18].

Another subspace-based approach with a similar concept, called
fingerprinting, is common in the localization of RF emitters in
highly scattering environments. As its name implies, this technique
assumes a unique relation between the emitter location and the
characteristics of the signals intercepted by the sensor (mostly
multipath propagation). First, a database of fingerprints, extracted
from signals received from a specific area, is composed in advance.
Subsequently, the unknown location can be recovered by matching
its corresponding fingerprint to the fingerprints in the database.
Several works have focused on localization using a single sensor
[19–26] in recent years- all composed of a spatial array of multiple
antennas. However, it is worth mentioning that one work, by
2

Kupershtein et al. [19] has tried to determine the location using
a single element as well- mostly with no success, in addition to sig-
nificant performance degradation compared to multiple elements.

A different single-sensor localization approach determines the
location using aids. As standard spatial array-based methods, it
provides a DOA according to the direct propagation path of the sig-
nal transmitted by the emitter. In addition, this technique exploits
either a known dominant scatterer [27] or a set of known
transponders [28,29] available at the scene, in order to produce a
fix.

In this paper, the paradigm of [10] is adopted and adapted to a
more realistic setting, which corresponds to scenarios of moving
acoustic sources in a small reverberant environment, while the
sensor remains stationary (for simplicity). Thus, the new setting
has led to three major changes in the algorithm of [10]; 1) In the
case of sources that have a fixed location, an additional varying
degree of freedom of the system is assigned for the distance of
the source from the sensor. The addition of a second degree-of-
freedom assembles the two-dimensional location of the source,
along with the existing azimuth degree-of-freedom. On the other
hand, in the case of moving sources, the sole degree-of-freedom
is allocated for one of the velocity’s parameters: either speed or
direction of movement. This velocity parameter dictates the loca-
tion parameters of the sources throughout their movement. 2)
The system is time variant, by definition, due to the movement
of the sources. It prevents the use of familiar and convenient
convolution-based relations. 3) The Mahalanobis distance-based
diffusion kernel is replaced by a customized Euclidean distance-
based diffusion kernel. Our kernel is inspired by the study of the
acoustic manifold by Laufer-Goldsthtein et al. [12] and its success-
ful application in their following paper [13]- both focusing on mul-
tiple sensors. However, the extension of the diffusion framework
for the test set, and its corresponding diffusion kernel, in particular,
do not follow either [10] or [12,13]. The results of our algorithm in
a simulated reverberant environment demonstrate accurate
single-sensor source localization for moving sources, under various
conditions. For clarity, we note that in the rest of this paper, we
refer to a sensor and a microphone interchangeably.

The outline of this paper is as follows. In Section 2, we formulate
the problem. In Section 3, the computation of the diffusion kernel
is presented. In Section 4, we present the proposed algorithm for
single-sensor source localization for moving sources. In Section 5,
results of the proposed algorithm are shown and compared. In Sec-
tion 6, conclusions regarding the performance are presented.
2. Problem formulation

Throughout this paper, matrices are denoted by bold capital let-
ters, whereas vectors are denoted by bold small letters. Moreover,
elements in matrices and vectors are written with a superscript
index in parentheses, e.g., the ith element of the vector a is
expressed as a ið Þ. We consider a standard enclosure, such as a con-
ference room. Each source, one at a time, transmits a signal during
its movement. We assume that the source signal is a zero-mean
wide-sense stationary (WSS) process. Since many natural signals,
such as speech and music, are WSS in short time frames (i.e.,
quasi-stationary process), we can even be satisfied with such a
weaker assumption.

An acoustic impulse response (AIR), between a source and the
microphone, is affected by several factors, such as environment
dimensions, locations of the source and the microphone, reflection
coefficients (or reverberation time) of the walls, floor, and ceiling,
and the presence of objects in the room. Let hhi jð Þ n; jð Þ denote a
real-valued AIR, which is defined as the response at discrete time
index n to an impulse transmitted at discrete time index j, between
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the ith source and the microphone, with respect to the parameters
vector hi jð Þ. The parameters vector of the ith source at discrete time
index j, is defined as a combination of the relative location and the
velocity of the source, i.e., hi jð Þ ¼ qi jð Þ;/i jð Þ; si jð Þ; bi jð Þ½ �, where
qi jð Þ is the distance (i.e., radius) between the source and the micro-
phone; /i jð Þ is the bearing angle (also azimuth in our setting); si jð Þ
is the speed of the source; and bi jð Þ is the direction of movement
(also known as the course) of the source. It is assumed that the
height difference between the source and the microphone is
negligible- thus the elevation angle remains constant. Note that
hi jð Þ can also be represented by Cartesian coordinates.

The signal received by the sensor, denoted by yi nð Þ, consists of
the direct and indirect propagation paths of the transmitted signal,
and is defined by

yi nð Þ ¼ Hh xi nð Þf g ¼
X1
j¼�1

hhi jð Þ n; jð Þxi jð Þ; ð1Þ

where xi nð Þ is the signal transmitted by the ith source. We
note that xi nð Þ and yi nð Þ are the real-valued input and output
signals, of finite length, of the system Hh, which corresponds
to the AIR and depends on the parameters vector. In addition,
since the AIR is affected tremendously by the movement of
the source, the system is time variant. We use a white Gaus-
sian noise (WGN) signal as the source signal, since it fully
excites the frequency response of the AIR. The received signal
is saved and divided into time frames.

We assume the trajectory, formed by the movement of the
source during the time frame, can be approximated by a linear
movement segment. We inspect each time frame individually for
estimation of the location and velocity. The goal of the proposed
algorithm is to determine the unknown location and velocity of a
source based on a training dataset, which is available beforehand.
For each time frame, we manage two datasets, based on the differ-
ent signals received by the sensor: a training dataset and a test
dataset. In order to generate the training dataset, we choose arbi-
trarily m known locations and velocities of the source
H ¼ h1 qð Þ; . . . ; hm qð Þ� � � Rd, where q is a query point along the tra-
jectories of the sources, and d is the dimension of the parameters
vector (i.e., the number of system’s degrees of freedom).

Let H ¼ hmþ1 qð Þ; . . . ; hmþM qð Þf g � Rd be a set of M arbitrary
unknown source locations and velocities, corresponding to the M
measurements of the test dataset. We define the query point q as
the midway point of the trajectory, such that the approximation
error of the true trajectory by the linear segment is minimized.
Note that the acoustic environment is fixed between training and
test stages (i.e., room characteristics and microphone location
remain unchanged), thus the only degrees of freedom of the con-
trolling parameters of the AIR are the locations of the sources
and their velocities.
3. Diffusion kernel

In this section, we present a diffusion kernel between feature
vectors, derived from the given observations.
3.1. From observations to feature vectors

We follow Talmon et al. [9,10], and define our feature vector
based on an autocorrelation function of the observation. The rea-
son for that choice is that a second-order statistics measure con-
veys the location better and is less dependent on the specific
random unknown transmitted signal, rather than using the raw
observation. From (1), under the assumption of a WGN input
3

signal, the autocorrelation function of yi nð Þ, the output signal of a
time-variant system, is given by

cyi n1;n2ð Þ¼ E yi n1ð Þyi n2ð Þ½ � ¼¼
X1

j;l¼�1
hhi jð Þ n1; jð Þhhi lð Þ n2; lð Þcxi j� lð Þ¼

¼ r2
xi

X1
j¼�1

hhi jð Þ n1; jð Þhhi jð Þ n2; jð Þ;
ð2Þ

where cxi j� lð Þ and cyi n1;n2ð Þ denote the time-invariant autocorre-
lation function of the input signal xi nð Þ (cxi sð Þ ¼ r2

xi
d sð Þ for WGN)

and the time-variant autocorrelation function of the output signal
yi nð Þ, respectively. E �½ � denotes an expected value. As implied by
(2), we can represent the observation yi as a function of the control-
ling parameters hi of the system. It is assumed that given a suffi-
ciently short time interval, the first two moments (autocorrelation
in particular) of the quasi-stationary input signal would not change
along the interval.

In fact, by considering an additional assumption (apart from
short time intervals) of slow speed and gradually changing veloc-
ity, we introduce small changes to the AIR along the time frames.
As a result, we can obtain the familiar convolution-based version
of (2), as in [9,10]:

cyi sð Þ ¼ hhi
sð Þ � hhi

�sð Þ � cxi sð Þ: ð3Þ
As indicated by (3), the time differences of the autocorrelation

function of the output signal depend purely on the variations of
the AIR, i.e., on the evolution of the location and velocity of the
ith source, hi.

Let c express the nonlinear mapping of the location and the
velocity of the ith source, hi 2 Rd, to the first D elements of the
autocorrelation function of the observation yi, defined as

ci ¼ c hið Þ; ð4Þ
where ci 2 RD is a vector of length D which composed of the auto-
correlation elements, i.e.,

c jð Þ
i ¼ cyi n;nþ jð Þ ¼ E yi nð Þyi nþ jð Þ½ � ð5Þ

for j ¼ 0; . . . ;D� 1. In such a manner, we extract a feature vector for
each signal received by the sensor. Note that the length of the fea-
ture vectors, D, should reflect the tradeoff between the length of the
autocorrelation function (large value) and the latency and quasi-
stationarity properties considerations (small value). Let C ¼ cif gMi¼1

be the set of the feature vectors with respect to the unlabeled
parameters in H. Accordingly, let C ¼ cif gmi¼1 denote the set of the
feature vectors with respect to the labeled parameters in H. We
aim to recover the unknown parameters vectors based on the afore-
mentioned feature vectors.

3.2. Manifold structure and the choice of an affinity measure

As specified in Sections 3.1 and 2, the autocorrelation function
based feature vectors have a high-dimensional representation in
RD, which resembles the high number of reflections from all sur-
faces characterizing the bounded environment- hence the AIR.
On the other hand, the typical AIR, associated with our feature vec-
tor, is characterized by an exponentially decaying envelope. More-
over, the feature vectors are affected by a small set of parameters
associated with the physical attributes of the enclosure, in addition
to the influence of the speech signal of the source which is quasi-
stationary. Therefore, it is assumed that not only that the feature
vectors, which were originated from a specific region of interest
in the enclosure, do not spread uniformly in the entire space of
RD, but are also restricted to a more explicit and even compact
structure. This structure, namely the manifold M of dimension d,
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is significantly smaller than the dimension of the surrounding
high-dimensional space (i.e., d � D). Thus, by applying the
notation from Section 3.1, we define c : H ! C to be the nonlinear
map between an unknown parametric manifold M#H � Rd and
its corresponding observation-based feature vectors dataset
C � RD.

Even though our setting involvesmoving sources, the hypothesis
of such manifold can be rationalized by the combination of quasi-
stationary input signal, slow speed and gradually changing velocity
components of the source, stationary microphone and short time
intervals. These assumptions allow us to experience small changes
in the feature vector along the time intervals, and thus inferring
the locations and velocities of the sources, which are the only
degrees of freedomof the system. Thus,we conclude that the feature
vectors can be represented by a low-dimensional manifold, whose
embeddings are ruled by the location and velocity of the sources.

The considered low-dimensional manifold is assumed to be a
real nonlinear structure, but in practice, it is locally linear in small
areas. Indeed, the surface of the manifold is flat in the close neigh-
borhood of each embedded point and coincide with the tangent
plane to the manifold at this embedded point. This is in line with
the implied assumption, based on which a small change in the
physical parameters vector leads to a slight change in the corre-
sponding feature vector, whereas a big variation results in a com-
pletely different feature vector. Therefore, the similarities between
points that are located on the manifold in the vicinity of each other,
can be measured reliably by using the Euclidean distance. Note the
Euclidean distance cannot assess reliably affinity for large scales.
Instead, it shall be dealt with the geodesic distance, which is the
locally shortest path along the manifold, in the case that the struc-
ture of the manifold is known (the Euclidean distance is equal to
the geodesic distance in the case of a flat/linear manifold only).

Another popular choice for measuring affinities on the manifold
is Mahalanobis distance, which was the key element in several
papers [9–11], since the affinities measured between feature vec-
tors by this distance approximate the Euclidean distance between
the corresponding physical parameters vectors [30]. However, it
holds several fundamental practical drawbacks: In order to esti-
mate its local covariance matrices, several additional local slightly
perturbed observations shall be generated for each training obser-
vation, which is in fact a resources-related burden in terms of both
storage and implementation during a real-data experiment. In
addition, these local covariance matrices are singular and thus
not invertible, whereas computing their pseudo-inverse (their rank
is d [9]) as an alternative is not necessarily trustworthy. In this
work, for complying with the nonlinear and unknown structure
of the manifold, affinities in local vicinities are measured using
Euclidean distance, whereas greater distances are omitted.
3.3. Diffusion kernel computation

In order to acquire the independent parameters controlling our
system, which their availability is solely by the nonlinear feature
vectors of the observations, we define an m�m affinity matrix
W between all the feature vectors in C, related to the correspond-
ing parameters vectors set H. The affinity matrix consists of a
Gaussian kernel with a scale parameter e, and following Section 3.2
its ijth element is given by

W ijð Þ ¼ exp � j�ci��cjj jj2
e

� �
; if �ci 2 Nj or �cj 2 Ni

0; otherwise;

8<: ð6Þ

where Nj is the set of the k-nearest-neighbors of cj in C. It is worth
mentioning that the set Nj is selected by the ordinary Euclidean
4

distance between the feature vectors, since as mentioned previ-
ously it is trustworthy in close neighborhoods only.

The value of e is determined in proportion to the median value
of Gaussian function’s various numerator values associated with
the non-zero elements of the affinity matrix. That is reasoned by
the assumption that the Euclidean distance is monotonic with
respect to the parameters vector in small areas, as discussed in Sec-
tion 3.2. The proportion is decided by an exhaustive search.

4. Localization based on diffusion mapping

In this section, we introduce a supervised single-sensor source
localization algorithm for recovering the location and velocity of
the sources by utilization of the feature vectors, based on the ker-
nel of Section 3. Thanks to the eigendecomposition of the kernel,
we find the mapping from the observable space RD to the intrinsic
manifold space of Rd, which is ruled by the dominating parameters
vector and resembles the original parametric space up to a mono-
tonic distortion. Based on the mapping of all training observations
into the manifold, the localization of a new observation of
unknown parameters vector is estimated by exploiting its nearest
labeled neighbors in the embedded space.

4.1. Manifold parameterization

By normalizing the affinity matrix W, using a diagonal matrix D

with D iið Þ ¼Pm
j¼1W

ijð Þ, we obtain the transition matrix

P ¼ D�1W; ð7Þ
which defines a Markov process, namely a discrete diffusion process
over the training dataset. Using the transition matrix P, we establish
the normalized graph-Laplacian L [31], by L ¼ I� P, where I is an
identity matrix. It can be shown, under certain conditions, that
the graph-Laplacian matrix L converges to the Fokker–Planck oper-
ator on the manifold [32,33], which describes a continuous diffu-
sion process over the dataset.

By applying eigendecomposition of the transition matrix P, the
labeled feature vectors are nonlinearly mapped into a new embed-
ded space, according to the parameterization of the manifoldM. In
fact, the parameterization of the manifold constitutes an intrinsic

representation of the labeled feature vectors. Let kj
� �m�1

j¼0 and

wj

� �m�1

j¼0
be the eigenvalues and eigenvectors of the transition

matrix P. Note that k0 ¼ 1 and its corresponding eigenvector w0

is a vector of ones [34]. The eigenvectors of P are assumed to estab-
lish the reparameterization of the independent controlling param-
eters of the m training observations. Thus, let Wd be the diffusion
mapping of the training feature vectors into the embedded Eucli-
dean space Rd, which is spanned by d eigenvectors corresponding
to the d largest eigenvalues (trivial case excluded).Wd is defined as

Wd : ci ! k1w
ið Þ
1 ; . . . ; kdw

ið Þ
d

h iT
: ð8Þ

In fact, this map can be regarded as an approximation of the
inverse-map of the nonlinear function c, in addition to a monotonic
distortion between the two parametric spaces (i.e., the original and
the embedded manifold) [9, Fig. 1]. Note that the diffusion maps
combines local relations by the construction of the affinity kernel
with global processing by the spectral decomposition.

4.2. Extension for new observations

Given an additional set of M new sequential observations, gen-
erated from unknown locations and velocities of the sources, we
seek to embed them as well in the low-dimensional manifold.



Fig. 1. (a) Comparison of the Euclidean (blue) and the diffusion (red) distances
according to the azimuth angle. The distances are measured among all feature
vectors with respect to a reference feature vector, representing the minimal angle
(25
). The dashed line represents the range of monotonicity maintained by the
Euclidean distance. (b) Embedding of the observations as a function of the azimuth
angle.
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However, in order to avoid another spectral decomposition, we
tackle it according to Nyström method [35] for out-of-sample
extension (OOSE), by adding M new rows to the affinity matrix W:

W
~i jð Þ ¼ exp � jci��cjj jj2

e

� �
; if �cj 2 N~i

0; otherwise

8<: ; ð9Þ

where ~i ¼ mþ i and N~i is the set of the k-nearest-neighbors of ci in

C. In contrast to the construction process of the symmetric affinity
matrix W of (6), the affinity between the observations in (9) is
implemented with respect to the training set only. Accordingly,
the new entries of the transition matrix P are given by

P
~ijð Þ ¼

Xm
j¼1

W
~ijð Þ

 !�1

W
~ijð Þ: ð10Þ

The new entries of the extended eigenvectors of P can be repre-
sented as a weighted linear interpolation of the original entries of
the eigenvectors:

w
~ið Þ
l ¼ 1

kl

Xm
j¼1

P
~ijð Þw jð Þ

l : ð11Þ

Subsequently, Wd maps the new feature vectors of the unla-
beled observations to their corresponding representation of inde-
pendent dominating parameters in the embedded manifold:
5

Wd : ci ! k1w
~ið Þ
1 ; . . . ; kdw

~ið Þ
d

� �T
: ð12Þ

The suggested extensions of former works were based on either
additional mathematical relations [30,9–11] in the case of Maha-
lanobis distance-based diffusion kernel, or straightforwardly
[13,18] in the case of Euclidean distance-based diffusion kernel.
Note that our extended entries of the eigenvectors are obtained fol-
lowing normalization by the transition matrix. In addition, in order
to maintain the nonlinear structure of the manifold, our extended
entries of the eigenvectors are acquired by restricting the compu-
tation of the entries of the new rows of the affinity matrix to those
which are associated with the nearest training observations. In
other words, our extension is free from the issues of its Euclidean
distance-based counterpart suggested in [13,18], whose combina-
tion of no normalization and affinity calculation with respect to
all training observations (i.e., not restricted to close area only, in
contrast to the gist of Section 3.2, as the Euclidean distance is accu-
rate for larger distances in case of flat/linear manifold only) leads
to a scaled and inaccurate extended manifold structure.

4.3. Recovery of the controlling independent parameters

We can take advantage of the proximity of the unlabeled test
observations to the labeled training observations in the embedded
manifold space Rd, which were mapped by Wd, for estimating their
parameters vectors.

As mentioned in Section 3.2 regarding the structure of the man-
ifold, the geodesic distance, which is the locally shortest path along
the manifold, should be worked with in order to accurately mea-
sure affinities between feature vectors along the manifold. The
geodesic distance can be approximated by the diffusion distance,
which is equal to the Euclidean distance in the embedded space
when using all eigenvectors. The diffusion distance can be appro-
priately approximated by using merely the first d non-trivial eigen-
vectors [36], i.e.,

DDIFF ci; cj
� 	 ffi Wd cið Þ �Wd cj

� 	

 

; ð13Þ

where Wd cið Þ ¼ k1w
~ið Þ
1 ; . . . ; kdw

~ið Þ
d

� �T
.

The ability to measure distances along the manifold thanks to
the diffusion distance, provides us the option to determine the
affinities between the feature vectors correctly. Thus, samples
which are close to each other on the low-dimensional manifold
are expected to be acquired from physically adjacent locations
and to hold similar velocities. Accordingly, the unknown parame-
ters vector of the test observation can be estimated using its
labeled neighbors on the manifold, by a weighted interpolation
of their parameters vectors:

ĥi qð Þ ¼
X

j:Wd cjð Þ2eN i

cj cið Þhj qð Þ; ð14Þ

where fNi consists of the ~k-nearest embedded training measure-

ments Wd cj
� 	� �~k

j¼1 of Wd cið Þ according to the diffusion distance.

The interpolation coefficients cj
n o~k

j¼1
, satisfying

P~k
j¼1cj cið Þ ¼ 1, are

proportional to the distance between Wd cið Þ and its neighbors (i.e.,
the diffusion distance between the test observation and each of
its labeled neighbors):

cj cið Þ ¼
exp � Wd cið Þ�Wd cjð Þk k2

eci

� �
X

l:Wd clð Þ2eN i

exp � Wd cið Þ�Wd clð Þk k2

eci

� � ; ð15Þ
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where eci is defined as the minimal distance between Wd cið Þ and its
nearest neighbor. Consequently, the normalized estimation error is
defined as a vector of length d, one for each physical quantity due to
its corresponding units:

e cið Þ ¼ e 1ð Þ
i ; . . . ; e dð Þ

i

h i
; ð16Þ

where its jth element is defined by

e jð Þ
i ¼ jh jð Þ

i qð Þ � ĥ
jð Þ

i qð Þj
jh jð Þ

i qð Þj
: ð17Þ

Note that due to the movement of the sources, the estimation
error measures suggested in former works [30,9–11] are incompat-
ible, and thus we suggest an estimation error measure. Our error
measure should not be calculated using a norm as the physical
quantities composing the parameters vector have different units.
Thus, the estimation error is no longer a scalar and each coordinate
of the estimation error is calculated individually- one for each of
the physical quantities. As a result, the norm signs are redundant
and are replaced by absolute values signs. In addition, in order to
cancel out the units of each of the individual estimation errors,
we normalize the errors using the real values of the parameters,
which also adds another virtue- larger absolute differences for a
large real parameter value will not be prioritized any longer over
smaller absolute differences for a small real parameter value.

We emphasize that the recovery of the unknown location and
velocity of a source is determined according to the query point,
as pointed out by (14). Based on that point, which we define as
the midway point of the trajectory of the source, we minimize
the approximation error of the true trajectory by the linear seg-
ment, as pointed out by (17).

4.4. Accuracy measure

Following the considerations, mentioned in Section 4.3, of defin-
ing the estimation error as a vector of length d, we measure the
accuracy of the algorithm as a linear combination of the root mean
square error (RMSE) of each one of the elements of (16), given by

RMSE ¼
Xd
j¼1

aj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
M

XM
i¼1

e jð Þ
i

� �2vuut ; ð18Þ

where aj
� �

are coefficients which represent the significance of the
estimation error of each physical quantity, according to user’s pref-
erence or optimization of the RMSE value (For simplicity, we define
as aj
� � ¼ 1

d). Note that in contrast to [9,10,13,11], both sources’
movement and even more realistic stationary sources scenarios
force us to deal with combination of physical quantities of different
units, thus we modify and extend the estimation framework by
defining the error as a vector (16), calculating each error component
using absolute values (17), and at last a weighted summation of all
individual RMSE values in (18).

5. Experimental results

In this section, we demonstrate the capabilities of the proposed
passive single-sensor localization algorithm for recovering the
location of an acoustic source, in two cases: a baseline case of
sources that have a stationary location, and an extensive case of
moving sources. In the first stationary subcase, we confirm our
choice of an affinity measure between the observations, followed
by the recovery of the azimuth angle. In addition, we compare
our results to the counterpart results of the prior diffusion maps
based single-sensor source localization work [37]. In the second
stationary subcase, we extend our experiment for estimation of
the radius as well. In the second case, which is the main contribu-
6

tion of this paper, we allow movement of the sources and retrieve
their location and velocity. We examine in detail the sensitivity of
the proposed algorithm to different hyperparameters (e.g., frame
length), variables (e.g., speed) and conditions (e.g., reverberation
time) by various experiments.

We describe the simulated setup used for conducting the exper-
imental study, by an efficient implementation [38] of the image
method [39]. In all experiments room dimensions were set to
6� 5:8� 3m3, and an omnidirectional microphone was located
at 3;1;1:8ð Þ m. The reverberation time of the room was defined
as T60 ¼ 0:3 s (Except otherwise stated), simulating moderate
reverberation conditions. In each location of the source, 1 s (unless
else noted) long signal of a zero-mean and unit-variance (for
neglecting the system’s gain) WGN, sampled at f s ¼ 16 kHz, is
transmitted from the source, and after its convolution with the
AIR it is measured at the microphone. Consequently, we acquire
a total of mþM observations, where m out of them are randomly
selected for the training set, while the remaining M samples are
allocated for the test set. The corresponding autocorrelation-
based feature vector of each observation consists of D ¼ 800 lags
(if not otherwise specified. The choice of its noted value will be jus-
tified later).
5.1. Stationary sources

5.1.1. One-dimensional subcase
Former single-sensor source localization results [10] have been

achieved using Mahalanobis distance-based diffusion kernel,
focusing on a one-dimensional stationary scenario. On the other
hand, various Euclidean distance-based diffusion kernels have
been exploited for source localization by multiple-sensors
[12,13,18]. Therefore, first of all, and prior to the movement case,
we have to test our setting and customized choice of Euclidean
distance-based diffusion kernel in a stationary case. We aim to val-
idate the ability of the Euclidean distance-based diffusion kernel to
organize the observations according to their azimuth values, in
comparison to the results of [10]. In order to do so, a similar sta-
tionary experiment has been conducted by positioning all sources
at a radius of 1 m from the microphone, whereas their azimuth
angles were drawn according to a uniform distribution
U 25
;64
½ �, forming an arc. The experiment was carried out gener-
ating training and test sets of 720 observations each.

For considering a metric between the feature vectors which
reflects their physical adjacency properly, we compare between
two optional distance measures: Euclidean distance, defined by
DEUC ci; cj

� 	 ¼ ci � cj


 

; and diffusion distance (13). Fig. 1(a) illus-

trates a comparison of the aforementioned distance measures
according to the azimuth angle, which were measured among all
feature vectors with respect to a reference feature vector, repre-
senting the minimal azimuth angle (25
). The depicted Euclidean
distance is normalized by 1000, for a clear presentation of the
behavior of both graphs together. By inspecting the Euclidean dis-
tance, we notice it lacks the mandatory property of monotonicty
with respect to the azimuth angle, and thus it cannot be used as
a distance function between our feature vectors. However, since
the Euclidean distance holds monotonicity in the range of approx-
imately 1:85
 from the reference angle, we deduce it is adequate
for short arcs. Furthermore, in a broader perspective, we can con-
clude the adequacy of the Euclidean distance is limited to the
vicinity of each feature vector, only. Nevertheless, the Euclidean
distance can be exploited as part of our diffusion kernel, for two
reasons. First, by restricting the computation of the Euclidean dis-
tance to small neighborhoods only we can benefit from a reliable
affinity measure. Second, the Gaussian kernel is characterized by
an inherent locality nature due to its scaling parameter.
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In contrast to the Euclidean distance, the diffusion distance is
characterized by monotonic behavior throughout the entire azi-
muth range, thus proving it is a suitable metric for quantifying
affinity between our feature vectors. In order to produce the diffu-
sion distance, we use k ¼ 20 nearest-neighbors and a scaling
parameter of e ¼ 1:45 �median for constructing the diffusion ker-
nel. We assume that only the first eigenvector of the embedding
is sufficient (i.e., d ¼ 1), since the azimuth is the only varying con-
trolling parameter of the system- this decision will be later
validated.

The aforementioned comparison results confirm the nonlinear-
ity of the manifold, which is characterized by a relatively flat sur-
face in the vicinity of each observation, such that this surface looks
like a linear Euclidean space. Moreover, these results comply with
the counterparts of [13,18], which have been acquired by a similar
Euclidean distance-based diffusion kernel for a corresponding sta-
tionary one-dimensional scenario. However, the results of [13,18]
have been obtained by using dual-sensors, a different feature vec-
tor and a dissimilar extension for the eigenvector, as described in
detail in Section 4.2.

Fig. 1(b) elaborates on the diffusion mapping of the observa-
tions by illustrating the first eigenvector w1 as a function of the azi-
muth angle. In other words, it shows a comparison of observation
representations between two parametric spaces: the one-
dimensional location of the sources (i.e., azimuth) and their corre-
sponding independent controlling parameter in the embedded
manifold (i.e., w1). We witness that the diffusion mapping follows
the azimuth successfully (even linearly for most of the range), up
to a monotonic distortion. As a result, the diffusion mapping is cap-
able of accurately discovering the underlying independent param-
eter dominating the system, that is the location of the source.
Moreover, since only the first eigenvector of the embedding is suf-
ficient for monotonic organization of the observations with respect
to the azimuth, the choice of d ¼ 1 for estimation of the diffusion
distance is approved. Hence, the diffusion distance, which approx-
imates the geodesic distance, is accomplished by measuring the
distances along the manifold correctly, as well as quantifying the
physical adjacency between the locations of the sources. These
results support the embeddings results, which originated from
similar one-dimensional scenarios (yet following the aforemen-
tioned fundamental framework differences) that were presented
in [10,12,13,18]- all reflect monotonicity with respect to the azi-
muth. Note that the latter three, which are based on multiple sen-
sors, do not refer to the extended entries of the eigenvector in their
provided embedding results. Our embedding results, on the other
hand, prove our suggested extension is accurate, following the
arguments mentioned in Section 4.2.

By interpolating the location of the ~k ¼ 3 nearest training neigh-
bors on the manifold, we have established a minimal RMSE of
0:094
 in estimating the locations of the test set. For comparison,
the single-sensor source localization algorithm presented in [10],
which consists of a Mahalanobis distance-based diffusion kernel,
has obtained minimal RMSE of nearly 1:2
 in recovering the azi-
muth out of 60 possible predefined (up to perturbations) angles
by using 480 training observations (excluding additional observa-
tions for the covariance matrix). Both RMSE values were calculated
Table 1
One-Dimensional Stationary Case-Comparison.

Parameter Ours

Diffusion Kernel Type Euclidean distance-based
Training Set Size 720
Angles Range 
½ � 39
Azimuth Angles Allocation Uniform distribution over the entire range

RMSE 
½ �, by ei ¼ jhi � ĥij 0.094
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according to the unnormalized version of (17), as proposed in [10]:
ei ¼ jhi � ĥij. We summarize our results in Table 1 and compares
them to their counterpart by [10], along with fundamental settings
differences.
5.1.2. Two-dimensional subcase
Following the confirmation of the choice of an affinity measure

between the observations, the successful azimuth angle recovery,
and the comparison to known counterpart results from the litera-
ture [10], we can add a second degree of freedom to our system.
We aim to challenge the proposed algorithm in recovering the
two-dimensional location of stationary sources, where both their
radius and azimuth are unknown. In order to do so, we first exam-
ine the feasibility of the diffusion framework in organizing the
observations monotonically, according to the values of the two
hidden independent controlling parameters of the system. We
arrange our stationary sources at azimuth angles according to a
uniform distribution U 25;64½ �
. However, in contrast to the former
subcase, we allow variability of the radius values according to a
uniform distribution U 1;1:3½ � m. The experiment was carried out
by acquiring training and test sets of 2880 observations each.

We use k ¼ 10 nearest-neighbors and a scaling parameter of
e ¼ 1:38 �median for constructing the kernel. Since we have added
a second degree-of-freedom to the system, we assume that only
the first two eigenvectors of the embedding are adequate (i.e.,
d ¼ 2). Fig. 2 depicts the diffusion mapping of the observations of
the entire dataset into the embedded manifold. The coloring pat-
terns of the embedded observations, color-coded according to their
radius and azimuth values, behave monotonically by each of the
location coordinates, thus implying the diffusion mapping per-
ceives the latent parameters dominating the system.

Subsequently, we recover the unknown location of the test

observations, by interpolation, using ~k ¼ 2 nearest training neigh-
bors on the manifold. We have established a minimal RMSE of
0.0105, which consists of 0.0041 for radius and 0.017 for azimuth.
Furthermore, the localization performance of the proposed algo-
rithm is portrayed in Fig. 3, by a polar plot of 35 sources, randomly
picked from the test set.
5.2. Moving sources

In this section, we delve into details and describe by various
experiments the different hyperparameters (e.g., frames length),
variables (e.g., speed) and conditions (e.g., reverberation time)
influencing the performance of the proposed algorithm for the case
of moving sources.

For isolating the different impacts of the elements composing
the movement of the sources, as well as the factors affecting the
performance of the localization algorithm under various circum-
stances, we simplify the scenarios by focusing on a sole degree-
of-freedom system in all of our movement scenarios (i.e., d = 1).
Not only it supports conclusions which are relevant regardless of
the amount of degrees-of-freedom and even viable for more
sophisticated cases, but it also allows us working with significantly
smaller dataset compared to scenarios of higher degrees-of-
Talmon et al. [10]

Mahalanobis distance-based
480 (5280, including local observations)
60
60 predefined angles, 1
 apart
1.2



Fig. 2. Diffusion mapping of the observations of the entire dataset into the
embedded manifold, color-coded according to (a) radius values, and (b) azimuth
values.

Fig. 3. Polar plot of 35 randomly selected sources out of the test set, in a specific
sector. The radial axis represents the radius from the sensor, and the azimuth axis
represents the azimuth angles with respect to the sensor. The black dot denotes the
location of the sensor, the colored asterisk and disk pairs denote the true and
estimated locations, respectively, of each source.

Fig. 4. Performance of the proposed algorithm as a function of the speed of the
sources.
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freedom. Scenarios where all parameters of the location and veloc-
ity are independent are out of the scope of this work.

Even though only a single controlling parameter is independent,
it dictates variations of another two parameters along the move-
8

ment of the sources, such that it results in an estimation error in
each of them. Since the relation between the errors of the
independent parameter and the dependent parameters is nonlin-
ear, the errors of the dominated parameters are calculated explic-
itly, and consequently are taken into consideration at the
calculation of the total RMSE.

We assume, for simplicity, that the sources move linearly. In

order not to exhaust the reader with dozens values of k; ~k and e,
due to several simulations composing each movement experiment,

we note that both k and ~k range from 10 to 50 neighbors (~k 6 k),
while the proportion of e to the median ranges from 1:41 to 1:45.

5.2.1. Sensitivity to speed
We examine the accuracy of the proposed localization algo-

rithm with respect to the speed of the moving sources. For that
purpose, we position all sources at a distance of 1 m from the
microphone and at an azimuth angle of 45
. Their movement is
initialized in directions that are drawn according to a uniform
distribution U 45;85½ �
, whereas the speed of all sources is changed
in each simulation, in the range of 0:0625 to 1 m/s.

Fig. 4 depicts the total estimation error, as well as the individual
estimation errors of the controlling parameter of the scenario (i.e.,
direction) and the dominated ones (i.e., radius and azimuth). Due
to the high variability of the direction its estimation error dictates
the behavior of the total error throughout the entire experiment.
We yield a high estimation error of the course for slower speed val-
ues thanks to the struggle of perceiving variations between the dif-
ferent directions during a bare movement. That struggle, in turn,
results in a more scattered embedding (in contrast to a ‘‘fine”
embedding, as in Fig. 1(b) for example) and thus in a challenge
for distinguishing correctly between the various direction values.
As the speed gets faster, the accuracy of the estimated direction
improves due to a more meaningful movement by the sources,
up to a point where the accuracy starts decreasing. That decrease
occurs for fast sources and is caused by two factors. First, greater
speeds lead to sparser, yet clustered manifolds. That, in turn,
makes the estimation of the direction, based on interpolation of
the nearest neighbors, more challenging- meaning the variations
in the movement of the sources are too fast to be distinguished.
In addition, the quasi-stationarity assumption is revoked, hence
our autocorrelation-based feature vector, implemented by
MATLAB’s ‘xcorr’ function, is no longer valid as the function implic-
itly assumes WSS signal.

Regrading the radius and the azimuth, as the speed gets faster, a
wider range of possible location values is obtained, which conse-
quently results in larger estimation errors.



Fig. 6. Performance of the proposed algorithm as a function of SNR.
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5.2.2. Sensitivity to direction
We examine the accuracy of the proposed localization algo-

rithm with respect to the direction of movement of the sources.
For that purpose, we position all sources at a distance of 1 m from
the microphone and at an azimuth angle of 45
. The movement of
the sources is initialized with speed values which are drawn
according to a uniform distribution U 0:25;0:5½ � m/s, at the exam-
ined direction value. The simulation is repeated each time with a
different direction of movement of all sources, varying from 5
 to
90
, using training and test sets of 720 observations each.

Fig. 5 describes the total estimation error, as well as the individ-
ual estimation errors of the independent speed parameter and the
dominated radius and azimuth. Not only the speed dictates the
behavior of the total estimation error throughout the entire exper-
iment due to its high variability, but its estimation error graph is
also followed by the radius estimation error.

As for the azimuth, its estimation error is minimal for a direc-
tion of 45
 since the azimuth is identical to the direction through
the entire movement by the sources, which leads to a degenerated
scenario where there is no variability in the azimuth values. As the
direction gets away from 45
, the range of possible azimuth values
becomes bigger and thus its estimation error aggravates with
respect to the gap from the direction of 45
.

The inconsistent behavior of speed’s estimation error can be
explained by a varying extent of spatial aliasing throughout the
experiment, due to the changing direction and the symmetry of
the room. Accordingly, it results in an arbitrary allocation of near-
est neighbors, despite the true physical adjacency, which translates
to a difficulty of distinguishing between sources.

5.2.3. Sensitivity to signal-to-noise ratio
We examine the performance of the proposed localization algo-

rithm with respect to the signal-to-noise ratio (SNR). In order to do
so, we repeat the setting of the speed experiment with a slight
change, by fixing the speed of all sources to 0:5 m/s. In addition,
in each individual simulation, we introduce additive white Gaus-
sian noise (AWGN) of a specific variance value to all signals
received by the microphone. The simulation is repeated each time
with a varying degree of SNR, ranging from 0 to 30 dB, followed by
a scenario free of noise.

Fig. 6 illustrates the total accuracy of the proposed algorithm for
various SNR conditions. As expected, as the conditions get harsher,
the estimation error grows. Note that although the estimation
error is significantly high for SNR of 0 dB, it is not order-of-
magnitude higher compared with the other conditions. The reason
for that is the use of WGN as a speech signal, thus all frequencies of
the transfer function come to realize in the signals received by the
Fig. 5. Performance of the proposed algorithm as a function of the direction of
movement of the sources.
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microphone, and as a result, there is no a fundamental difference
between the embedded manifolds of the various conditions. In
addition, from SNR of 20 dB onward the accuracy improves
insignificantly and tends to the accuracy of the case of no noise
at all (i.e., SNR! 1).

5.2.4. Sensitivity to reverberation time
We examine the performance of the proposed single-sensor

localization algorithm with respect to the reverberation time. For
this purpose, we repeat the setting of the speed experiment with
a slight change, by fixing the speed of all sources to 0:5 m/s. The
simulation is executed each time with a different reverberation
time, ranging from 0:128 to 1 s.

Fig. 7 depicts the total estimation error of the algorithm for var-
ious reverberation time values, in the blue graph. The estimation
errors are displayed in dB for emphasizing the small yet significant
differences between close estimation error values. For nearly no
reverberation the estimation error is colossal. As the reverberation
time gets longer the accuracy improves gradually, up to a point of
moderate reverberation (0.4 s), where the performance of the algo-
rithm starts deteriorating steadily. These results validate the
implied hypothesis of our work. In contrast to source localization
using multiple sensors, where the recovery of the location is based
on the direct propagation path of the signal and the reflections are
in fact its Achilles’ heel, these reflections are essential for source
localization using a sole sensor. In addition, by relying solely on
the direct direction of arrival, the single-sensor algorithm is inca-
pable of distinguishing between the different locations and veloc-
ities of the sources, due to lack of information needed for an
accurate estimation. Traditionally, the lack of information is
Fig. 7. Performance of the proposed algorithm as a function of reverberation time
when both training and test stages share the same T60 (blue), and when trained
with T60 ¼ 0:4 s (red).



Fig. 8. Performance of the proposed algorithm as a function of the frames length.
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resolved by adding sensors. However, by exploiting these
reflections we can tackle this inadequacy and compensate for the
inherent flaw of the single-sensor. On the other hand, similarly
to source localization using multiple sensors, the performance of
a sole sensor suffers from over-reverberation, but more robustly.

5.2.5. Sensitivity to environmental conditions changes
An outcome of the last experiment provides us the opportunity

to inspect the influence of environmental conditions changes, that
take place between the training and the test stages, on the perfor-
mance of the proposed algorithm, as can be seen in the red graph of
Fig. 7. In the first stage, we generate a training set with fixed rever-
beration time of 0.4 s, followed by generation of several test sets,
where each one is according to a different reverberation time. First,
as the reverberation level of the test stage gets away from rever-
beration time of 0:4 s, which has prevailed during training, the esti-
mation error worsens. The second finding derives from a
comparison between the estimation errors obtained in this exper-
iment and the estimation errors acquired when ideally both train-
ing and test stages are held under the same reverberation
conditions (as in the previous experiment). We notice that as the
absolute difference in the reverberation time between the stages
grows, the error deviates from the values achieved ideally- unless
the reflections do not play a role in practice (e.g., as at 0.128 s).

From a manifold point of view, small changes in reverberation
time results in moderate influence on its structure in general,
whereas considerable changes lead to a significant impact on the
structure of the manifold. According to the extension, the mapping
of the test observations to the embedded manifold is based upon
the combination of manifold structure, established by the training
observations, and the nearest training feature vectors. Thus, these
environmental conditions changes between the training and test
stages introduce ambiguities to the extended manifold to an
extent. These ambiguities consequently sabotage the efforts for
accurate recovery of the unknown locations and velocities of the
test set, as achieved when both stages share the same reverbera-
tion time. In addition, opposite variations in the reverberation time
at the test stage affect significantly different on the estimation
results since the single-sensor is more vulnerable to gradual
absence of reflections than presence of additional ones. That
behavior is reasoned by prevention of essential information for
the single-sensor that was previously available during the ideal
training stage, due to environmental conditions changes. That
absent information is responsible for establishing a manifold struc-
ture according to an increasing dominance of the direct propaga-
tion path component of the received signals. On the other hand,
additional reflections following the environmental conditions
changes do not necessarily provide us with more crucial
information, compared to what was achieved at the ideal training
stage. The reason for that behavior is that reverberation time of 0.4
s is mostly sufficient (in the sense of taking advantage of reflec-
tions) for training for single-sensor source localization.

However, note that when the localization is based mostly on
direct propagation path of the signal, as at 0.128 s, a conflicting out-
come arises where the deviation in the estimation error due to envi-
ronmental conditions changes is smaller despite the distinct trend.
That outcome can be explained by an extensively substantial ambi-
guity in the original manifold formed ideally, when both training
and test stages have shared the same reverberation time. Thus, this
significantly ambiguous behavior initially, alongwith the incremen-
tal ambiguity due to environmental conditions changes, leads even-
tually to a relatively smaller impact on the performance.

5.2.6. Sensitivity to frame length
We examine the performance of the single-sensor localization

algorithmwith respect to the length of the time frame. All previous
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experiments refer to a single frame. Thus, the recovery of the loca-
tion and velocity of the source in these experiments is determined
according to a single query point along the source’s path, following
the discussion and derivation in Section 3.2 and in (18). Rather
than executing the algorithm once along the whole path, and con-
sequently carrying an extrapolation throughout the path based on
a long linear movement segment (yet may work well for a source
that has a constant velocity), we can exploit calculus approach
for better estimation results. According to this approach, the whole
trajectory of the source, formed by its movement which is charac-
terized by a slow speed and a gradually changing velocity, can be
approximated by short linear movement segments. As a result, it
allows obtaining a smaller average estimation error by an iterative
execution of the algorithm in each frame.

Since the algorithm is repeated and executed in different query
points along the path of the source, each point represents a non-
overlapping frame (overlapping frames are out of the scope of this
work) which is associated with a unique short linear movement
segment. Thus, each segment may hold different optimal hyperpa-

rameters (i.e., k; ~k and e) values for each query point. We define the
average RMSE along the path, as an average of the different RMSE
values over the frames.

For examining the optimal frame length, we position all sources
at a distance of 1 m from the microphone and at azimuth angles,
drawn according to a uniform distribution U 45;85½ �
. The move-
ment of the sources is initialized with a speedof 0:5 m/s, at a direc-
tion of 45
. The duration of the signal transmitted by each source is
set to 2 s. The received signals in each simulation are divided into
time frames. The simulation is repeated each time with a different
number of non-overlapping frames, varying from one long frame
(the whole received signals) to 20 short frames- meaning the frame
length varies from 2 s to 0.1 s. The experiment is carried out by
acquiring training and test sets of 720 observations each.

Fig. 8 depicts the average total estimation error of the algorithm
for various duration values of the segments and their corresponding
amount, in dB. On the one hand, the approximation by a linear seg-
ment is inaccurate for long frames, unless the source has a constant
velocity during the frame. This inaccuracy is expressed by an incre-
mental error, which becomesworse as the frame gets longer- all the
more so, when the trajectory of the source is nonlinear. Note that
this result is evident even for sources that move linearly, which is
the ideal case for such an approximation. Short frames are not good
either, regardless of the trajectory of the source, as they are unable
to capture the movement properly, and thus incapable of distin-
guishing between the various azimuth values. We observe the opti-
mal recovery accuracy is achieved by frames of 0.5 s.
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6. Conclusions

An unconventional supervised approach for the familiar and
mostly ill-posed/underdetermined problem of single-sensor source
localization has been presented, using diffusion maps. The pro-
posed algorithm extends manifold learning techniques of former
works and demonstrates a proof of concept proposing a state-of-
the-art solution for the recovery of the location and velocity of a
moving source, using a single microphone. The trajectory, formed
by the movement of the source during the frame, is approximated
by a linear movement segment. The proposed algorithm imple-
ments a data-driven approach for learning the nonlinear structure
of the manifold based on the training data. The observations are
organized on the manifold according to the location and velocity
values of the sources. The unknown location and velocity of a
source can be recovered according to its observation’s nearest
training neighbors on the manifold. The recovery of the location
and velocity is determined by the midway point of the segment.
Based on that point, we minimize the approximation error of the
true trajectory by the linear segment.

Research findings indicate that localization of very slow
sources results in good accuracy of the estimated location, at
the expense of relatively low accuracy of the estimated direc-
tion. Localization of faster sources leads to an improvement of
the accuracy of the estimated direction due to a more meaning-
ful movement of the sources, at the expense of the accuracy of
the estimated location. The accuracy of the estimated direction
starts deteriorating for fast sources, as the variations in their
movement are too fast to be distinguished. It is difficult for
the algorithm to distinguish between speed values of sources
moving in the same direction. The approximation by a linear
segment is accurate for frames that are neither too long or
short. The results validate the necessity of reflections for yield-
ing an accurate estimation. The algorithm performs well in
reverberant and noisy environments, yet is sensitive to environ-
mental conditions changes.

A future study may examine the performance of the algorithm
with respect to a violation of its fundamental assumption regard-
ing the characteristics of the velocity. The following topics might
be considered as well: a semi-supervised learning scheme, data-
driven tracking approaches, and domain adaptation methods to
minimize the impact of substantial environmental conditions
changes (for example, different enclosures), movement of the sen-
sor, and different domains (including RF signals).
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