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a b s t r a c t 

We consider the problem of carrier frequency offset estimation in OFDM underwater acoustic communi- 

cation. In our previous work, we suggested transmitting equi-power and equi-spaced pilot tones which 

led to a simple carrier frequency offset estimator. Here, we extend this work in two directions: First, equi- 

power pilots may result in a large peak to average power at the transmitter. Thus, we propose a method 

to design the phases of the pilot tones so as to keep the peak to average power low, while still obtain- 

ing large enough pilot to data ratio needed to decode the pilot symbols. The design method is based on 

ideas adopted from phase retrieval techniques. Second, we modify the previous carrier frequency offset 

estimators to the case of a time-varying underwater acoustic channel. These modifications are based on 

modeling the carrier offset by polynomial and piece-wise models. The estimators use the correlations and 

intervals between the pulses, and approximate the frequency offsets by small order polynomials. Simu- 

lations results show that for constant offsets, the proposed estimators achieve similar performances as 

state-of-the-art techniques, while for time-varying offsets the proposed estimators are superior. 

© 2021 Elsevier B.V. All rights reserved. 
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. Introduction 

Carrier frequency offset (CFO) in orthogonal frequency division 

ultiplexing (OFDM) communication systems may cause inter- 

arrier interference, which degrades the performance of OFDM de- 

oders [1,2] . Over the past decades, numerous techniques were 

roposed to estimate frequency offsets in OFDM, focusing mainly 

n radio communication channels. These methods can be classified 

nto two categories. The first category of CFO estimators, known as 

ata-aided estimators [4–7] , rely on pilot symbols, which are peri- 

dically transmitted. The second category, known as blind estima- 

ors, does not employ additional training data, but relies solely on 

he received OFDM data to estimate the CFO using statistical char- 

cteristics of the measurements, such as the cyclic prefix segment 

8,9] , frequency measurements at null subcarrier [10–13] , second 

rder statistics, and high order statistics of frequency measure- 

ents [14,15] . 

Unlike the radio communication channel, the time variations of 

he underwater acoustic communication (UAC) channel are non- 
✩ This research was supported by the Pazy Research Foundation and the ISF-NSFC 

oint research program (Grant no. 2514/17). 
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egligible with respect to the propagation speed and are subject 

o multipath effects, ultimately causing non-uniform Doppler shifts 

16,17] . These fast variations of the channel result in short coher- 

nce time. On the other hand, the UAC suffers from inherently 

imited bandwidth which places a lower bound to the block du- 

ation. Therefore, limiting the duration of OFDM blocks, in order 

ot to exceed the coherence time [19] , has implications on either 

he system bitrate or its channel robustness [20] . These fast varia- 

ions have encouraged UAC modem designers to use block-by-block 

requency estimators. Accordingly, a coarse Doppler scale compen- 

ation is conducted for the entire package, followed by block-by- 

lock estimation of the residual frequency shifts in each block, dis- 

egarding neighbor blocks and their estimations. 

Li et al. [17] introduced a nonlinear least-squares (LS) CFO esti- 

ator using null symbols in the frequency domain by introducing 

 minimum energy optimization criterion. The authors also em- 

loyed the LS principle with equi-spaced pilot symbols in each 

lock, which are also used to estimate the channel impulse re- 

ponse (CIR), the concept was later adopted and expanded by Ab- 

elkareem et al. [18] . Both methods require a grid search in the 

requency domain and thus suffer from high computational burden 

n the modem. Carracosa and Stojanovic [22] suggested a block-to- 

lock processing approach for UAC OFDM systems, where the non- 

niform phase offset is tracked from one block to the subsequent. 

lthough having the advantage of lower computational complex- 

ty, this method requires a fairly slow varying channel over two 

https://doi.org/10.1016/j.sigpro.2021.108299
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1 In practice, prior measurements indicate the delay spread of the channel and 

we can set the CIR length to L . We assume that the channel length L is selected 

such that L ≤ Q ≤ 2 K + 1 . Actually, it should even hold for 1 < Q � K. Thus, to avoid 

inter-block interference, we set the zero padding length equal to the channel length. 
onsecutive OFDM blocks, which limits the design and results in 

itrate loss. 

Recently, low complexity CFO estimators for OFDM in UAC 

hannel have been suggested [23–25] that replace the need for ex- 

austive grid search. Using not only equi-spaced pilot tones in the 

requency domain, but also set them to be identical, results in a 

eriodic time-domain block with a period equal to the number of 

ilot tones. After retaining the channel-independent part of each 

eriodic segment, a small-size correlation matrix between these 

arts is constructed. The problem of estimating the CFO given this 

orrelation matrix is shown to have a closed form and can be 

olved efficiently, given that the CFO is constant during the time 

f one block. These estimators, however, suffer from two draw- 

acks making them hard to be implemented in practical modems: 

1) The use of equi-spaced identical pilots results in high peak-to- 

verage power ratio (PAPR). This problem is thoroughly discussed 

n Amar et al. [23] , but a solution is not offered; (2) Like previous

FO estimators, the assumption of having a constant CFO remains 

nd limits the design of the OFDM block, as investigated in Aval 

nd Stojanovic [20] . 

In order to overcome the time-varying nature of the underwa- 

er acoustic channel, differential OFDM was suggested and com- 

ined with a partial fast Fourier transform (FFT) technique [27] . 

his aims to dissect the OFDM block into several sections, which 

nables to estimate the channel separately, and thus reducing the 

roblem into piecewise constant channels [20] . Han et al. [21] sug- 

ested an eigenvalue decomposition to combine the weights of the 

artial FFT sub-blocks. 

In this paper, we propose a transmitter-receiver design that al- 

ows closed-form CFO estimation based on the methods in Amar 

t al. [23] , Avrashi et al. [24] . We present two main contribu-

ions: (a) The closed-form CFO estimator presented in Amar et al. 

23] has an inherent high PAPR, which makes it inapplicable to 

ractical communication systems. Herein, we present a transmitter 

esign that allows to reduce the PAPR, while preserving the pilot- 

one features required for the CFO estimator; (b) We present a CFO 

stimator for time-varying frequency shifts, thus extending the 

sable block durations (formerly limited by the coherence time) 

nd allowing higher data rates. Furthermore, the proposed method 

liminates the need to use overlap-and-add for zero-padded (ZP) 

FDM in order to estimate the CFO. 

Instead of identical pilots, a method for designing the pilot 

ones is proposed, such that the time periodicity feature is pre- 

erved, while the effect on PAPR is negligible. By looking at pilot 

esign as a phase retrieval problem with a time-domain envelope 

hosen to satisfy the low PAPR requirement, we are able to derive 

 tunable design algorithm for the transmitted signal. 

For the receiver side, we develop a closed-form time-varying 

FO estimator. The method expands the previously developed 

losed-form constant CFO estimators, which either use a channel- 

ndependent correlation matrix [23] , a channel-dependent corre- 

ation matrix, or a combination of both [24] . The first estimator 

s based solely on the channel-dependent correlation matrix. First, 

he eigenvector associated with the maximal eigenvalue of this 

atrix is used to estimate the phase accumulations between the 

ilot-signal periods, and then the CFO is estimated using a linear 

S estimator given the phases accumulations. The second estimator 

s a weighted linear LS estimator, given the phases of the minimal 

igenvector of the channel independent correlation matrix and the 

aximal eigenvector of the channel dependent correlation matrix. 

inally, the third estimator solves a generalized eigenvalue decom- 

osition (GEVD) problem by considering jointly the two correla- 

ion matrices and then performing a similar second step as the 

revious estimators. Herein, we show that, under certain condi- 

ions, these estimators can be adapted to time-varying channels. 

umerical simulations indicate that for time-varying channels, the 
2 
it error rate (BER) performance of the OFDM modem is signifi- 

antly improved by using the proposed method. Furthermore, we 

how that by applying the proposed pilot-design algorithm, PAPR 

alues are within fractions of dB of the original random pilots de- 

ign, without compromising the CFO estimation scheme. 

The rest of the paper is organized as follows. In Section 2 , we

efine the signal model and describe the problem of estimating 

oth the channel impulse response and carrier frequency offset in 

FDM signals. In Section 3 , we present an overview of the closed 

orm eigenvalue decomposition (EVD) based estimation technique, 

ollowed by an analysis of both the cost function and the tradeoff

etween a time locality feature, which is desired for the closed- 

orm CFO estimator, and the resulting high peak-to-average power 

atio. In Sections 4 and 5 , we introduce a transmitter-receiver de- 

ign which allows a practical implementation of the closed-form 

VD-based estimator. Section 4 offers a closed form pilot design 

lgorithm which compromises between the contradicting require- 

ents by solving a phase retrieval problem. Section 5 focuses on 

he CFO estimation at the receiver, where the previously suggested 

olution is expanded for time-varying frequency offsets using a 

odel-based approach. Finally, simulation results are presented in 

ection 6 . 

. Signal model 

Consider a ZP-OFDM block with time duration T and K carriers, 

here the k th carrier frequency is 

f (k ) = f 0 + k � f , k = 0 , . . . , K − 1 , (1)

ith f 0 the lower frequency, and � f = 1 /T is the carrier spacing. 

et the K × 1 vector of symbols be 

 = [ s (0) , s (1) , . . . , s (K − 1)] T , (2)

here s (k ) = e jφ(k ) . The K carriers are composed of K − Q � Q

ata symbols with φ(k ) ∈ S and S is a pre-defined set of phases

such as the quadrature phase-shift keying (QPSK) constellation). 

he remaining Q symbols are used as pilots, equi-spaced in fre- 

uency with spacing G = K/Q , i.e., according to (1) the frequency 

f the q th pilot carrier is f (qG ) , q = 0 , 1 , . . . , Q − 1 . The P × 1 zero-

added discrete time transmitted signal, where P = K + L , is 

 = T zp ̃ s , (3) 

here ˜ s = F H K s = [ ̃ s (0) , ̃  s (1) , . . . , ̃  s (K − 1)] T is the signal in the

ime-domain, F K is a K × K Fourier matrix with the (m, n ) th el- 

ment given by 1 √ 

K 
e − j2 π/K·mn , T zp = [ I K , 0 K 0 

T 
L 

] T is a P × K zero-

adding matrix, I n is the n × n identity matrix, 0 n is a n × 1 vec-

or of zero elements, and L is the length of zero-padding. We as- 

ume that the unknown discrete-time baseband CIR represents a 

ultipath channel which introduces frequency-dependent Doppler 

ffect. The latter is commonly compensated in the receiver using 

 packet preamble which is used for estimation and rescaling of 

he time axis [17] . Hereon, we look at the OFDM blocks after this 

ompensation, which means that we deal with a multipath chan- 

el described by the L × 1 vector 

 = [ h (0) , h (1) , . . . , h (L − 1)] T , (4)

here L is the delay spread of the channel normalized by the sam- 

ling interval, 1 T s = T /K. It is assumed that the P × 1 received vec-

or y = [ y (0) , . . . , y (P − 1)] T may still consist of a frequency inde-

endent residual Doppler shift component which has the following 

tructure [3,17] 

 = y 0 + n = �P (ε0 ) Hu + n , (5) 
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here y 0 is the noise-free received signal, H is a P × P Toeplitz 

atrix with first column and first row given by [ h 

T , 0 T P−L ] 
T and

 h (0) , 0 T 
P−1 

] T , respectively, n = [ n (0) , n (1) , . . . , n (P − 1)] T is a P × 1

ector representing the additive noise, which we assume is mod- 

led as a zero-mean circular complex white Gaussian with covari- 

nce matrix σ 2 
n I P . Also, we define the normalized CFO, ε0 as the 

hysical frequency offset relative to the carrier spacing, � f . Ac- 

ordingly, the P × P matrix �P (ε0 ) is defined as 

P (ε0 ) = diag (1 , e j2 π
ε0 
K , . . . , e j2 π

ε0 
K (P−1) ) . (6) 

otice that in this formulation, the CFO is assumed to be constant. 

n practice, this approximation may not hold, thus the formulation 

ill include ε[ n ] , n = 0 , . . . , P − 1 instead of ε0 . 

. Analysis of EVD-based CFO estimation 

A group of low-complexity closed-form CFO estimators has 

een proposed in Amar et al. [23] , Avrashi et al. [24] . Although

howing some promising results, these methods suffer from two 

rawbacks, making them impractical: (a) They introduce high 

APR, and (b) they require a time-constant frequency offset. As 

ackground, we briefly repeat and analyze the results presented 

n Amar et al. [23] for the eigenvalue decomposition (EVD) based 

stimator. 

First, the following observation is made: the transmitted time- 

omain signal can be decomposed into a known pilot tone and un- 

nown data tone signals, 

 (n ) = 

∑ 

k ∈S P 

1 √ 

K 

s (k ) e j 
2 π
K nk 

︸ ︷︷ ︸ 
�= s p (n ) 

+ 

∑ 

k ∈S D 

1 √ 

K 

s (k ) e j 
2 π
K nk 

︸ ︷︷ ︸ 
�= η(n ) 

, (7) 

here | s (k ) | = 1 , and S P , S D are the index sets of the pilot and

ata tones, respectively. For equi-spaced pilots, S P = { k : kmodG = 

 } and the samples of the time-domain signal associated with the 

ilot tones are 

˜ 
 p (n ) = 

Q−1 ∑ 

q =0 

1 √ 

K 

s (qG ) e j 
2 π
Q nq , (8) 

hich is a Q-periodic signal. The random data related signal, η(n ) , 

s treated as noise. It has been shown [23] that for K � Q it is dis-

ributed as white Gaussian noise with η(n ) ∼ N (0 , K−Q 
K ) . At this

oint, the OFDM signal, x (n ) , is segmented into G segments of Q

amples. Notice that the pilot signal is correlated while the so- 

alled data originated noise is uncorrelated between any two seg- 

ents. By using this feature of the signal, the commonly used es- 

imator can by applied, where a repeated signal is correlated in 

rder to estimate the frequency offset [26] . 

In [23] it has been proposed to use the constant pilot tone, 

 (qG ) = e jφ0 , where φ0 is some real number, to obtain 

 (n ) = 

Q−1 ∑ 

q =0 

1 √ 

K 

e jφ0 e j 
2 π
Q nq + η(n ) 

= 

Qe jφ0 

√ 

K 

δ[ n mod Q] + η(n ) (9) 

or n = 0 , . . . , K − 1 . where 

[ n ] = 

{
1 , n = 1 , 

0 , otherwise. 
(10) 

ere, we introduce the following assumption: The system design 

uarantees that there is no pilot signal leakage from one section 

o the consecutive, in the constant pilot tone setup, this translates 

o L + 1 < Q . Specifically, it is guaranteed that the ZP section, y (K :

 + P ) , holds only data-signal paths with no pilot remains. As the
3 
FO estimator treats the data signal as noise, it is beneficial, for 

his purpose only, to discard the ZP section. Therefore, instead of 

onducting the standard overlap-and-add operation for ZP-OFDM 

3] , we simply use the first K taps given by 

˜ 
 = T K y 

= T K (�P (ε0 ) Hu + n ) 

= 

[
�K (ε0 ) , 0 K 0 

T 
L 

]
Hu + T K n 

= �K (ε0 ) T K Hu + T K n 

= �K (ε0 ) H (1 : K, :) u + T K n (11) 

nstead of (5) , where the trimming K × (K + L ) matrix T K is defined

s 

 K = [ I K , 0 K 0 

T 
L ] . (12) 

he received OFDM signal is CFO compensated by pre-multiplying 

t by �H 
K 
(ε) for the hypothesized offset ε. The compensated block 

s then transformed to the frequency domain where the pilot carri- 

rs are extracted to obtain the Q × 1 hypothesized output vector 

 (ε) = T sc F K �
H 
K (ε) ̃ y 

= T sc F K �
H 
K (ε)�K (ε0 ) T K Hu + η (13) 

here T sc = I K (1 : G : K, :) selects the pilot tones and η =
 sc F K �

H 
K 
(ε) T K n is a zero mean WGN. Substituting (5) into 

13) when ε ∼= 

ε0 (meaning that the hypothesized and true off- 

ets are close) implies that x (ε) can be approximated as (see 

ppendix B ) 

 (ε) ∼= 

√ 

Q D p F Q (: , 1 : L ) h + η, (14)

here h is the L × 1 CIR, D p is a Q × Q diagonal matrix containing

he pilot symbols on its diagonal, F Q (: , 1 : L ) is obtained by taking

he first L columns of the Q × Q Fourier transform matrix. In order 

o determine ε and h , a nonlinear least squares (NLS) optimiza- 

ion problem is defined, where the estimated values minimize the 

uclidean squared distance between x (ε) and its approximation in 

14) , i.e., 

 (ε, h ) = ‖ x (ε) −
√ 

Q D p F Q (: , 1 : L ) h ‖ 

2 . (15)

aking the derivative of (15) w.r.t. h and equating the result to 

ero, yields the LS estimate of the channel response: 

ˆ 
 = 

1 √ 

Q 

F H Q (: , 1 : L ) D 

H 
p x (ε) , (16) 

ubstituting (16) into (15) implies that the estimate of the CFO is 

btained by selecting ε that minimizes the quadratic form 

 (ε) = x 

H (ε) D p 

[
I Q − F Q (: , 1 : L ) F H Q (: , 1 : L ) 

]
×D 

H 
p x (ε) . (17) 

t has been shown that x (ε) can be expressed using a segmented 

ersion of the received signal given as 

 = [ y (1 : Q ) , . . . , y (K − Q + 1 : K) ] , (18) 

hich means that Y is a Q × G matrix obtained by arranging the 

-samples segments of y in its columns. Using this formulation, 

13) becomes 

 (ε) = F Q �
H 
Q (ε) Y α(ε) , (19) 

here F Q is the Q × Q Fourier transform matrix, �Q (ε) = 

iag (1 , e 
j2 πε

Q , . . . , e 
j2 πε

Q 
(Q−1) 

) , and 

(ε) = [1 , . . . , e − j 2 πG (G −1) ε] T (20) 

s a G × 1 vector holding the phase accumulations between the dif- 

erent segments such that �K (ε) = diag { αH (ε) } � �Q (ε) where �
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s the Kronecker product. By replacing (19) into (17) , the following 

orm is obtained 

 (ε) = ‖ Y α(ε) ‖ 

2 

−‖ F H Q (: , 1 : L ) D 

H 
p F Q �

H 
Q (ε) Y α(ε) ‖ 

2 . (21) 

t has been shown [24] (and see generalized analysis in Section 3.1 ) 

hat by using identical pilot tones, (21) simplifies to the following 

ost function 

 (ε) = ‖ Y (L + 1 : Q, :) α(ε) ‖ 

2 . (22)

The EVD-based estimate consists of two steps. First, from 

5) and the definition of Y in (18) , the following is obtained 

 (L + 1 : Q, :) = Y 0 + N , (23) 

here Y 0 and N are defined similar to Y for the vectors y 0 , n and

hen truncated to their last Q − L rows. We assume that the noise- 

ree part Y 0 obtained from y 0 (see (5) ) is uncorrelated with the 

oise part, N (obtained from n in (5) ). This assumption holds as 

t is reasonable to assume that the transmitted symbol vector, s , 

s uncorrelated with the additive noise, n . Substituting (23) into 

22) and unfolding the norm yields 

 1 (ε) = αH (ε) 

⎡ 

⎣ Y 

H 
0 Y 0 ︸ ︷︷ ︸ 
R 0 

+ N 

H N 

⎤ 

⎦ α(ε) . (24) 

ince N 

H N describes the covariance matrix of a white Gaussian 

oise with variance σ 2 
n , the cost function becomes 2 

 1 (ε) = α(ε) H 

⎡ 

⎣ R 0 + σ 2 
n I G ︸ ︷︷ ︸ 

ˆ R 

⎤ 

⎦ α(ε) . (25) 

Obviously, using R 0 in place of ˆ R in (25) yields that 
 1 (ε) = 0

or α(ε) = α(ε0 ) . This means that α(ε0 ) is an eigenvector of R 0 

orresponding to the zero eigenvalue. In [23] it is proven that this 

s the minimal eigenvalue of R 0 with probability one. Consequen- 

ially, the minimal eigenvalue of ˆ R is σ 2 
n and the following relation 

etween the eigenvectors exists, 

 min ( ̂  R ) ∼= 

u min (R 0 ) + δu min , (26) 

here u min (A ) is the eigenvector of the matrix A corresponding to 

he smallest eigenvalue. Also, δu min is a small perturbation with 

ero mean. Since for the noiseless version R 0 the minimal eigen- 

alue is simply α(ε0 ) , a closed form estimate will be 

ˆ (ε0 ) = u min ( ̂  R ) − δu min . (27) 

he second step of the EVD estimation will be extracting the CFO 

0 . This is done by observing the phase of (27) given by 

2 π

G 

g ε0 
∼= 

arg (u min ( ̂  R )) − arg (δu min ) , (28) 

here g = [0 , 1 , . . . , G − 1] T . Finally, the closed form estimate is

iven by the least squares (LS) solution of the problem formulated 

n (28) , 

ˆ = − G 

2 π
·
∑ G −1 

g=0 g[ arg (u min ( ̂  R ))] g ∑ G −1 
g=0 g 

2 
. (29) 

his result requires an EVD of a G × G matrix followed by a sim- 

le linear combination of a G × 1 vector. The result is a constant 

FO value, assuming that it holds for the complete duration of the 

FDM block. In other words, this solution assumes that the CFO 

s time-invariant during the OFDM block. In practical underwater 

coustic channels, this may not hold. 
2 An intuitive approach to the described EVD based CFO estimate comes from the 

eld of sensor array processing. We can consider ε as the direction of a arrival of 

he desired signal, and α(ε) as a steering vector. The EVD solution is then analogous 

o a minimum variance beamformer. 

c

w

t

l

t

4 
.1. Cost function analysis 

Notice that the term 

 

H 
Q (: , 1 : L ) D 

H 
p F Q �

H 
Q (ε) Y α(ε) 

n (21) describes the L -tap cross correlation between the pilot sig- 

al and the CFO compensated sections. In order to better reflect 

his observation, we define the pilot-signal cross-correlation oper- 

tor 

= F H Q D p F Q (: , 1 : L ) , (30) 

hich is a circulant matrix with the first column and first row 

iven by ψ = IFFT { diag (D p ) } (the time domain pilot signal) and 

 ψ (0) , . . . , ψ (Q − L + 1)] , respectively (see Appendix A ). The cost

unction in (21) then becomes 

 (ε) = ‖ Y α(ε) ‖ 

2 

−αH (ε) Y 

H �Q (ε)��H �H 
Q (ε) Y α(ε) . (31) 

he matrix ��H in (31) has the following structure: Con- 

ider the top-left block matrix with size max (L + L p − 1 , Q ) ×
ax (L + L p − 1 , Q ) block is defined similarly to r ψ 

, the cyclic auto- 

orrelation function of ψ , where L p is the support of ψ . The re- 

aining entries of the matrix are equal to zero. Fig. 1 illustrates 

he diagonal and off-diagonal of ��H for a few important exam- 

les. It can be observed that for identical pilot tones, the pilot sig- 

al is a complex Delta function, which means that L p = 1 and the

utocorrelation is a real Delta function, resulting in the structure, 

�H = 

[
I L 0 L ×(Q−L ) 

0 (Q−L ) ×L 0 (Q−L ) ×(Q−L ) 

]
. (32) 

ubstituting (32) into (31) yields the previous result (22) , which 

ignificantly reduces the dimension of the problem from Q to G 

notice that the term in (22) is a G -order polynomial). When L p >

 , the structure of ��H is affected. As can be seen in Fig. 1 , the

on-zero block is contaminated by edge effects. These 
(
L p − 1 

)
×

L p − 1 
)

sub-blocks in the top-left and bottom-right are a result of 

yclic cross correlation of a zero-padded signal. The resulting cost 

unction is 

 (ε) = ‖ Y (L + L p : Q, :) α(ε) ‖ 

2 + r L p (ε) , (33)

here r L p (ε) is the cost function residual caused by the two (L p −
) × (L p − 1) sub-blocks of ��H . It is clear that as we increase L p ,

he larger the residual, up to a point where it completely domi- 

ates the cost function. This happens when L p > Q − L , as in the

ase of random pilots. In this case 
 (ε) = r Q (ε) and a grid search

hould be performed [17] . For the rest of our analysis we assume 

hat L p is chosen such that r L p (ε) � ‖ Y (L + L p : Q, :) α(ε) ‖ 2 and

hus ignored, resulting in the approximated cost function, 

 1 (ε) ∼= 

‖ Y (L + L p : Q, :) α(ε) ‖ 

2 . (34)

imilarly to the identical-pilot design, the cost function in (34) en- 

bles a closed form solution. In the next sections we will utilize 

he generalization from L p = 1 to a carefully designed L p in order 

o control the resulting PAPR. 

.2. Time locality - PAPR tradeoff in pilot tone design 

The key to the closed-form CFO estimator is having an OFDM 

lock with alternating sections of pilot signal and absence of it. 

n other words, we want to design our pilot tones such that the 

orresponding time domain signal will have a localized envelope, 

hile having unit amplitude and equi-spaced pilots which main- 

ain a simple channel equalizer [17] . In order to compare the time 

ocality feature of different candidate pilot signals, we introduce 

he pilot-to-data ratio (PDR), describing the power ratios in the 
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Fig. 1. Examples of the diagonals of ��H for 4 different L p values where Q = 128 and L = 50 . The main diagonals are compared to the first off-diagonal. 
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on-zero areas of the pilot signal. For a L p support pilot signal, the 

DR is given by 

DR = 

1 
L p 

∑ L p 
n =1 

| s p (n ) | 2 
σ 2 

η

= 

K 
L p 

∑ L p 
n =1 

| s p (n ) | 2 
K − Q 

. (35) 

The most trivial and effective pilot design, which meets the re- 

uirements is the identical-tone described in (9) , where L p = 1 and 

he PDR is Q 2 

K−Q . Although optimal in terms of time locality, the 

dentical pilot approach causes high PAPR. This is simply due to the 

ontradicting requirements, that while trying to concentrate the 

ime domain pilot signal, we incidentally cause high PAPR. From 

9) we see that by selecting identical pilots we obtain a peak value 

f max | s p (n ) | = 

Q √ 

K 
, therefore the expected value of PAPR is 

[ PAPR ] = E 

[
max | x (n ) | 2 

1 
K 

∑ K 
n =1 | x (n ) | 2 

]

∼= 

( 

Q √ 

K 

+ 

√ 

K − Q 

K 

) 2 

. (36) 

In Fig. 2 we show two transmitted signals for G = 4 and G = 8 .

xpectedly from (36) , as we decrease G , i.e., increase Q , the peak

alues increase. 

In the next sections we offer a complete workframe that allows 

ackling and compromising between the two profound problems of 

he current closed-form CFO estimators: (1) In the transmitter side, 

esigning the pilot tones that will allow closed form estimation 
5 
hile causing negligible PAPR increase; (2) designing receiver al- 

orithm that can handle time-varying CFO. Our ultimate goal is to 

ecode the data symbols vector s given that the normalized time- 

arying CFO, ε[ n ] , and the CIR, h , are unknown. For simplicity, we

ssume a constant CFO in the following section. 

. A constrained optimization for pilots design 

In order to overcome the increase in PAPR, we propose to re- 

esign the pilot tones in a way that both requirements are met: 

ocalized pilot signal along with reasonably low PAPR. Notice, that 

nlike classical PAPR reduction schemes, which attempts to reduce 

he PAPR for the complete block, here we concentrate on reduc- 

ng the PAPR caused by the pilot-tones in a limited number of taps 

etermined by the CFO estimation algorithm. We start by looking 

or time domain pilot signals which will allow a compromise be- 

ween these two contradicting requirements. While identical pilots 

re highly localized with the worst PAPR, random pilots will have 

he best PAPR and worst time locality. It is thus suggested to use 

 windowed envelope for the time domain signal. This window is 

xpressed by w = [ w 1 , w 2 , . . . , w L p , 0 , . . . , 0] T (we selected a stan-

ard rectangular window, while other windows can be employed 

s well). Ideally, the first L p taps of the signal will contain all the 

ilot energy. Note that L p should be chosen such that L p + L < Q . 

The problem we turn to solve now can be defined as follows: 

e have pilot tones with known unit amplitudes and an unknown 

hase, denoted by e jφ , and the corresponding time domain sig- 

al is constrained by the windowed envelope. This is known as 

 phase retrieval problem, which has been studied in the past few 

ecades in various fields. The problem was first addressed by Ger- 
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Fig. 2. Examples of the discrete time OFDM block ( G = 4 for the upper plot, and G = 8 for the bottom plot). 
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Algorithm 1 Constrained pilots design. 

1: define W = diag [ w 1 , . . . , w L p , 0 , . . . , 0] 

2: initialize φ0 , ε = ∞ , a 0 = IFFT (e jφ0 ) 

3: while ε > η do 

4: b i = exp { j arg [ a i −1 ] } 
5: c i = FFT (W b i ) � Applying time domain constraint 

6: d i = exp { j arg [ c i ] } 
7: a i = IFFT (d i ) 

8: ε = ‖ a i [ L p + 1 , . . . , Q] ‖ 2 
9: end while 

10: return d i 

1
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w

t

C

5

d
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m
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m

hberg and Saxton [29] and later on by Fienup [30] , who offered a

et of algorithms for solving the problem of recovering a complex 

mage from the measured magnitudes of a real image and far-field 

ourier plane in optics. More recently, phase retrieval was sug- 

ested for optical imaging [32] . In [31] , a pilot tone phase retrieval

n OFDM communications was proposed for the receiver side, al- 

owing the transmitter to choose the pilot phases without inform- 

ng the receiver. Here we use a generalization of the Gerchberg- 

axton algorithm (GSA), called the error reduction algorithm [33] , 

o reconstruct the pilot phases in the transmitter side. 

Given the pilot tones in the frequency domain, e jφ (at the ini- 

ialization step, these phases are selected at random) and the de- 

ired pilot time domain signal s p , the problem can be formulated 

s 

in 

φ
‖ s p − F H Q e 

jφ‖ 

2 

s.t. s p (n ) = 0 , for n = L p + 1 , . . . , Q . (37) 

The error reduction algorithm solves this non-convex prob- 

em iteratively by alternating projections. The algorithm transforms 

he time and frequency domain signals back and forth, where 

n each such alternation the amplitude constraint is applied (see 

lgorithm 1 ). Note that the end condition employs the error mag- 

itude of the time domain constraint, but one may consider other 

riteria, such as a weighted sum of the achieved PAPR and time do- 

ain error. An example of the resulting OFDM block using a rect- 

ngular window is presented in Fig. 3 . Here we used K = 512 sub-

arriers, the pilot spacing is G = 4 and L p is chosen to be 10% of

he pilot signal period, Q . In this example, the resulting PAPR was 
6 
0 dB, compared to the identical pilot waveform which results in 

n expected PAPR of 16.3 dB. 

At this point, we have designed the transmitted waveform, 

hich allows us to use low complexity CFO estimators while con- 

rolling the PAPR values. We now turn to design the receiver side 

FO estimator. 

. Time varying CFO estimation 

OFDM waveforms are commonly designed such that one block 

uration is shorter than the coherence time of the channel [20] . 

owever, the coherence time may vary between different environ- 

ents and sea states in such a way that enforcing the block du- 

ation to be shorter may cause significant loss of bit rate. In this 

ection, we extend our closed-form CFO estimate to a time-varying 

odel. 
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Fig. 3. Examples of the discrete time OFDM block with G = 4 where the pilot tones are designed with the phase retrieval algorithm for L p = 0 . 1 Q . 
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.1. Polynomial model 

Let us assume that the CFO is some continuous function in 

ime, and that it can be represented by its Taylor polynomial 

[ n ] = 

∞ ∑ 

l=0 

ε l 
ln , 0 ≤ n ≤ K − 1 . (38) 

ubstituting (38) into (6) we obtain 

P = diag 

{ 

1 , exp 

[ 

j2 π

K 

∞ ∑ 

l=0 

εl 

] 

, . . . , 

exp 

[ 

j2 π

K 

(P − 1) 
∞ ∑ 

l=0 

εl (P − 1) l 

] } 

. (39) 

he received signal is defined similarly to (5) , where �P is deter- 

ined by a time varying CFO, 

 = �P HT zp F 
H 
K s + n . (40) 

e now turn to apply the EVD solution to the time-varying model. 

irst, we notice that ˆ R in (25) represents the correlation matrix of 

he G OFDM segments and thus inherent in this solution. There- 

ore, we turn to look at the gth section of y , denoted by y g =
g z g + n g , where z g is the CFO compensated signal obtained by 

aking the Q samples of the gth section of HT zp F 
H 
K 

s , and 

g = diag 

{ 

exp 

[ 

j2 π

K 

∞ ∑ 

l=0 

(gQ ) l+1 εl 

] 

, . . . , 

exp 

[ 

j2 π

K 

∞ ∑ 

l=0 

(gQ + Q − 1) l+1 εl 

] } 

. (41) 

otice that last L taps of y are discarded since it has no contri- 

ution to the CFO estimation as we assume that L + L p < Q . The

orrelation of any two sections g and g ′ will give the following ex- 

ression, 

 

H 
g y g ′ = z H g �

H 
g �g ′ z g ′ + n 

H 
g n g ′ , (42) 

here the elements involving signal and noise products are as- 

umed zero. Let us derive the CFO related term in (42) , 
7 
 g,g ′ [ n ] = exp 

{ 

j2 π

K 

∞ ∑ 

l=0 

εl 

[
(n + g ′ Q ) l+1 − (n + gQ ) l+1 

]} 

(43) 

here d g,g ′ [ n ] = diag 
{
�H 

g �g ′ 
}

[ n ] . Notice that each binomial of the

erm can be represented as (n + gQ ) l = (gQ ) l + n l + r l (n, g) where

 l (n, g) = 

l−1 ∑ 

k =1 

(
l 

k 

)
n 

l−k (gQ ) k (44) 

s the residual of the binomial decomposition, for instance 

 0 (n, g) = 0 , r 1 (n, g) = 0 , and r 2 (n, g) = 2 ngQ . Using this formula-

ion we obtain 

 g,g ′ [ n ] = exp 

{ 

− j2 π

G 

∞ ∑ 

l=1 

g l Q 

l−1 εl−1 

} 

︸ ︷︷ ︸ 
α∗

g 

(45) 

×exp 

{ 

j2 π

K 

∞ ∑ 

l=1 

εl [ r l (n, g ′ ) − r l (n, g)] 

} 

︸ ︷︷ ︸ 
λg,g ′ [ n ] 

×exp 

{ 

j2 π

G 

∞ ∑ 

l=1 

g ′ l Q 

l−1 εl−1 

} 

︸ ︷︷ ︸ 
αg ′ 

, 

here αg is the constant inter-section phase accumulation and 

g,g ′ [ n ] is the difference between phases accumulated within two 

ections. Next, (42) can be written as 

 

H 
g y g ′ = α∗

g αg ′ z 
H 
g �g,g ′ z g ′ + n 

H 
g n g ′ , (46) 

here �
g,g 

′ = diag 

{ 
λ

g,g 
′ [0] , . . . , λ

g,g 
′ [ Q − 1] 

} 
. Ideally, the matrix 

g,g 
′ can be neglected. For zero-order and first-order polynomials, 

g,g 
′ is the identity matrix, in which case we obtain the cost func- 

ion (17) . However, as higher orders are introduced, the accumu- 

ated phase may not be negligible depending on εl and G . There- 

ore, we will omit �
g,g 

′ when the CFO function can be approxi- 

ated as linear and the residual is kept small, otherwise it may 
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ominate the cost function. By using the above approximation, we 

btain the EVD formulation for the polynomial time varying model. 

 

H 
g y g ′ = α∗

g αg ′ z 
H 
g z g ′ + n 

H 
g n g ′ . (47) 

ollecting all section correlations into the matrix 

 PL = Y 

H Y , (48) 

nd substituting (48) into (34) , we obtain the optimization prob- 

em 

rgmin 

α
αH R PL α s.t. αH α = G, (49) 

here we added the constraint on α in order to guarantee the 

tructure in (20) . Notice that αH α = G is a weak constraint, which 

s enough in order to define the equivalent optimization problem 

f minimizing the following Rayleigh quotient, 

 (R PL , α) = 

αH R PL α

αH α
. (50) 

he quotient in (50) is minimized by the eigenvector correspond- 

ng to the smallest EV of R PL , yielding 

rg [ u min (R PL )](g) = −2 π

G 

G −1 ∑ 

l=1 

g l Q 

l−1 εl−1 + v g , (51) 

here v g is assumed to be zero-mean Gaussian noise with un- 

nown variance σ 2 
v . Converted to matrix formulation 

rg [ u min (R PL )](g) = −2 π

G 

a T g Q ε + v g , (52) 

here 

 g = [ g, g 2 , . . . , g G −1 ] T , 

Q = diag 
{

1 , Q, . . . , Q 

G −2 
}
, 

ε = [ ε0 , ε1 , . . . , εG −2 ] 
T . 

ollecting all G elements of α, we obtain 

 ≡ arg [ u min (R PL )] = −2 π

G 

AQ ε + v , (53) 

here A = [ a 0 , . . . , a G −1 ] 
T . Once again, as in the constant CFO case,

he problem reduces to an LS formulation. As the elements of α
epresent the phase accumulated between the block sections due 

o CFO, we use it as a stepping stone towards reconstructing ε. 

Given the measurement vector r (obtained by the EVD estima- 

or), the LS problem defined by the polynomial model is given by 

ˆ = argmax 
ε

∥∥∥r + 

2 π

G 

AQ ε
∥∥∥2 

. (54) 

he closed form solution is given by 

ˆ = − G 

2 π
Q 

−1 (A 

T A ) −1 A 

T r . (55) 

otice that due to the structure of A , inverting A 

T A can be numer-

cally challenging as its eigenvalues grow exponentially. In order to 

vercome this, we alternate our model by introducing the normal- 

zed coefficients b l = K 

l εl . Since we assume ε[ n ] < 1 (practically, it

s sufficient to assume that the CFO is within the order of 1), then

 l < 1 . Replacing the normalized coefficients into (53) , we have 

 = −2 π

G 

AQ ̃

 K ︸︷︷︸ 
Ā 

b + v , (56) 

here b = [ b 0 , b 1 , . . . , b G −1 ] 
T and 

˜ K = diag (K 

0 , K 

−1 , . . . , K 

−(G −1) ) .

y introducing this model alternation, we obtain a more conve- 

ient matrix Ā , defined by its (g, l) th element Ā g,l = ( g G ) 
l . Using

his formulation in the LS solution we have 

ˆ = − G ˜ K ( ̄A 

T Ā ) −1 Ā 

T r . (57) 

2 π

t

8 
.2. Piecewise constant model 

As mentioned, the main drawback of the polynomial approach 

s that it disregards the matrix �g,g ′ , which incorporates the dif- 

erence in inner-section phase accumulation of two different sec- 

ions. Since this is not a constant function, it may introduce a non- 

egligible effect. Ideally the phase accumulated from one section 

o another is identical to all samples. Let us consider a piecewise 

onstant model for the time varying CFO as follows, 

[ n ] = 

G −1 ∑ 

g=0 

εg u g [ n ] , (58) 

here 

 g [ n ] = 

{
1 , gQ ≤ n ≤ (g + 1) Q − 1 , 

0 , otherwise. 
. (59) 

ubstituting (58) into (6) , we obtain �K with the received signal 

eing y = �K HT zp F 
H 
K 

s + n . Following the same steps leading to (43) ,

e obtain the CFO related term of the inter-section correlation, 

[ n ] = exp 

{
j2 π

K 

[
εg ′ (n + g ′ Q ) − εg (n + gQ ) 

]}

= exp 

{
− j2 π

G 

εg g 

}
︸ ︷︷ ︸ 

α∗
g 

exp 

{
j2 π

K 

(εg ′ − εg ) n 

}
︸ ︷︷ ︸ 

λg,g ′ [ n ] 

αg ′ 

×exp 

{
j2 π

G 

εg ′ g 
′ 
}

︸ ︷︷ ︸ . (60) 

nce again we encounter the inner-section phase accumulation 

ifference (PAD), which can be at most 2 π
K | εg ′ − εg | (Q − 1) . The 

nter-section PAD, however, is at least 2 π
K | εg ′ − εg | Q . Here, we ne- 

lect the inner-section PAD. Notice that not correlating adjacent 

ections and/or trimming the end of each section will further 

eaken the effect of inner-section PAD. The EVD-estimator of the 

iecewise constant model yields 

rg [ u min (R PWC )](g) = −2 π

G 

εg g + v g . (61) 

ollecting all G elements of α we obtain 

 ≡ arg [ u min (R PL )] = −2 π

G 

G ε + v , (62) 

here G = diag { 0 , 1 , . . . , G − 1 } and ε = [ ε0 , . . . , εG −1 ] 
T . The LS so- 

ution of (62) is 

ˆ = − G 

2 π
G 

−1 r . (63) 

Notice that the vector r collects all inter-section phase accumu- 

ations with an arbitrary initial phase. In order to achieve the PAD 

eeded for the estimation,we need to shift the phase according to 

he first element (in other words taking the phase derivative). By 

oing so, we are left with zero in the first element of r , meaning

hat ε0 cannot be estimated. One can use the remaining G − 1 non 

ero elements to estimate ε0 with various methods. In our imple- 

entation, we choose to use the following weighted sum 

ˆ 0 = 

∑ G −1 
g=1 (G − g) 2 ˆ εg ∑ G −1 

g=1 g 
2 

, (64) 

hich is essentially an extrapolation operation. Another possible 

pproach is compensating for the G − 1 estimated sections and 

hen conducting a one-dimensional search for ε . 
0 
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Fig. 4. CCDF of PAPR for different window sizes. 

Fig. 5. Effect of the PDR on the cost function error. The horizontal axis describes the average PDR [dB] while the vertical corresponds to the RMS of the CFO error when 

using 
 1 (ε) with a grid search, the colored area represents the bounds of the estimation error. When L p exceeds Q − L (in this case L = 0 . 5 Q), the cost function will not have 

a minimum, as a result, the minimum value will be one of the search grid bounds. 
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. Simulations results 

.1. PAPR reduction 

In this section, the reduced PAPR scheme is analyzed by simu- 

ations. Fig. 4 shows the PAPR complementary cumulative distribu- 

ion function (CCDF). L p values of 1%, 10% and 25% of the section 

ength, Q = 256 , are compared to the random and identical pilot 

ases. It can be seen that choosing a window of 10% results in a 

CDF of merely 0.8 dB from the random pilots case. Depending on 

he expected channel delay spread, one can choose a window size 

hich will compromise between the resulting PAPR, the channel 

r

9 
aps needed and the remaining so-called noise space taps, not af- 

ected by the pilots, defined as L ε = Q − L p − L + 1 . 

.2. CFO estimation as a function of PDR 

In Section 3.2 we have discussed the tradeoff between the PDR 

nd PAPR. While it is quite clear what are the implications of high 

APR, it is important to examine the PDR as well. Fig. 5 shows 

he effect of increasing PDR on the estimation error. Simulation is 

erformed using K = 1024 , Q = 256 . It can be seen that for high

DR values the estimation error is reasonably small ( 0 . 6% of car- 

ier spacing for PDR = 10 dB). However, when approaching Q − L , 
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Fig. 6. RMSE of time-varying CFO estimators. Results for a sinusoidal time-variation are depicted in solid lines while dashed lines correspond to the polynomial time- 

variation. 

Fig. 7. Bit error rate of time-varying CFO estimators. 
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he error drastically increases. Interestingly, the generally mono- 

onic curve in Fig. 5 has a peak at a very high PDR value. This is

aused by the large error of Algorithm 1 when working with a very 

arrow window (in this case 2 and 3 taps). 

.3. Simulative CFO estimation results 

We evaluate the performance of the proposed estimates using 

umerical simulations. We used OFDM blocks of K = 2048 QPSK 
10 
ymbols with G = 8 and bandwidth of W = K� f = 12 . 5 KHz. The

imulated channel was produced using a geometrical model of a 

hallow water environment. The receiver and transmitter were lo- 

ated 20 0 0 m apart at a depth of 5 m and 4 m, and the seabed set

o 70 m. The geometrical model included 10 paths with random 

hases [28] . The delay spread was set to 30 ms. Time-varying fre- 

uency offsets of two types were simulated: (1) polynomial time 

ariation of order 4, where the coefficients were randomly drawn 

rom the uniform distribution b l ∼ U[ −0 . 25 , 0 . 25] ; (2) sinusoidal
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ime variation of the form 

(n ) = � f 

[
A 0 + A sin (2 πn 

f sin 

K 

) 

]
, (65) 

here A 0 , A ∼ U[ −0 . 25 , 0 . 25] and f sin ∼ U[0 . 25 , 2] . The time-

arying and constant CFO estimators were simulated over the 

odels and compared. Fig. 6 presents the root-mean-square error 

RMSE) of CFO estimation versus the signal-to-noise ratio (SNR). 

he solid lines represent the results for the sinusoidal CFO, which 

n this case have lower error compared to the polynomial CFO, rep- 

esented in dashed line. As can be seen, the piecewise-constant es- 

imator’s error is consistently lower than that of the linear estima- 

or, which in turn, is lower than the previously published constant 

FO estimator. However, the polynomial estimation model achieves 

nferior results, which in the sinusoidal case is even worse than the 

onstant model. This is due to the approximation of (46) which ap- 

arently does not hold in this simulation. Fig. 7 shows how the 

FO estimation error ultimately affects the bit error rate (BER) 

erformance. What has appeared to be an incremental improve- 

ent in the CFO accuracy is translated to a significant improve- 

ent in the system performance, which in this case reached 

p to 9 dB for the sinusoidal CFO and a make-or-brake for the 

olynomial CFO. 

. Conclusions 

We have presented a complete transmitter-receiver scheme for 

nderwater acoustic communication with time-varying channels. 

e have expanded the previously suggested closed-form CFO esti- 

ator to handle the inherent drawback of high PAPR and included 

 model-based estimator for rapidly changing frequency offsets. 

he proposed framework enables full flexibility for the modem de- 

igner to compromise between the estimator performance and the 

APR reduction, such that it could be optimized for specific chan- 

els. The scheme can also be easily integrated into other multi- 

arrier modems where the medium characteristics dictate a fast 

arying channel and a limited bandwidth. Simulations show that 

he framework has significant contribution in lowering the PAPR, 

t also shows that assuming complex frequency variation models 

starting from constant, through linear and piecewise linear) can 

e translated into BER reduction using the proposed method. Fu- 

ure research will focus on comparing the computational loads be- 

ween the proposed design of the transmitted waveform and other 

aveform designs, further analyzing the feasibility of the proposed 

stimators in realistic time-varying channels, and sea trials shall be 

onducted in order to validate the proposed methods in real envi- 

onments. 
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ppendix A. Structure of �

Consider the matrix � in (30) which is expressed explicitly as 

= 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

F H Q (: , 1) D p F 
H 
Q (: , 1) . . . F H Q (: , 1) D p F 

H 
Q (: , L ) 

F H Q (: , 2) D p F 
H 
Q (: , 1) . . . F H Q (: , 2) D p F 

H 
Q (: , L ) 

. . . . . . 
. . . 

F H Q (: , L ) D p F 
H 
Q (: , 1) . . . F H Q (: , L ) D p F 

H 
Q (: , L ) 

. . . . . . 
. . . 

F H Q (: , Q ) D p F 
H 
Q (: , 1) . . . F H Q (: , Q ) D p F 

H 
Q (: , L ) 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

(66) 
11 
ccording to the definition of the Fourier matrix, this matrix is fur- 

her expressed as 

= 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

∑ Q 
m =1 d m 

. . . 
∑ Q 

m =1 d m 

e − j 2 πQ (L −1) ∑ Q 
m =1 d m 

e j 
2 π
Q . . . 

∑ Q 
m =1 d m 

e − j πQ (L −2) 

. . . . . . 
. . . ∑ Q 

m =1 d m 

e j 
2 π
Q (L −1) . . . 

∑ Q 
m =1 d m 

. . . . . . 
. . . ∑ Q 

m =1 d m 

e − j πQ . . . 
∑ Q 

m =1 d m 

e − j πQ L 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

(67) 

hich is a circulant matrix with the first column given by 

 = F H Q 

(
diag (D p ) 

)
= IFFT { diag (D p ) } , and the first row given by 

 ψ (0) , ψ (1) , . . . , ψ (Q − (L − 1))] . This concludes the derivation of

he matrix � . 

ppendix B. Derivation of x(ε) 

Assuming that ε ∼= 

ε0 leads to 

 (ε) = T sc F K �
H (ε)�H (ε0 ) T K HT zp F 

H 
K s + η

∼= 

T sc F K T K HT zp F 
H 
K s + η

= T sc F K H (1 : K, :) T zp F 
H 
K s + η

= T sc F K H (1 : K, :) 

[
F H K s 
0 L 

]
+ η

= T sc F K H (1 : K, 1 : K) F H K s + η (68) 

here in the second transition we used the assumption that ε ∼= 

0 , in the third transition we used the fact that T K H = H (1 : K, :) ,

n the forth transition we used the definition of T zp to express the 

 × 1 zero-padded transmitted signal, and in the fifth transition we 

ultiplied the K × P matrix by the zero-padded P × 1 transmitted 

ignal. The K × K matrix H (1 : K, 1 : K) is expressed as 

 (1 : K, 1 : K) = 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

h (0) 0 . . . 0 

h (1) h (0) . . . 0 

. . . 
. . . . . . 

. . . 
h (L − 1) h (L − 2) . . . 0 

0 h (L − 1) . . . 0 

. . . 0 . . . 
. . . 

0 0 . . . h (0) 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

(69) 

hich is a Toeplitz matrix with the first column given by the K ×
 vector [ h (0) , h (1) , . . . , h (L − 1) , 0 T 

K−L 
] T . As any Toeplitz matrix is

iagonalized by the discrete Fourier transform, then 

 K H (1 : K, 1 : K) F H K = diag 

(
F K 

[
h 

0 K−L 

])

= diag 

( [
F K (: , 1 : L ) 
F K (: , L + 1 : K) 

]H [
h 

0 K−L 

]) 

= diag 
(
F K (: , 1 : L ) h 

)
. (70) 

herefore we can now express x (ε) as 

 (ε) = T sc diag ( F K (: , 1 : L ) h ) s + η

= T sc diag (s ) F K (: , 1 : L ) h + η. 

bserve that since 

 sc diag (s ) F K (: , 1 : L ) = D p F K (1 : G : K, 1 : L ) , (71)

e obtain 

 (ε) = D p F K (1 : G : K, 1 : L ) h + η

= 

√ 

Q D p F Q (: , 1 : L ) h + η (72) 

hich is the result expressed in (14) . 
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