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ABSTRACT

We consider the problem of carrier frequency offset estimation in OFDM underwater acoustic communi-
cation. In our previous work, we suggested transmitting equi-power and equi-spaced pilot tones which
led to a simple carrier frequency offset estimator. Here, we extend this work in two directions: First, equi-
power pilots may result in a large peak to average power at the transmitter. Thus, we propose a method
to design the phases of the pilot tones so as to keep the peak to average power low, while still obtain-
ing large enough pilot to data ratio needed to decode the pilot symbols. The design method is based on
ideas adopted from phase retrieval techniques. Second, we modify the previous carrier frequency offset
estimators to the case of a time-varying underwater acoustic channel. These modifications are based on
modeling the carrier offset by polynomial and piece-wise models. The estimators use the correlations and
intervals between the pulses, and approximate the frequency offsets by small order polynomials. Simu-
lations results show that for constant offsets, the proposed estimators achieve similar performances as

state-of-the-art techniques, while for time-varying offsets the proposed estimators are superior.

© 2021 Elsevier B.V. All rights reserved.

1. Introduction

Carrier frequency offset (CFO) in orthogonal frequency division
multiplexing (OFDM) communication systems may cause inter-
carrier interference, which degrades the performance of OFDM de-
coders [1,2]. Over the past decades, numerous techniques were
proposed to estimate frequency offsets in OFDM, focusing mainly
on radio communication channels. These methods can be classified
into two categories. The first category of CFO estimators, known as
data-aided estimators [4-7], rely on pilot symbols, which are peri-
odically transmitted. The second category, known as blind estima-
tors, does not employ additional training data, but relies solely on
the received OFDM data to estimate the CFO using statistical char-
acteristics of the measurements, such as the cyclic prefix segment
[8,9], frequency measurements at null subcarrier [10-13], second
order statistics, and high order statistics of frequency measure-
ments [14,15].

Unlike the radio communication channel, the time variations of
the underwater acoustic communication (UAC) channel are non-
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negligible with respect to the propagation speed and are subject
to multipath effects, ultimately causing non-uniform Doppler shifts
[16,17]. These fast variations of the channel result in short coher-
ence time. On the other hand, the UAC suffers from inherently
limited bandwidth which places a lower bound to the block du-
ration. Therefore, limiting the duration of OFDM blocks, in order
not to exceed the coherence time [19], has implications on either
the system bitrate or its channel robustness [20]. These fast varia-
tions have encouraged UAC modem designers to use block-by-block
frequency estimators. Accordingly, a coarse Doppler scale compen-
sation is conducted for the entire package, followed by block-by-
block estimation of the residual frequency shifts in each block, dis-
regarding neighbor blocks and their estimations.

Li et al. [17] introduced a nonlinear least-squares (LS) CFO esti-
mator using null symbols in the frequency domain by introducing
a minimum energy optimization criterion. The authors also em-
ployed the LS principle with equi-spaced pilot symbols in each
block, which are also used to estimate the channel impulse re-
sponse (CIR), the concept was later adopted and expanded by Ab-
delkareem et al. [18]. Both methods require a grid search in the
frequency domain and thus suffer from high computational burden
on the modem. Carracosa and Stojanovic [22] suggested a block-to-
block processing approach for UAC OFDM systems, where the non-
uniform phase offset is tracked from one block to the subsequent.
Although having the advantage of lower computational complex-
ity, this method requires a fairly slow varying channel over two
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consecutive OFDM blocks, which limits the design and results in
bitrate loss.

Recently, low complexity CFO estimators for OFDM in UAC
channel have been suggested [23-25] that replace the need for ex-
haustive grid search. Using not only equi-spaced pilot tones in the
frequency domain, but also set them to be identical, results in a
periodic time-domain block with a period equal to the number of
pilot tones. After retaining the channel-independent part of each
periodic segment, a small-size correlation matrix between these
parts is constructed. The problem of estimating the CFO given this
correlation matrix is shown to have a closed form and can be
solved efficiently, given that the CFO is constant during the time
of one block. These estimators, however, suffer from two draw-
backs making them hard to be implemented in practical modems:
(1) The use of equi-spaced identical pilots results in high peak-to-
average power ratio (PAPR). This problem is thoroughly discussed
in Amar et al. [23], but a solution is not offered; (2) Like previous
CFO estimators, the assumption of having a constant CFO remains
and limits the design of the OFDM block, as investigated in Aval
and Stojanovic [20].

In order to overcome the time-varying nature of the underwa-
ter acoustic channel, differential OFDM was suggested and com-
bined with a partial fast Fourier transform (FFT) technique [27].
This aims to dissect the OFDM block into several sections, which
enables to estimate the channel separately, and thus reducing the
problem into piecewise constant channels [20]. Han et al. [21] sug-
gested an eigenvalue decomposition to combine the weights of the
partial FFT sub-blocks.

In this paper, we propose a transmitter-receiver design that al-
lows closed-form CFO estimation based on the methods in Amar
et al. [23], Avrashi et al. [24]. We present two main contribu-
tions: (a) The closed-form CFO estimator presented in Amar et al.
[23] has an inherent high PAPR, which makes it inapplicable to
practical communication systems. Herein, we present a transmitter
design that allows to reduce the PAPR, while preserving the pilot-
tone features required for the CFO estimator; (b) We present a CFO
estimator for time-varying frequency shifts, thus extending the
usable block durations (formerly limited by the coherence time)
and allowing higher data rates. Furthermore, the proposed method
eliminates the need to use overlap-and-add for zero-padded (ZP)
OFDM in order to estimate the CFO.

Instead of identical pilots, a method for designing the pilot
tones is proposed, such that the time periodicity feature is pre-
served, while the effect on PAPR is negligible. By looking at pilot
design as a phase retrieval problem with a time-domain envelope
chosen to satisfy the low PAPR requirement, we are able to derive
a tunable design algorithm for the transmitted signal.

For the receiver side, we develop a closed-form time-varying
CFO estimator. The method expands the previously developed
closed-form constant CFO estimators, which either use a channel-
independent correlation matrix [23], a channel-dependent corre-
lation matrix, or a combination of both [24]. The first estimator
is based solely on the channel-dependent correlation matrix. First,
the eigenvector associated with the maximal eigenvalue of this
matrix is used to estimate the phase accumulations between the
pilot-signal periods, and then the CFO is estimated using a linear
LS estimator given the phases accumulations. The second estimator
is a weighted linear LS estimator, given the phases of the minimal
eigenvector of the channel independent correlation matrix and the
maximal eigenvector of the channel dependent correlation matrix.
Finally, the third estimator solves a generalized eigenvalue decom-
position (GEVD) problem by considering jointly the two correla-
tion matrices and then performing a similar second step as the
previous estimators. Herein, we show that, under certain condi-
tions, these estimators can be adapted to time-varying channels.
Numerical simulations indicate that for time-varying channels, the
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bit error rate (BER) performance of the OFDM modem is signifi-
cantly improved by using the proposed method. Furthermore, we
show that by applying the proposed pilot-design algorithm, PAPR
values are within fractions of dB of the original random pilots de-
sign, without compromising the CFO estimation scheme.

The rest of the paper is organized as follows. In Section 2, we
define the signal model and describe the problem of estimating
both the channel impulse response and carrier frequency offset in
OFDM signals. In Section 3, we present an overview of the closed
form eigenvalue decomposition (EVD) based estimation technique,
followed by an analysis of both the cost function and the tradeoff
between a time locality feature, which is desired for the closed-
form CFO estimator, and the resulting high peak-to-average power
ratio. In Sections 4 and 5, we introduce a transmitter-receiver de-
sign which allows a practical implementation of the closed-form
EVD-based estimator. Section 4 offers a closed form pilot design
algorithm which compromises between the contradicting require-
ments by solving a phase retrieval problem. Section 5 focuses on
the CFO estimation at the receiver, where the previously suggested
solution is expanded for time-varying frequency offsets using a
model-based approach. Finally, simulation results are presented in
Section 6.

2. Signal model

Consider a ZP-OFDM block with time duration T and K carriers,
where the kth carrier frequency is

Fk) = fo+ kAf. k=0,...,K—1, (1)

with f;y the lower frequency, and Af = 1/T is the carrier spacing.
Let the K x 1 vector of symbols be

s =[s(0),s(1),...,s(K—= D], (2)

where s(k) = e/®®_ The K carriers are composed of K —Q > Q
data symbols with ¢ (k) € S and S is a pre-defined set of phases
(such as the quadrature phase-shift keying (QPSK) constellation).
The remaining Q symbols are used as pilots, equi-spaced in fre-
quency with spacing G = K/Q, i.e., according to (1) the frequency
of the gth pilot carrier is f(gG), ¢=0,1,...,Q — 1. The P x 1 zero-
padded discrete time transmitted signal, where P = K + L, is

u="T,53 3)

where §=Fls =[5(0),5(1),...,5(K - 1)]" is the signal in the
time-domain, Fyx is a K x K Fourier matrix with the (m,n)th el-
ement given by ﬁe‘ﬂ”/’(‘"‘”, Tzp = [Ig, 0kO] |7 is a P x K zero-
padding matrix, I, is the n x n identity matrix, 0, is a n x 1 vec-
tor of zero elements, and L is the length of zero-padding. We as-
sume that the unknown discrete-time baseband CIR represents a
multipath channel which introduces frequency-dependent Doppler
effect. The latter is commonly compensated in the receiver using
a packet preamble which is used for estimation and rescaling of
the time axis [17]. Hereon, we look at the OFDM blocks after this
compensation, which means that we deal with a multipath chan-
nel described by the L x 1 vector

h=[h(0),h(1),...,h(L - D], (4)

where L is the delay spread of the channel normalized by the sam-
pling interval,! Ty = T/K. It is assumed that the P x 1 received vec-
tor y = [y(0),...,y(P—1)]T may still consist of a frequency inde-
pendent residual Doppler shift component which has the following
structure [3,17]

y=Yo+n=Tp(e)Hu +n, (3)

! In practice, prior measurements indicate the delay spread of the channel and
we can set the CIR length to L. We assume that the channel length L is selected
such that L < Q < 2K + 1. Actually, it should even hold for 1 < Q « K. Thus, to avoid
inter-block interference, we set the zero padding length equal to the channel length.
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where yg is the noise-free received signal, H is a P x P Toeplitz
matrix with first column and first row given by [h”,0}_,]" and
[h(0),0%_, 1T, respectively, n = [n(0), n(1), ..., nP-1]TisaPx1
vector representing the additive noise, which we assume is mod-
eled as a zero-mean circular complex white Gaussian with covari-
ance matrix o;2Ip. Also, we define the normalized CFO, ¢, as the
physical frequency offset relative to the carrier spacing, Af. Ac-
cordingly, the P x P matrix I'p(€g) is defined as

Tp(eo) = diag(1,e/27# .. g2 R (-1, (6)

Notice that in this formulation, the CFO is assumed to be constant.
In practice, this approximation may not hold, thus the formulation
will include €[n], n=0,...,P -1 instead of €g.

3. Analysis of EVD-based CFO estimation

A group of low-complexity closed-form CFO estimators has
been proposed in Amar et al. [23], Avrashi et al. [24]. Although
showing some promising results, these methods suffer from two
drawbacks, making them impractical: (a) They introduce high
PAPR, and (b) they require a time-constant frequency offset. As
background, we briefly repeat and analyze the results presented
in Amar et al. [23] for the eigenvalue decomposition (EVD) based
estimator.

First, the following observation is made: the transmitted time-
domain signal can be decomposed into a known pilot tone and un-
known data tone signals,

1 o 1 o
x(n) =Y " —s(k)e/ T4 3" —s(k)el T, (7)
keSp \/R keSp \/I?
Z5,(n) Sn(n)

where |s(k)] =1, and Sp, Sp are the index sets of the pilot and
data tones, respectively. For equi-spaced pilots, Sp = {k : kmodG =
0} and the samples of the time-domain signal associated with the
pilot tones are

R | .
() =) —s(qgGe’a™, (8)
P qzzo VK

which is a Q-periodic signal. The random data related signal, n(n),
is treated as noise. It has been shown [23] that for K > Q it is dis-
tributed as white Gaussian noise with n(n) ~ A (0, %). At this
point, the OFDM signal, x(n), is segmented into G segments of Q
samples. Notice that the pilot signal is correlated while the so-
called data originated noise is uncorrelated between any two seg-
ments. By using this feature of the signal, the commonly used es-
timator can by applied, where a repeated signal is correlated in
order to estimate the frequency offset [26].

In [23] it has been proposed to use the constant pilot tone,
s(qG) = eJ%0, where ¢y is some real number, to obtain

Q-1
1 .. o
x(n) =Y —el®elTM 4 n(n
(n) q;oﬁ n(n)
eldo
= Qﬂ d[nmod Q] + n(n) (9)
forn=0,...,K— 1. where
1, n=1,
8[n] = {O, otherwise. (10)

Here, we introduce the following assumption: The system design
guarantees that there is no pilot signal leakage from one section
to the consecutive, in the constant pilot tone setup, this translates
to L+ 1 < Q. Specifically, it is guaranteed that the ZP section, y(K :
K + P), holds only data-signal paths with no pilot remains. As the
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CFO estimator treats the data signal as noise, it is beneficial, for
this purpose only, to discard the ZP section. Therefore, instead of
conducting the standard overlap-and-add operation for ZP-OFDM
[3], we simply use the first K taps given by

y=Tky

= Tx(T'p(€0)Hu + m)

= [F]((Eo), OKOZ]HU + TKl'l

= 'k (€0)TxHu + Tyn

= I'k(ep)H( : K, )u+ Tgn (11)
instead of (5), where the trimming K x (K + L) matrix Ty is defined
as
Tk = [Ig, 0O ]. (12)

The received OFDM signal is CFO compensated by pre-multiplying
it by F,’g’ (€) for the hypothesized offset €. The compensated block
is then transformed to the frequency domain where the pilot carri-
ers are extracted to obtain the Q x 1 hypothesized output vector

X(E) = TscFKFIIg (6 )S’

= TsFx T (€)T'k (€0) TxHu + 7] (13)
where Ts=Ix(1:G:K,:) selects the pilot tones and 7=
TSCFKF,*{(G)TKn is a zero mean WGN. Substituting (5) into
(13) when € = ¢y (meaning that the hypothesized and true off-

sets are close) implies that x(e) can be approximated as (see
Appendix B)

x(¢) = \/QD,Fo(:. 1 : L)h+ 7, (14)

where h is the L x 1 CIR, Dy is a Q x Q diagonal matrix containing
the pilot symbols on its diagonal, Fy(:,1: L) is obtained by taking
the first L columns of the Q x Q Fourier transform matrix. In order
to determine ¢ and h, a nonlinear least squares (NLS) optimiza-
tion problem is defined, where the estimated values minimize the
Euclidean squared distance between x(¢) and its approximation in
(14), i.e.,

L(¢.h) = [|x(¢) — v/QD,Fo(:. 1 : L)h|2. (15)

Taking the derivative of (15) w.r.t. h and equating the result to
zero, yields the LS estimate of the channel response:

h= ipg(:,l : DX (e). (16)

JQ

Substituting (16) into (15) implies that the estimate of the CFO is
obtained by selecting € that minimizes the quadratic form

€(e) =x"(e)Dy[lg —Fo(:, 1: DFG(:, 1:1)]
xDx(e). (17)

It has been shown that x(e) can be expressed using a segmented
version of the received signal given as

Y=[y(1:Q),...,.y(K-Q+1:K)] (18)

which means that Y is a Q x G matrix obtained by arranging the
Q-samples segments of y in its columns. Using this formulation,
(13) becomes

x(€) =FoI'§ (€)Y (e), )
where Fy is the Q xQ Fourier transform matrix, [g(€) =
diag(1, eﬂ%, o eﬂ%(Q—l))‘ and

a(e)=[1,..., e dECDeT 0

is a G x 1 vector holding the phase accumulations between the dif-
ferent segments such that 'k (¢) = diag{af (¢)} ® T'q(€) where ®



G. Avrashi, A. Amar and I. Cohen

is the Kronecker product. By replacing (19) into (17), the following
form is obtained

e(e) = Y (e)|?
—|IFg ;.1 : L)DEFIG () Yar (€)% (21)
It has been shown [24] (and see generalized analysis in Section 3.1)

that by using identical pilot tones, (21) simplifies to the following
cost function

e€)=YIL+1:Q )a(e)? (22)

The EVD-based estimate consists of two steps. First, from
(5) and the definition of Y in (18), the following is obtained

Y(L+1:Q,:)=Yy+N, (23)

where Yy and N are defined similar to Y for the vectors yg, n and
then truncated to their last Q — L rows. We assume that the noise-
free part Yy obtained from yqy (see (5)) is uncorrelated with the
noise part, N (obtained from n in (5)). This assumption holds as
it is reasonable to assume that the transmitted symbol vector, s,
is uncorrelated with the additive noise, n. Substituting (23) into
(22) and unfolding the norm yields

t1(€) =al(e) | YHYo + NN |a(e). (24)
N —
Ro

Since NN describes the covariance matrix of a white Gaussian
noise with variance o2, the cost function becomes?

£1(€) = a(e)| Ro+ 021 |a(e). (25)
N ——’

R

Obviously, using Ry in place of R in (25) yields that ¢;(¢) =0
for a(€) = a(€g). This means that «(€g) is an eigenvector of Ry
corresponding to the zero eigenvalue. In [23] it is proven that this
is the minimal eigenvalue of Ry with probability one. Consequen-
tially, the minimal eigenvalue of R is o and the following relation
between the eigenvectors exists,

Unin (R) = Upin (RO) + auminv (26)

where u,;, (A) is the eigenvector of the matrix A corresponding to
the smallest eigenvalue. Also, du,,;, is a small perturbation with
zero mean. Since for the noiseless version Ry the minimal eigen-
value is simply a(&g), a closed form estimate will be

@ (€0) = Upin (R) — Sty (27)

The second step of the EVD estimation will be extracting the CFO
€o. This is done by observing the phase of (27) given by

2 o
——8€o = arg(umin (R)) - arg((sumin)s (28)

where g=[0,1,...,G—1]". Finally, the closed form estimate is
given by the least squares (LS) solution of the problem formulated
in (28),

G-1 5

o glarg(umin (R
e G Xgoslars(Umin(R))]g (29)

G-1 2
2 g=0 g

This result requires an EVD of a G x G matrix followed by a sim-
ple linear combination of a G x 1 vector. The result is a constant
CFO value, assuming that it holds for the complete duration of the
OFDM block. In other words, this solution assumes that the CFO
is time-invariant during the OFDM block. In practical underwater
acoustic channels, this may not hold.

2 An intuitive approach to the described EVD based CFO estimate comes from the
field of sensor array processing. We can consider € as the direction of a arrival of
the desired signal, and «(€) as a steering vector. The EVD solution is then analogous
to a minimum variance beamformer.
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3.1. Cost function analysis

Notice that the term
Fy(:.1: L)DFoIG (€)Y (€)

in (21) describes the L-tap cross correlation between the pilot sig-
nal and the CFO compensated sections. In order to better reflect
this observation, we define the pilot-signal cross-correlation oper-
ator

W =FD,Fo(:,1:1L), (30)

which is a circulant matrix with the first column and first row
given by i = IFFT{diag(Dp)} (the time domain pilot signal) and
[¥(0),....%(Q — L+1)], respectively (see Appendix A). The cost
function in (21) then becomes

e(€) = || Yar(e)]?
—a"(e)YIT o (e)WW T ()Y (€). (31)

The matrix WWH in (31) has the following structure: Con-
sider the top-left block matrix with size max(L+Lp—1,Q) x
max (L +Lp — 1, Q) block is defined similarly to ry, the cyclic auto-
correlation function of i, where L, is the support of . The re-
maining entries of the matrix are equal to zero. Fig. 1 illustrates
the diagonal and off-diagonal of WW¥ for a few important exam-
ples. It can be observed that for identical pilot tones, the pilot sig-
nal is a complex Delta function, which means that L, =1 and the
autocorrelation is a real Delta function, resulting in the structure,

‘-I”IJH — [ lL

Oi(@-1 ] (32)
0g-1)xL

0-1x(@-1)

Substituting (32) into (31) yields the previous result (22), which
significantly reduces the dimension of the problem from Q to G
(notice that the term in (22) is a G-order polynomial). When Lp, >
1, the structure of WWH is affected. As can be seen in Fig. 1, the
non-zero block is contaminated by edge effects. These (Lp - 1) x
(Lp - 1) sub-blocks in the top-left and bottom-right are a result of
cyclic cross correlation of a zero-padded signal. The resulting cost
function is

e(€) = IYL+Lp: Q. )a(e) >+, (e), (33)

where 7, (€) is the cost function residual caused by the two (Lp —
1) x (Lp — 1) sub-blocks of WWH. It is clear that as we increase Lp,
the larger the residual, up to a point where it completely domi-
nates the cost function. This happens when L, > Q — L, as in the
case of random pilots. In this case ¢(¢) =rg(€) and a grid search
should be performed [17]. For the rest of our analysis we assume
that L, is chosen such that 1, (€) € IY(L+Lp:Q,:)e(e)]? and
thus ignored, resulting in the approximated cost function,

G(e) = IYIL+Ly:Q a(e)?. (34)

Similarly to the identical-pilot design, the cost function in (34) en-
ables a closed form solution. In the next sections we will utilize
the generalization from L, =1 to a carefully designed L, in order
to control the resulting PAPR.

3.2. Time locality - PAPR tradeoff in pilot tone design

The key to the closed-form CFO estimator is having an OFDM
block with alternating sections of pilot signal and absence of it.
In other words, we want to design our pilot tones such that the
corresponding time domain signal will have a localized envelope,
while having unit amplitude and equi-spaced pilots which main-
tain a simple channel equalizer [17]. In order to compare the time
locality feature of different candidate pilot signals, we introduce
the pilot-to-data ratio (PDR), describing the power ratios in the



G. Avrashi, A. Amar and I. Cohen

identical pilots (Lp=1)

100

100
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L =0.05Q
p

v A
0 50
n

random pilots (Lp=Q)

100

— main diagonal
— — — -first off-diagonal

Fig. 1. Examples of the diagonals of WW! for 4 different L, values where Q = 128 and L = 50. The main diagonals are compared to the first off-diagonal.

non-zero areas of the pilot signal. For a L, support pilot signal, the
PDR is given by

L
Llp npzl |Sp(n) |2
2
O3

K 5l 2
_ L 2na Isp(n)] (35)
K-Q ’
The most trivial and effective pilot design, which meets the re-
quirements is the identical-tone described in (9), where L, = 1 and

the PDR is KQfZQ Although optimal in terms of time locality, the
identical pilot approach causes high PAPR. This is simply due to the
contradicting requirements, that while trying to concentrate the
time domain pilot signal, we incidentally cause high PAPR. From
(9) we see that by selecting identical pilots we obtain a peak value

of max|s,(n)| = % therefore the expected value of PAPR is

max|x(n)|? ]

K
& Lot IxX(m)]?

2

~ [ Q N K-Q
—\K K |-
In Fig. 2 we show two transmitted signals for G =4 and G = 8.
Expectedly from (36), as we decrease G, i.e., increase Q, the peak

values increase.

In the next sections we offer a complete workframe that allows
tackling and compromising between the two profound problems of

the current closed-form CFO estimators: (1) In the transmitter side,
designing the pilot tones that will allow closed form estimation

PDR =

E[PAPR] = E|:

(36)

while causing negligible PAPR increase; (2) designing receiver al-
gorithm that can handle time-varying CFO. Our ultimate goal is to
decode the data symbols vector s given that the normalized time-
varying CFO, €[n], and the CIR, h, are unknown. For simplicity, we
assume a constant CFO in the following section.

4. A constrained optimization for pilots design

In order to overcome the increase in PAPR, we propose to re-
design the pilot tones in a way that both requirements are met:
Localized pilot signal along with reasonably low PAPR. Notice, that
unlike classical PAPR reduction schemes, which attempts to reduce
the PAPR for the complete block, here we concentrate on reduc-
ing the PAPR caused by the pilot-tones in a limited number of taps
determined by the CFO estimation algorithm. We start by looking
for time domain pilot signals which will allow a compromise be-
tween these two contradicting requirements. While identical pilots
are highly localized with the worst PAPR, random pilots will have
the best PAPR and worst time locality. It is thus suggested to use
a windowed envelope for the time domain signal. This window is
expressed by w = [wy, wy,...,wp,, 0,...,0]" (we selected a stan-
dard rectangular window, while other windows can be employed
as well). Ideally, the first L, taps of the signal will contain all the
pilot energy. Note that L, should be chosen such that L, + L < Q.

The problem we turn to solve now can be defined as follows:
We have pilot tones with known unit amplitudes and an unknown
phase, denoted by e/®, and the corresponding time domain sig-
nal is constrained by the windowed envelope. This is known as
a phase retrieval problem, which has been studied in the past few
decades in various fields. The problem was first addressed by Ger-
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Fig. 2. Examples of the discrete time OFDM block (G = 4 for the upper plot, and G = 8 for the bottom plot).

chberg and Saxton [29] and later on by Fienup [30], who offered a
set of algorithms for solving the problem of recovering a complex
image from the measured magnitudes of a real image and far-field
Fourier plane in optics. More recently, phase retrieval was sug-
gested for optical imaging [32]. In [31], a pilot tone phase retrieval
in OFDM communications was proposed for the receiver side, al-
lowing the transmitter to choose the pilot phases without inform-
ing the receiver. Here we use a generalization of the Gerchberg-
Saxton algorithm (GSA), called the error reduction algorithm [33],
to reconstruct the pilot phases in the transmitter side.

Given the pilot tones in the frequency domain, e/® (at the ini-
tialization step, these phases are selected at random) and the de-
sired pilot time domain signal sp, the problem can be formulated
as

min  ls, - e’

st. sp(n)=0, forn=L,+1,...,Q. (37)

The error reduction algorithm solves this non-convex prob-
lem iteratively by alternating projections. The algorithm transforms
the time and frequency domain signals back and forth, where
in each such alternation the amplitude constraint is applied (see
Algorithm 1). Note that the end condition employs the error mag-
nitude of the time domain constraint, but one may consider other
criteria, such as a weighted sum of the achieved PAPR and time do-
main error. An example of the resulting OFDM block using a rect-
angular window is presented in Fig. 3. Here we used K = 512 sub-
carriers, the pilot spacing is G=4 and L, is chosen to be 10% of
the pilot signal period, Q. In this example, the resulting PAPR was

Algorithm 1 Constrained pilots design.
1: define W = diag[wy, ..., w,,0,...,0]
. initialize ¢, & = oo, ag = IFFT(e/%0)
: while ¢>7 do

2

3

4 by=exp{jargla; 4]}
5: C = FFT(Wb,)
6

7

8

9

> Applying time domain constraint
d; = exp {jarg[c;]}
a; = lFFT(d,)
e=lallp+1..... Q]I
: end while
0: return d;

—_

10 dB, compared to the identical pilot waveform which results in
an expected PAPR of 16.3 dB.

At this point, we have designed the transmitted waveform,
which allows us to use low complexity CFO estimators while con-
trolling the PAPR values. We now turn to design the receiver side
CFO estimator.

5. Time varying CFO estimation

OFDM waveforms are commonly designed such that one block
duration is shorter than the coherence time of the channel [20].
However, the coherence time may vary between different environ-
ments and sea states in such a way that enforcing the block du-
ration to be shorter may cause significant loss of bit rate. In this
section, we extend our closed-form CFO estimate to a time-varying
model.
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Fig. 3. Examples of the discrete time OFDM block with G =4 where the pilot tones are designed with the phase retrieval algorithm for L, = 0.1Q.

5.1. Polynomial model

Let us assume that the CFO is some continuous function in
time, and that it can be represented by its Taylor polynomial

€ln]=>Y ¢, 0<n<Kk-1 (38)
1=0
Substituting (38) into (6) we obtain
I'p = diag{1,ex 2 3 €
p = dlagy I, exp Kle-n,
1=0
j2m - I
exp[K(P—l)ge,(P—l):H. (39)

The received signal is defined similarly to (5), where I'p is deter-
mined by a time varying CFO,

(40)

We now turn to apply the EVD solution to the time-varying model.
First, we notice that R in (25) represents the correlation matrix of
the G OFDM segments and thus inherent in this solution. There-
fore, we turn to look at the gth section of y, denoted by y; =
I'gzg + ng, where zg is the CFO compensated signal obtained by
taking the Q samples of the gth section of HTZpFﬁs. and

[y = diag{exp[]in Z(gQ)’“e,:|,...,

=0

y = [pHT,,Flis + n.

exp[i” ;;(gQJrQ—l)’“e,”. (41)

Notice that last L taps of y are discarded since it has no contri-
bution to the CFO estimation as we assume that L+ L, < Q. The
correlation of any two sections g and g’ will give the following ex-
pression,

(42)

where the elements involving signal and noise products are as-
sumed zero. Let us derive the CFO related term in (42),

ViVy = 2T Tyzy + nfiny,

=0

dgg[n] = EXP{ J% Se[n+gQ" - +gQ)’“]} (43)

where d, [n] = diag{T'}'T'y } [n]. Notice that each binomial of the
term can be represented as (n+gQ)! = (gQ)! + n' +r,(n,g) where

-1
nng=>_ (,i) n'~*(gQ)*

k=1

(44)

is the residual of the binomial decomposition, for instance
ro(n,g) =0, ri(n,g) =0, and rp(n, g) = 2ngQ. Using this formula-
tion we obtain

dgg[n] = EXP{—jZGn ZngHGH } (45)
1=1

f
g

By alnng) —rl(n,g)l}
1=1

xexp
P
xexp 2 ig”Q"le
G “ -1 (>
ag

where «ag is the constant inter-section phase accumulation and
Agg[n] is the difference between phases accumulated within two
sections. Next, (42) can be written as

Viyy = gz Ag gz +mfng, (46)
where Ag,g/ :dlagl)»ng/[O],...,)»ng/[Q— 1]}. Ideally, the matrix
A_ , can be neglected. For zero-order and first-order polynomials,
Ag g is the identity matrix, in which case we obtain the cost func-

tion (17). However, as higher orders are introduced, the accumu-
lated phase may not be negligible depending on ¢, and G. There-
fore, we will omit Agg/ when the CFO function can be approxi-

mated as linear and the residual is kept small, otherwise it may
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dominate the cost function. By using the above approximation, we
obtain the EVD formulation for the polynomial time varying model.

Viyy = ajagziizy +nfing. (47)
Collecting all section correlations into the matrix

Ry, = Y'Y, (48)
and substituting (48) into (34), we obtain the optimization prob-
lem

argmin o"Rpjr s.t. af'a =G, (49)
o

where we added the constraint on ¢ in order to guarantee the
structure in (20). Notice that oo = G is a weak constraint, which
is enough in order to define the equivalent optimization problem
of minimizing the following Rayleigh quotient,
OZHRPLOt

afa -
The quotient in (50) is minimized by the eigenvector correspond-
ing to the smallest EV of Rp, yielding

R(RP]_,C() = (50)

2 G-1
arglumin (Rp)1(®) =~ Y ¢'Q' ey + v, (51)
=1

where vg is assumed to be zero-mean Gaussian noise with un-
known variance . Converted to matrix formulation

A hin (Rr)(8) = — ¥ 2] Qe + v, (52)
where

Az = (g.g.....g ",

Q= diag{1,Q.....Q"?},

€ =leg, €,...,€6c.2]".

Collecting all G elements of «, we obtain
21
r = arg[up, (Rpr)] = —TAQE +V, (53)

where A = [ag, ...,ac_1]". Once again, as in the constant CFO case,
the problem reduces to an LS formulation. As the elements of «
represent the phase accumulated between the block sections due
to CFO, we use it as a stepping stone towards reconstructing €.
Given the measurement vector r (obtained by the EVD estima-
tor), the LS problem defined by the polynomial model is given by

2

é = argmax”r + %TAQG H . (54)
€

The closed form solution is given by

~_ G o1 ATAV-1AT

é = EQ (A'A)"'A'r. (55)

Notice that due to the structure of A, inverting ATA can be numer-
ically challenging as its eigenvalues grow exponentially. In order to
overcome this, we alternate our model by introducing the normal-
ized coefficients b; = K'¢;. Since we assume €[n] < 1 (practically, it
is sufficient to assume that the CFO is within the order of 1), then
b; < 1. Replacing the normalized coefficients into (53), we have

r= —Z—nAQf(b-i-v, (56)
G —=

A

where b =[bg, bq,....bc_1]" and K=diag(K° K-1,...,K=(C-D),
By introducing this model alternation, we obtain a more conve-
nient matrix A, defined by its (g [)th element A,; = (£)!. Using
this formulation in the LS solution we have

- —%R(ATA)—lATr. (57)
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5.2. Piecewise constant model

As mentioned, the main drawback of the polynomial approach
is that it disregards the matrix A,,, which incorporates the dif-
ference in inner-section phase accumulation of two different sec-
tions. Since this is not a constant function, it may introduce a non-
negligible effect. Ideally the phase accumulated from one section
to another is identical to all samples. Let us consider a piecewise
constant model for the time varying CFO as follows,

G-1
€[n] =) egug[n], (58)
g=0
where
_J1, gQ=n=(@g+1HQ-1,
ug[n] = {O, otherwise. ) (59)

Substituting (58) into (6), we obtain 'y with the received signal
beingy = FKHTZDFES + n. Following the same steps leading to (43),
we obtain the CFO related term of the inter-section correlation,

dn] = exp{fz”[eg/(n +8Q) - &(n +gQ)]}

K
j2m j2n
= exp{ —Gegg}exp{ T(egf - eg)n}%
og Aggln]
j2m
x exp Teg,g’ . (60)
N e’

Once again we encounter the inner-section phase accumulation
difference (PAD), which can be at most 7 |e, —eg(Q — 1). The
inter-section PAD, however, is at least 2,—(”|eg/ — €g|Q. Here, we ne-
glect the inner-section PAD. Notice that not correlating adjacent
sections and/or trimming the end of each section will further
weaken the effect of inner-section PAD. The EVD-estimator of the
piecewise constant model yields

2
arg[tumin (Rpwc)1(8) = —~= €58 + V. (61)
Collecting all G elements of « we obtain
2m
r = arg[uy,, (Rp)] = —TGG +V, (62)

where G = diag{0, 1, ..., G-1} and € =[ep, ..., €c_1]". The LS so-
lution of (62) is
. G
€=— 7 G'r. (63)
Notice that the vector r collects all inter-section phase accumu-
lations with an arbitrary initial phase. In order to achieve the PAD
needed for the estimation,we need to shift the phase according to
the first element (in other words taking the phase derivative). By
doing so, we are left with zero in the first element of r, meaning
that €y cannot be estimated. One can use the remaining G — 1 non
zero elements to estimate €g with various methods. In our imple-
mentation, we choose to use the following weighted sum

Yo (G—8)%
G-1

éy =
0 2
g=]g

(64)
which is essentially an extrapolation operation. Another possible

approach is compensating for the G—1 estimated sections and
then conducting a one-dimensional search for €.
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6. Simulations results
6.1. PAPR reduction

In this section, the reduced PAPR scheme is analyzed by simu-
lations. Fig. 4 shows the PAPR complementary cumulative distribu-
tion function (CCDF). L, values of 1%, 10% and 25% of the section
length, Q = 256, are compared to the random and identical pilot
cases. It can be seen that choosing a window of 10% results in a
CCDF of merely 0.8 dB from the random pilots case. Depending on
the expected channel delay spread, one can choose a window size
which will compromise between the resulting PAPR, the channel

taps needed and the remaining so-called noise space taps, not af-
fected by the pilots, defined as Le =Q — L, —L+1.

6.2. CFO estimation as a function of PDR

In Section 3.2 we have discussed the tradeoff between the PDR
and PAPR. While it is quite clear what are the implications of high
PAPR, it is important to examine the PDR as well. Fig. 5 shows
the effect of increasing PDR on the estimation error. Simulation is
performed using K = 1024, Q = 256. It can be seen that for high
PDR values the estimation error is reasonably small (0.6% of car-
rier spacing for PDR= 10 dB). However, when approaching Q — L,
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Fig. 7. Bit error rate of time-varying CFO estimators.

the error drastically increases. Interestingly, the generally mono-
tonic curve in Fig. 5 has a peak at a very high PDR value. This is
caused by the large error of Algorithm 1 when working with a very
narrow window (in this case 2 and 3 taps).

6.3. Simulative CFO estimation results

We evaluate the performance of the proposed estimates using
numerical simulations. We used OFDM blocks of K = 2048 QPSK

10

symbols with G =8 and bandwidth of W = KA f = 12.5 KHz. The
simulated channel was produced using a geometrical model of a
shallow water environment. The receiver and transmitter were lo-
cated 2000 m apart at a depth of 5 m and 4 m, and the seabed set
to 70 m. The geometrical model included 10 paths with random
phases [28]. The delay spread was set to 30 ms. Time-varying fre-
quency offsets of two types were simulated: (1) polynomial time
variation of order 4, where the coefficients were randomly drawn
from the uniform distribution b; ~#[—0.25,0.25]; (2) sinusoidal
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time variation of the form

e(n) = Af|:Ao +Asin(27rn% i|

(65)
where Ag,A~U[-0.25,0.25] and f, ~4[0.25,2]. The time-
varying and constant CFO estimators were simulated over the
models and compared. Fig. 6 presents the root-mean-square error
(RMSE) of CFO estimation versus the signal-to-noise ratio (SNR).
The solid lines represent the results for the sinusoidal CFO, which
in this case have lower error compared to the polynomial CFO, rep-
resented in dashed line. As can be seen, the piecewise-constant es-
timator’s error is consistently lower than that of the linear estima-
tor, which in turn, is lower than the previously published constant
CFO estimator. However, the polynomial estimation model achieves
inferior results, which in the sinusoidal case is even worse than the
constant model. This is due to the approximation of (46) which ap-
parently does not hold in this simulation. Fig. 7 shows how the
CFO estimation error ultimately affects the bit error rate (BER)
performance. What has appeared to be an incremental improve-
ment in the CFO accuracy is translated to a significant improve-
ment in the system performance, which in this case reached
up to 9 dB for the sinusoidal CFO and a make-or-brake for the
polynomial CFO.

7. Conclusions

We have presented a complete transmitter-receiver scheme for
underwater acoustic communication with time-varying channels.
We have expanded the previously suggested closed-form CFO esti-
mator to handle the inherent drawback of high PAPR and included
a model-based estimator for rapidly changing frequency offsets.
The proposed framework enables full flexibility for the modem de-
signer to compromise between the estimator performance and the
PAPR reduction, such that it could be optimized for specific chan-
nels. The scheme can also be easily integrated into other multi-
carrier modems where the medium characteristics dictate a fast
varying channel and a limited bandwidth. Simulations show that
the framework has significant contribution in lowering the PAPR,
it also shows that assuming complex frequency variation models
(starting from constant, through linear and piecewise linear) can
be translated into BER reduction using the proposed method. Fu-
ture research will focus on comparing the computational loads be-
tween the proposed design of the transmitted waveform and other
waveform designs, further analyzing the feasibility of the proposed
estimators in realistic time-varying channels, and sea trials shall be
conducted in order to validate the proposed methods in real envi-
ronments.
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Appendix A. Structure of ¥

Consider the matrix W in (30) which is expressed explicitly as

CFH(;, 1)D,FH (2, 1)

FA(:, )D,FA(: L) ]
FQ(:, 2)DPF3(:, 1)

0 FQ(:, 2)DpFQ(:, L)

Fy(:, DpFG (2, 1) Fy (:, L)DpFG (. L)

P QDY 1) Fi(:, QD,F(:, L) |

1
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According to the definition of the Fourier matrix, this matrix is fur-
ther expressed as

S
Y2 dmelT

Z%:] dme*j%{ L-1)7]
S8 e

Y2 dpel Tt Y2 dn

_Z%:1 dme™I3 Z%:l dme et
which is a circulant matrix with the first column given by
¥ =F3(diag(Dp)) = IFFT{diag(D,)}, and the first row given by
[v¥(0), ¥ (1),...,¥(Q — (L—1))]. This concludes the derivation of
the matrix W.

Appendix B. Derivation of x(€)

Assuming that € = ¢; leads to
x(€) = TsFTH (€)M (€9) TKHT,,Fiis +
= Ty FT¢HT,Fiis + 1
= T FxH(1 : K, ))T,,Fls +

H
— T FH(: K, 2) [ng +n

=T FcH(1 : K, 1 : K)Ffs + 7 (68)

where in the second transition we used the assumption that € =
€o, in the third transition we used the fact that T¢gH=H(1:K,:),
in the forth transition we used the definition of T;, to express the
P x 1 zero-padded transmitted signal, and in the fifth transition we
multiplied the K x P matrix by the zero-padded P x 1 transmitted
signal. The K x K matrix H(1 : K, 1 : K) is expressed as

- h(0) 0 ... 07
h(1) ho)y ... 0
HA:K1:K) = |h@L—1) h(L-2) .. 0 (69)
0 hil-1) ... 0
: 0 :
L 0 0 h(0)_

which is a Toeplitz matrix with the first column given by the K x
1 vector [h(0), h(1),...,h(L—1),0F 7. As any Toeplitz matrix is
diagonalized by the discrete Fourier transform, then

FyH(1: K. 1: K)FY = diag<FK [g D
K-L

H
] Fx(:,1:L) h
= dlag(l:F;i(:,L—i—l :K)} [OKLD

= diag(Fx (. 1: L)"). (70)
Therefore we can now express x(¢) as
x(€) = Ty diag(Fx(:,1: L)h)s+ 7
= Ty diag(s)Fx(:,1: L)h +n.
Observe that since
Tcdiag(s)Fx(:,1: L) =DpFc(1:G: K, 1:1L), (71)
we obtain
X(e) =DyFx(1:G: K, 1:L)h+n
= /QD,Fy(:.1: L)h+7 (72)

which is the result expressed in (14).
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