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Abstract—Microphone arrays combined with beamforming
have been widely used to solve many important acoustic problems
in a wide range of applications. Much effort has been devoted in
the literature to microphone array beamforming, among which the
Kronecker product beamforming method developed recently has
demonstrated some interesting properties. Generally, this method
decomposes the global beamforming filter into a Kronecker prod-
uct of a number of sub-beamforming filters, each of which cor-
responds to a virtual subarray and can be designed individually.
This decomposition not only reduces significantly the number of
beamforming coefficients, but also can be explored to improve the
robustness and flexibility of beamforming. This paper extends Kro-
necker product beamforming from two-dimensional arrays into
three-dimensional cube arrays. We consider two decompositions,
i.e., fully and partially separable ones. The former decomposes the
entire array into three linear subarrays while the latter decomposes
the entire array into a linear subarray and a planar one. Then,
for each case, we derive the Kronecker product maximum white
noise gain beamformer, the Kronecker product approximate max-
imum directivity factor (DF) beamformer, the Kronecker product
null-steering beamformer, and the Kronecker product iterative
maximum DF beamformer. Simulation results demonstrate the
properties and advantages of the proposed beamformers.

Index Terms—Microphone arrays, cube arrays, three-
dimensional arrays, fixed beamforming, Kronecker product,
maximum white noise gain beamformer, maximum directivity
factor beamformer.

I. INTRODUCTION

M ICROPHONE arrays equipped with beamforming tech-
niques are widely employed in various applications for

the extraction of desired speech signals in noisy environments.
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Over the last few decades, many beamforming methods have
been developed [1]–[10]; the typical ones include the delay-and-
sum beamformer, the superdirective beamformer [11]–[16], and
differential beamformers [17]–[22], to name but a few.

Conventional beamforming methods generally design the fil-
ter directly based on the use of the array outputs [23], [24].
However, this direct method may not fully take advantage of the
array geometry to reduce the number of effective beamforming
coefficients for performance optimization (in terms of robust-
ness, interference/noise suppression, and computational cost).
This could be problematic if the number of microphones in the
array is relatively large. For instance, some beamformers involve
a coefficient matrix inversion. As the number of microphones
increases, the dimension of this matrix to be inverted becomes
very large [25], [26]. Then the problem of ill conditioning be-
comes inevitable, leading to serious beamforming performance
degradation in the presence of uncertainties.

Recently, Kronecker product beamforming has been pro-
posed, which offers great promising properties in terms of
computational efficiency, robustness, and flexibility [27]–[35].
Generally, this method decomposes the global beamforming
filter into a Kronecker product of two or more sub-beamforming
filters, each corresponds to a virtual subarray, which can be
designed individually. With this decomposition, the number of
coefficients that need to be determined or optimized is reduced
significantly as compared to the original, global beamform-
ing filter. Matrices involved in each sub-beamformer are also
much smaller in dimension, so robustness is easier to achieve.
Moreover, one can choose different methods in the design of
the different sub-beamformers. As the global beamformer is
the Kronecker product of the sub-beamformers, this multistage
design offers much flexibility to achieve compromises between
conflicted array performance measures [27].

However, existing works on Kronecker product beamforming
mainly focus on one-dimensional or two-dimensional arrays,
which generally lack flexibility in designing beamformers to en-
hance signals with sources distributed in the three-dimensional
space. In our recent study [30], we applied this principle to
a three-dimensional array and presented a method to design
Kronecker product beamformers that can achieve a high value
of the directivity factor (DF) with a given level of the white
noise gain (WNG). In this paper, we study the problem of
fixed beamforming with a three-dimensional cube array by using
Kronecker product decompositions. We consider two types of
array decompositions, i.e., fully and partially separable ones.
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Fig. 1. Illustration of the Kronecker product decomposition of a cube array
into three uniform linear subarrays: (a) the cube array and (b) the decomposed
linear subarrays.

For the fully separable one, we decompose the entire array into
the Kronecker product of three linear subarrays, each along
one dimension of the array. For the partially separable one,
we decompose the entire array into the Kronecker product of a
rectangular subarray and an orthogonal linear subarray. Then, in
each case, we deduce a number of fixed sub-beamforming filters,
including the maximum WNG (MWNG) and the maximum
DF (MDF) ones. Using the Kronecker product formulation,
the WNG and DF can be flexibly compromised by combining
these optimal sub-beamforming filters. Theoretically, we prove
that the Kronecker product maximum WNG beamformers in
both cases are equivalent to the conventional global maximum
WNG beamformer. We also deduce the Kronecker product
null-steering beamformer and the Kronecker product iterative
maximum DF beamformer that can maximize the global DF.

The remainder of this paper is organized as follows. In Sec-
tion II, we present the signal model and problem formulation.
In Section III, we expose some conventional fixed beamforming
methods as well as some important performance measures. In
Sections IV and V, we derive fixed Kronecker product beam-
formers for the fully and partially separable cases. Simulation
results are presented in Section VI to demonstrate the properties
of the proposed Kronecker product beamformers. Finally, some
conclusions are drawn in Section VII.

II. SIGNAL MODEL AND PROBLEM FORMULATION

The three-dimensional (3D) array considered in this paper is a
cube one, which consists of M3 (with M ≥ 2) omnidirectional
microphones, as shown in Fig. 1(a). This cube array is composed
of M parallel square planar uniform arrays with M2 elements
each and the interelement spacing along any axis of the Cartesian
coordinate system is equal to δ.

Assume that a farfield source signal (plane wave) propagates
from the azimuth angle,ϕ (0 ≤ ϕ ≤ 2π), and elevation (or polar
angle), θ (0 ≤ θ ≤ π), in an anechoic acoustic environment at
the speed of sound, i.e., c = 340˜m/s, and impinges on the above
described 3D array. Then, the entries of the steering vector,
d(ω, ϕ, θ) of length M3, are

ej
ωδ
c aTpijk , i, j, k = 1, 2, . . . ,M, (1)

where j is the imaginary unit, ω = 2πf is the angular frequency,
f > 0 is the temporal frequency,

a =
[
sin θ cosϕ sin θ sinϕ cos θ

]T
, (2)

the superscript T is the transpose operator, and pijk, i, j, k =
1, 2, . . . ,M are the positions (with unit of length) of the M3

sensors, with p111 = [0 0 0 ]T . It can be verified that d(ω, ϕ, θ)
can be decomposed as

d (ω, ϕ, θ) = d1 (ω, ϕ, θ)⊗ d2 (ω, ϕ, θ)⊗ d3 (ω, θ) , (3)

where ⊗ is the Kronecker product, and

d1 (ω, ϕ, θ) =
[
1 ej

ωδ
c sin θ cosϕ

· · · ejωδ
c (M−1) sin θ cosϕ

]T
, (4)

d2(ω, ϕ, θ) =
[
1 ej

ωδ
c sin θ sinϕ

· · · ejωδ
c (M−1) sin θ sinϕ

]T
, (5)

d3(ω, θ) =
[
1 ej

ωδ
c cos θ

· · · ejωδ
c (M−1) cos θ

]T
, (6)

are vectors of length M . In the rest of this paper, in order to
simplify the notation, we drop the dependence on the angular
frequency, ω. Also, we consider the first microphone, whose
position is p111, to be the reference.

Suppose that the desired signal propagates from the direction
{ϕd, θd}. Then, the observed signal vector of length M3 of the
cube array can be expressed in the frequency domain as

y = x+ v

= d (ϕd, θd)X + v, (7)

whereX is the zero-mean desired source signal andv is the zero-
mean additive noise signal vector. We deduce that the covariance
matrix of y is

Φy = E
(
yyH

)
= φXd (ϕd, θd)d

H (ϕd, θd) +Φv

= φXd (ϕd, θd)d
H (ϕd, θd) + φV1

Γv, (8)

where E(·) denotes mathematical expectation, the superscript
H is the conjugate-transpose operator, φXΔE(|X|2) is the
variance of X , Φv is the covariance matrix of v, φV1

ΔE(|V1|2)
is the variance of the noise at the first (reference) sensor, and
ΓvΔΦv/φV1

is the pseudo-coherence matrix of the noise.
With the above signal model, our objective in this paper is

to study different kinds of fixed beamformers by exploiting the
symmetry of the cube array.

III. CONVENTIONAL BEAMFORMING AND

PERFORMANCE MEASURES

The conventional way of doing linear beamforming with a
cube array is by applying a complex-valued linear filter, h of
length M3, to the observed signal vector, y, i.e.,

Z = hHy
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= hHd (ϕd, θd)X + hHv, (9)

where Z is an estimate of the desired signal, X . In speech
processing, it is desired to have X undistorted; therefore, the
distortionless constraint on the filter is expressed as

hHd (ϕd, θd) = 1. (10)

This means that the value of the beamformer pattern should
be equal to 1 at ϕ = ϕd and θ = θd, and smaller than (or at
most equal to) 1 for ϕ �= ϕd and/or θ �= θd. We deduce that the
variance of Z is

φZ = hHΦyh

= φX

∣∣hHd (ϕd, θd)
∣∣2 + hHΦvh. (11)

Next, we describe some performance measures and show how
to derive some examples of optimal fixed beamformers from
these measures.

A very useful measure is the beampattern; it describes the
sensitivity of the beamformer to a plane wave impinging on
the cube array from the direction {ϕ, θ}. Mathematically, it is
defined as [1], [17], [36]–[38]

B (h, ϕ, θ) = dH (ϕ, θ)h. (12)

Considering the first sensor as the reference, we see from (8)
that the input signal-to-noise ratio (SNR) with respect to this
reference can be defined as

iSNR =
φX

φV1

. (13)

From (11), it is clear that the output SNR is

oSNR (h) = φX

∣∣hHd (ϕd, θd)
∣∣2

hHΦvh

=
φX

φV1

×
∣∣hHd (ϕd, θd)

∣∣2
hHΓvh

. (14)

The definition of the SNR gain is easily derived from the two
previous definitions of the input and output SNRs, i.e.,

G (h) =
oSNR (h)

iSNR

=

∣∣hHd (ϕd, θd)
∣∣2

hHΓvh
. (15)

The most convenient way to evaluate the sensitivity of the
cube array to some of its imperfections and other uncertainties
is via the so-called WNG [17], [36], which is defined by taking
Γv = IM3 in (15), where IM3 is the M3 ×M3 identity matrix,
i.e.,

W (h) =

∣∣hHd (ϕd, θd)
∣∣2

hHh
. (16)

The WNG is, obviously, the SNR gain in the presence of spatially
white noise. Using the Cauchy-Schwarz inequality, i.e.,∣∣hHd (ϕd, θd)

∣∣2 ≤ hHh× dH (ϕd, θd)d (ϕd, θd) , (17)

we easily deduce from (16) that

W (h) ≤ M3, ∀h. (18)

As a result, the maximum WNG is

Wmax = M3, (19)

which is frequency and direction independent. The classical
delay-and-sum or MWNG beamformer:

hMWNG =
d (ϕd, θd)

M3
, (20)

maximizes the WNG and, obviously, W(hMWNG) = Wmax.
Another important measure, which quantifies how directive

is the beampattern, is the DF [36], [39], which is defined as

D (h) =
|B (h, ϕd, θd)|2

1
4π

∫ 2π

0

∫ π

0 |B (h, ϕ, θ)|2 sin θdϕdθ

=

∣∣hHd (ϕd, θd)
∣∣2

hHΓh
, (21)

where

Γ =
1

4π

∫ 2π

0

∫ π

0

d (ϕ, θ)dH (ϕ, θ) sin θdϕdθ. (22)

As seen, the DF is equivalent to the SNR gain in the spherically
isotropic noise field. It is clear that

D (h) ≤ dH (ϕd, θd)Γ
−1d (ϕd, θd) , ∀h. (23)

As a result, the maximum DF is

Dmax = dH (ϕd, θd)Γ
−1d (ϕd, θd) , (24)

which is frequency and direction dependent. Maximizing the
DF, we obtain the MDF beamformer:

hMDF =
Γ−1d (ϕd, θd)

dH (ϕd, θd)Γ
−1d (ϕd, θd)

. (25)

Obviously, we have D(hMDF) = Dmax.
Before ending this section, let us briefly discuss null-steering

(NS) beamformers. Assume that we have an interference source
in the direction {ϕ0, θ0} �= {ϕd, θd}. We would like to com-
pletely cancel this interference with the beamformer h and,
meanwhile, fully recover the desired source coming from the
direction {ϕd, θd}. Combining these two constraints together,
we get the constraint equation:

CHh =

[
1
0

]
, (26)

where

C =
[
d (ϕd, θd) d (ϕ0, θ0)

]
(27)

is the constraint matrix of size M3 × 2 whose 2 columns are
linearly independent. Then, two different NS beamformers can
be derived depending on what we optimize. The first one is
obtained by maximizing the WNG and by taking (26) into
account we get

hNS−MWNG = C
(
CHC

)−1
[
1
0

]
. (28)

The second NS beamformer is obtained by maximizing the DF
and by taking (26) into account we get

hNS−MDF = Γ−1C
(
CHΓ−1C

)−1
[
1
0

]
. (29)

The beamformerhNS−MWNG will be more robust to white noise
amplification than the beamformer hNS−MDF, but the latter will
be more directional than the former.
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IV. FULLY SEPARABLE BEAMFORMERS

In this section, we are interested in beamformers that are fully
separable, i.e.,

h = h1 ⊗ h2 ⊗ h3, (30)

where h1, h2, and h3 are three complex-valued linear filters
of length M . We see that we only have 3 M parameters to
determine instead of M3 in the conventional approach.

With the beamformer h, the beampattern is

B (
h, ϕ, θ

)
= dH (ϕ, θ)h

= [d1 (ϕ, θ)⊗ d2 (ϕ, θ)⊗ d3 (θ)]
H (h1 ⊗ h2 ⊗ h3)

=
[
dH
1 (ϕ, θ)h1

] [
dH
2 (ϕ, θ)h2

] [
dH
3 (θ)h3

]
= B1 (h1, ϕ, θ)× B2 (h2, ϕ, θ)× B3 (h3, θ) . (31)

We observe that the beampattern of h is the product of the
beampatterns of the three filters h1, h2, and h3. Also, the
distortionless constraint is

h
H
d (ϕd, θd) = 1

= hH
1 d1 (ϕd, θd)× hH

2 d2 (ϕd, θd)× hH
3 d3 (θd) . (32)

Therefore, if the individual filters are distortionless, i.e.,

hH
1 d1 (ϕd, θd) = hH

2 d2 (ϕd, θd) = hH
3 d3 (θd) = 1, (33)

the original beamformer h is also distortionless.
In the same way, the WNG of h, which can also be factorized,

is

W (
h
)
=

∣∣∣hH
d (ϕd, θd)

∣∣∣2
h
H
h

=

∣∣hH
1 d1 (ϕd, θd)

∣∣2
hH
1 h1

×
∣∣hH

2 d2 (ϕd, θd)
∣∣2

hH
2 h2

×
∣∣hH

3 d3 (θd)
∣∣2

hH
3 h3

= W1 (h1)×W2 (h2)×W3 (h3) . (34)

However, the DF of h cannot be factorized in general, i.e.,

D (
h
)
=

∣∣∣hH
d (ϕd, θd)

∣∣∣2
h
H
Γh

�= D1 (h1)×D2 (h2)×D3 (h3) , (35)

where

D1 (h1) =

∣∣hH
1 d1 (ϕd, θd)

∣∣2
hH
1 Γ1h1

, (36)

D2 (h2) =

∣∣hH
2 d2 (ϕd, θd)

∣∣2
hH
2 Γ2h2

, (37)

D3 (h3) =

∣∣hH
3 d3 (θd)

∣∣2
hH
3 Γ3h3

, (38)

with

Γ1 =
1

4π

∫ 2π

0

∫ π

0

d1 (ϕ, θ)d
H
1 (ϕ, θ) sin θdϕdθ, (39)

Γ2 =
1

4π

∫ 2π

0

∫ π

0

d2 (ϕ, θ)d
H
2 (ϕ, θ) sin θdϕdθ, (40)

Γ3 =
1

2

∫ π

0

d3 (θ)d
H
3 (θ) sin θdθ. (41)

One can verify that

h = h1 ⊗ h2 ⊗ h3 = (IM ⊗ h2 ⊗ h3)h1 (42)

= (h1 ⊗ IM ⊗ h3)h2 (43)

= (h1 ⊗ h2 ⊗ IM )h3, (44)

where IM is the M ×M identity matrix. Therefore, when h2

and h3 are fixed and distortionless, we write the DF as

D (h1|h2,h3) =

∣∣hH
1 d1 (ϕd, θd)

∣∣2
hH
1 Γh2,3

h1
, (45)

where

Γh2,3
= (IM ⊗ h2 ⊗ h3)

H Γ (IM ⊗ h2 ⊗ h3) . (46)

When h1 and h3 are fixed and distortionless, we write the DF
as

D (h2|h1,h3) =

∣∣hH
2 d2 (ϕd, θd)

∣∣2
hH
2 Γh1,3

h2
, (47)

where

Γh1,3
= (h1 ⊗ IM ⊗ h3)

H Γ (h1 ⊗ IM ⊗ h3) . (48)

In the same way, when h1 and h2 are fixed and distortionless,
we write the DF as

D (h3|h1,h2) =

∣∣hH
3 d3 (θd)

∣∣2
hH
3 Γh1,2

h3
, (49)

where

Γh1,2
= (h1 ⊗ h2 ⊗ IM )H Γ (h1 ⊗ h2 ⊗ IM ) . (50)

A. Maximum WNG

Given the structure of the WNG of h, it is clear that the
maximization of this gain is equivalent to maximizing W1(h1),
W2(h2), and W3(h3), separately. Taking into account the dis-
tortionless constraints, we easily get the MWNG beamforming
filters:

h1,MWNG =
d1 (ϕd, θd)

M
, (51)

h2,MWNG =
d2 (ϕd, θd)

M
, (52)

h3,MWNG =
d3 (θd)

M
. (53)

As a consequence, the Kronecker product MWNG beamformer
corresponding to the cube array is

hMWNG = h1,MWNG ⊗ h2,MWNG ⊗ h3,MWNG

=
d1 (ϕd, θd)⊗ d2 (ϕd, θd)⊗ d3 (θd)

M3

=
d (ϕd, θd)

M3
= hMWNG, (54)

which is, of course, the classical MWNG beamformer derived in
the previous section. Here, however, it is shown how the structure
of the steering vector is exploited. In other words, the MWNG
beamformer is determined by 3 M different coefficients only
while the number of sensors is equal to M3.
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B. Approximate Maximum DF

We can approximately maximize the DF of h by maximizing
the individual DFs, D1(h1), D2(h2), and D3(h3), separately.
We get

h1,aMDF =
Γ−1
1 d1 (ϕd, θd)

dH
1 (ϕd, θd)Γ

−1
1 d1 (ϕd, θd)

, (55)

h2,aMDF =
Γ−1
2 d2 (ϕd, θd)

dH
2 (ϕd, θd)Γ

−1
2 d2 (ϕd, θd)

, (56)

h3,aMDF =
Γ−1
3 d3 (θd)

dH
3 (θd)Γ

−1
3 d3 (θd)

. (57)

We deduce that the Kronecker product approximate MDF beam-
former is

haMDF = h1,aMDF ⊗ h2,aMDF ⊗ h3,aMDF. (58)

If we want to compromise between WNG and DF, we may
want to mix the different MWNG and MDF sub-beamforming
filters. Some examples are given below:

haMDF/MWNG,1 = h1,MWNG ⊗ h2,MWNG ⊗ h3,aMDF, (59)

haMDF/MWNG,2 = h1,MWNG ⊗ h2,aMDF ⊗ h3,MWNG, (60)

haMDF/MWNG,3 = h1,aMDF ⊗ h2,MWNG ⊗ h3,aMDF, (61)

haMDF/MWNG,4 = h1,aMDF ⊗ h2,aMDF ⊗ h3,MWNG. (62)

C. Null Steering

Now, let us assume that we want to place a null with multiplic-
ity 2 in the direction {ϕ0, θ0} �= {ϕd, θd}. Then, the constraints
on the two filters h1 and h2 are

CH
1 h1 = CH

2 h2 =

[
1
0

]
, (63)

where

C1 =
[
d1 (ϕd, θd) d1 (ϕ0, θ0)

]
, (64)

C2 =
[
d2 (ϕd, θd) d2 (ϕ0, θ0)

]
, (65)

are the constraint matrices of size M × 2. The maximization of
the individual DFs leads to

h1,NS−MDF = Γ−1
1 C1

(
CH

1 Γ−1
1 C1

)−1
[
1
0

]
, (66)

h2,NS−MDF = Γ−1
2 C2

(
CH

2 Γ−1
2 C2

)−1
[
1
0

]
. (67)

The maximization of the individual WNGs leads to

h1,NS−MWNG = C1

(
CH

1 C1

)−1
[
1
0

]
, (68)

h2,NS−MWNG = C2

(
CH

2 C2

)−1
[
1
0

]
. (69)

As a result, two possible fully separable Kronecker product
NS beamformers, which are somewhat robust to white noise
amplification, are

hNS,1 = h1,NS−MWNG ⊗ h2,NS−MDF ⊗ h3,MWNG, (70)

hNS,2 = h1,NS−MDF ⊗ h2,NS−MDF ⊗ h3,MWNG. (71)

For comparison, we also give some examples that form a null
with multiplicity 1:

hNS,3 = h1,NS−MWNG ⊗ h2,MWNG ⊗ h3,MWNG, (72)

hNS,4 = h1,NS−MDF ⊗ h2,MWNG ⊗ h3,MWNG. (73)

Of course, many other options are possible.

D. Iterative Maximum DF

It is always possible to fully maximize the DF in (35). For
that, we need to develop an iterative algorithm. At iteration 0,
we may take

h
(0)
2 = h2,aMDF (74)

and

h
(0)
3 = h3,aMDF. (75)

Substituting h
(0)
2 and h

(0)
3 into (46), we get

Γ
h

(0)
2,3

=
(
IM ⊗ h

(0)
2 ⊗ h

(0)
3

)H

Γ
(
IM ⊗ h

(0)
2 ⊗ h

(0)
3

)
. (76)

Now, substituting this expression into the DF in (45), we obtain
at iteration 1:

D
(
h
(1)
1 |h(0)

2 ,h
(0)
3

)
=

∣∣∣∣(h(1)
1

)H

d1 (ϕd, θd)

∣∣∣∣2(
h
(1)
1

)H

Γ
h

(0)
2,3

h
(1)
1

. (77)

The maximization of D(h
(1)
1 |h(0)

2 ,h
(0)
3 ) with respect to h

(1)
1

gives

h
(1)
1 =

Γ−1

h
(0)
2,3

d1 (ϕd, θd)

dH
1 (ϕd, θd)Γ

−1

h
(0)
2,3

d1 (ϕd, θd)
. (78)

Using h
(1)
1 and h

(0)
3 in (48), we get

Γ
h

(1)
1,3

=
(
h
(1)
1 ⊗ IM ⊗ h

(0)
3

)H

Γ
(
h
(1)
1 ⊗ IM ⊗ h

(0)
3

)
. (79)

As a consequence, the DF in (47) is

D
(
h
(1)
2 |h(1)

1 ,h
(0)
3

)
=

∣∣∣∣(h(1)
2

)H

d2 (ϕd, θd)

∣∣∣∣2(
h
(1)
2

)H

Γ
h

(1)
1,3

h
(1)
2

, (80)

whose maximization with respect to h
(1)
2 gives

h
(1)
2 =

Γ−1

h
(1)
1,3

d2 (ϕd, θd)

dH
2 (ϕd, θd)Γ

−1

h
(1)
1,3

d2 (ϕd, θd)
. (81)

Finally, the substitution of h(1)
1 and h

(1)
2 into (50) leads to

Γ
h

(1)
1,2

=
(
h
(1)
1 ⊗ h

(1)
2 ⊗ IM

)H

Γ
(
h
(1)
1 ⊗ h

(1)
2 ⊗ IM

)
, (82)

then to the DF in (49):

D
(
h
(1)
3 |h(1)

1 ,h
(1)
2

)
=

∣∣∣∣(h(1)
3

)H

d3 (θd)

∣∣∣∣2(
h
(1)
3

)H

Γ
h

(1)
1,2

h
(1)
3

, (83)
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and whose maximization gives

h
(1)
3 =

Γ−1

h
(1)
1,2

d3 (θd)

dH
3 (θd)Γ

−1

h
(1)
1,2

d3 (θd)
. (84)

Continuing the iterations up to the iteration n, we easily get
for the first filter:

h
(n)
1 =

Γ−1

h
(n−1)
2,3

d1 (ϕd, θd)

dH
1 (ϕd, θd)Γ

−1

h
(n−1)
2,3

d1 (ϕd, θd)
, (85)

with

Γ
h

(n−1)
2,3

=
(
IM ⊗ h

(n−1)
2 ⊗ h

(n−1)
3

)H

Γ
(
IM ⊗ h

(n−1)
2 ⊗ h

(n−1)
3

)
, (86)

for the second filter:

h
(n)
2 =

Γ−1

h
(n)
1,3

d2 (ϕd, θd)

dH
2 (ϕd, θd)Γ

−1

h
(n)
1,3

d2 (ϕd, θd)
, (87)

with

Γ
h

(n)
1,3

=
(
h
(n)
1 ⊗ IM ⊗ h

(n−1)
3

)H

Γ
(
h
(n)
1 ⊗ IM ⊗ h

(n−1)
3

)
,

(88)

and for the third filter:

h
(n)
3 =

Γ−1

h
(n)
1,2

d3 (θd)

dH
3 (θd)Γ

−1

h
(n)
1,2

d3 (θd)
, (89)

with

Γ
h

(n)
1,2

=
(
h
(n)
1 ⊗ h

(n)
2 ⊗ IM

)H

Γ
(
h
(n)
1 ⊗ h

(n)
2 ⊗ IM

)
.

(90)

Therefore, the fully separable Kronecker product iterative MDF
beamformer is at iteration n:

h
(n)
MDF = h

(n)
1 ⊗ h

(n)
2 ⊗ h

(n)
3 . (91)

V. PARTIALLY SEPARABLE BEAMFORMERS

In this section, we study beamformers that are only partially
separable, i.e.,

h̃ = h12 ⊗ h3, (92)

where h12 and h3 are two complex-valued linear filters of
lengths M2 and M , respectively. The illustration of the par-
tially Kronecker product decomposition is shown in Fig. 2.
We see that we have M2 +M parameters to determine and
3 M ≤ M2 +M < M3 (for M ≥ 2).

With the beamformer h̃, the beampattern can be decomposed
as

B
(
h̃, ϕ, θ

)
= [d12 (ϕ, θ)⊗ d3 (θ)]

H (h12 ⊗ h3)

=
[
dH
12 (ϕ, θ)h12

] [
dH
3 (θ)h3

]
= B12 (h12, ϕ, θ)× B3 (h3, θ) , (93)

where d12(ϕ, θ) = d1(ϕ, θ)⊗ d2(ϕ, θ).

Fig. 2. Illustration of the Kronecker product decomposition of a cube array
into a uniform planar subarray and a uniform linear subarray: (a) the cube array
and (b) the decomposed planar and linear subarrays.

Fig. 3. WNGs and DFs of the fully separable Kronecker product MWNG
beamformer, Kronecker product approximate MDF beamformer, and beamform-
ers compromising between DF and WNG as a function of frequency, f , with
a cube microphone array: (a) WNGs and (b) DFs. Conditions of simulations:
M = 3, δ = 2.2 cm, and {ϕd, θd} = {0◦, 90◦}. Note that the same curve with
different marks indicates that two curves coincide exactly.

We can also decompose the WNG as follows:

W
(
h̃
)

=

∣∣hH
12d12 (ϕd, θd)

∣∣2
hH
12h12

×
∣∣hH

3 d3 (θd)
∣∣2

hH
3 h3

= W12 (h12)×W3 (h3) . (94)

The DF of h̃, however, cannot be factorized in general, i.e.,

D
(
h̃
)

=

∣∣∣h̃Hd (ϕd, θd)
∣∣∣2

h̃HΓh̃
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Fig. 4. WNGs and DFs of the partially separable Kronecker product MWNG
beamformer, Kronecker product approximate MDF beamformer, and beamform-
ers compromising between DF and WNG as a function of frequency, f , with
a cube microphone array: (a) WNGs and (b) DFs. Conditions of simulations:
M = 3, δ = 2.2 cm, and {ϕd, θd} = {0◦, 90◦}.

�= D12 (h12)×D3 (h3) , (95)

where

D12 (h12) =

∣∣hH
12d12 (ϕd, θd)

∣∣2
hH
12Γ12h12

, (96)

D3 (h3) =

∣∣hH
3 d3 (θd)

∣∣2
hH
3 Γ3h3

, (97)

with

Γ12 =
1

4π

∫ 2π

0

∫ π

0

d12 (ϕ, θ)d
H
12 (ϕ, θ) sin θdϕdθ, (98)

Γ3 =
1

2

∫ π

0

d3 (θ)d
H
3 (θ) sin θdθ. (99)

One can verify that

h̃ = h12 ⊗ h3 = (IM2 ⊗ h3)h12 (100)

= (h12 ⊗ IM )h3, (101)

where IM2 is the M2 ×M2 identity matrix. Therefore, when
h3 is fixed and distortionless, we write the DF as

D (h12|h3) =

∣∣hH
12d12 (ϕd, θd)

∣∣2
hH
12Γh3

h12
, (102)

where

Γh3
= (IM2 ⊗ h3)

H Γ (IM2 ⊗ h3) . (103)

Fig. 5. Beampatterns of the fully separable Kronecker product NS beam-
formers with a cube microphone array: (a) hNS,1, (b) hNS,2, (c) hNS,3,
and (d) hNS,4. The left subplots show the three-dimensional beampattern, the
center subplots show the two-dimensional beampattern for θ = 90◦, and the
right subplots show the two-dimensional beampattern for ϕ = 0◦. Conditions
of simulations: M = 3, δ = 2.2 cm, f = 2 kHz, {ϕd, θd} = {0◦, 90◦}, and
{ϕ0, θ0} = {90◦, 90◦}.

Also, when h12 is fixed and distortionless, we write the DF as

D (h3|h12) =

∣∣hH
3 d3 (ϕd, θd)

∣∣2
hH
3 Γh12

h3
, (104)

where

Γh12
= (h12 ⊗ IM )H Γ (h12 ⊗ IM ) . (105)

Now, we have all the tools and measures to derive different
kinds of fixed beamformers in the same way we did in the
previous section, which will not be presented for conciseness.

VI. SIMULATIONS

In this section, we study the performance of the proposed
Kronecker product beamformers through simulations. We con-
sider a cube array with M = 3, so the number of microphones
is 3× 3× 3 = 27. The interelement spacing is chosen as δ =
2.2 cm, and the desired direction is set as {ϕd, θd} = {0◦, 90◦}.

We first discuss a group of Kronecker product beamformers
including the Kronecker product MWNG beamformers, the
Kronecker product approximate MDF beamformers, and beam-
formers compromising between WNG and DF for the case of
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Fig. 6. Beampatterns of the partially separable Kronecker product NS beam-
formers with a cube microphone array for different beamformers and ϕ0:

(a) h̃NS, ϕ0 = 90◦, (b) ϕ0 = 180◦. (c) hNS,2, ϕ0 = 90◦, and (d) hNS,2,
ϕ0 = 180◦. The left subplots show the three-dimensional beampattern, the
center subplots show the two-dimensional beampattern for θ = 90◦, and the
right subplots show the two-dimensional beampattern for ϕ = 0◦. Conditions
of simulations: M = 3, δ = 2.2 cm, f = 2 kHz, {ϕd, θd} = {0◦, 90◦}, and
θ0 = 90◦.

full separation. Figure 3 shows plots of the WNG and the DF of
the beamformers: hMWNG, haMDF/MWNG,1, haMDF/MWNG,2,
haMDF/MWNG,3, haMDF/MWNG,4, and haMDF, as a function
of frequency, f . It is easily seen that the Kronecker product
approximate MDF beamformer achieves the highest level of
DF but it has the smallest value of WNG. Conversely, the
Kronecker product MWNG beamformer obtains the highest
level of WNG but it has the smallest value of DF. One can
see that the beamformershaMDF/MWNG,1 andhaMDF/MWNG,2

have the same values of WNG and DF at each frequency.
The same happens between the beamformers haMDF/MWNG,3

and haMDF/MWNG,4. This result is understandable as the three
subarrays are identical excepts their directions.

The second set of simulations investigates the impact of the
decomposition on the performance of the beamformer. Figure 4
shows plots of the DF and WNG of the same group of Kronecker
product beamformers as in the previous simulation but for the
case of partial separation. Comparing with the results in Fig. 3,
one can see that the Kronecker product MWNG beamformer for
both decompositions obtains the same result, which corroborates

Fig. 7. WNGs and DFs of the partially separable Kronecker product NS
beamformers as a function of frequency, f , with a cube microphone array
for different beamformers and ϕ0: (a) WNGs and (b) DFs. Conditions of
simulations: M = 3, δ = 2.2 cm, {ϕd, θd} = {0◦, 90◦}, and θ0 = 90◦.

with the theoretical analysis that the Kronecker product MWNG
beamformers for both decompositions are equivalent to the
conventional MWNG beamformer. We can also see that the
Kronecker product approximate MDF beamformer with partial
separation achieves a higher value of DF than the fully separable
Kronecker product approximate MDF beamformer, but at the
expense that more coefficients need to be determined.

Next, we study the Kronecker product NS beamformer for the
case of full separation. We mainly discuss four of them, i.e., the
beamformershNS,1,hNS,2,hNS,3, andhNS,4, where the first two
beamformers form a null with multiplicity of 2 and the last two
beamformers form a null with multiplicity of 1. We consider the
case of {ϕ0, θ0} = {90◦, 90◦}. Figure 5 plots the beampatterns
of these beamformers at frequency f = 2 kHz, where the left
subplots show the three-dimensional beampattern, the central
subplots show the two-dimensional beampattern for θ = 90◦,
and the right subplots show the two-dimensional beampattern
forϕ = 0◦. As expected, the beamformershNS,1 andhNS,2 have
deeper and wider nulls than the beamformers hNS,3 and hNS,4,
which are able to suppress more effectively the interference
incident from the null directions. This shows the superiority on
designing NS beamformers with nulls of several multiplicities
by the Kronecker product beamforming.
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Fig. 8. WNGs and DFs of the fully separable Kronecker product MDF
beamformer as a function of iteration times, n, with a cube microphone array
for different frequencies, f : (a) WNGs and (b) DFs. Conditions of simulations:
M = 3, δ = 2.2 cm, and {ϕd, θd} = {0◦, 90◦}.

Now, let us compare the performances of the Kronecker prod-
uct NS beamformers between the fully separable and partially
separable cases. We mainly concentrate on the fully separable
Kronecker product NS beamformer hNS,2 and the partially
separable Kronecker product NS beamformer h̃NS. In this sim-
ulation, the angle θ0 is set to 90◦. Figure 6(a) and (b) plot the
beampatterns of the beamformer h̃NS (h̃NS = h12,NS−MDF ⊗
h3,MWNG) with ϕ0 = 90◦ and ϕ0 = 180◦, respectively, and
Fig. 6(c) and (d) plot the beampattern of the beamformer hNS,2

(hNS,2 = h1,NS−MDF ⊗ h2,NS−MDF ⊗ h3,MWNG) with ϕ0 =
90◦ and ϕ0 = 180◦, respectively, at f = 2 kHz. Figure 7 shows
the corresponding DFs and WNGs as a function of frequency, f .
It is seen that both these two beamformers can obtain a relatively
high value of DF. In comparison, for the same angle of null,
the beamformer h̃NS can achieve higher value of DF than the
beamformer hNS,2 as shown in Fig. 7.

We notice from Fig. 6(d) that the gain of the beamformer
hNS,2 at the look direction {ϕd, θd} = {0◦, 90◦} is not
1 so the desired signal will be distorted. The underlying
reason for this is that in this special situation where
{ϕd, θd} = {0◦, 90◦} and {ϕ0, θ0} = {180◦, 90◦}, the steering
vector d2(ω, θd, ϕd) = d2(ω, θ0, ϕ0) and thus the constraint
matrix C2 = [d2(ϕd, θd) d2(ϕ0, θ0) ] is not full rank. In
contrast, the partially separable Kronecker product NS can better
deal with this as is shown in Fig. 6(c). This is understandable as

Fig. 9. WNGs and DFs of the partially separable Kronecker product MDF
beamformer as a function of iteration times,n, with a cube microphone array for
different frequencies f ∈ {1, 2, 3, 4} kHz: (a) WNGs and (b) DFs. Conditions
of simulations: M = 3, δ = 2.2 cm, and {ϕd, θd} = {0◦, 90◦}.

in the fully separable case the null is of multiplicity of 2 while in
the partially separable case the null is only of multiplicity of 1.

Finally, we analyze the performance of the Kronecker prod-
uct iterative MDF beamformer. Again, we start with the fully
separable case. Figure 8 plots the DFs and WNGs of the fully
separable Kronecker product iterative MDF beamformer as a
function of the number of iterations, n, for different frequencies
f ∈ {1, 2, 3, 4} kHz, where the beamformer at the iteration 0 is
equivalent to the fully separable Kronecker product approximate
maximum DF beamformer. It is easily seen that the algorithm
converges in 4 iterations. Similarly, the results for the partially
separable Kronecker product iterative MDF beamformer are
shown in Fig. 9. As seen, the algorithm converges in 3 iterations.

VII. CONCLUSIONS

We have investigated Kronecker product beamforming for
3D cube microphone arrays. The Kronecker product decompo-
sition was divided into two cases: fully and partially separable
ones. The former decomposes the global beamformer into the
Kronecker product of three sub-beamformers corresponding to
three linear subarrays, so only 3 M coefficients are needed
for designing the sub-beamformers and the global Kronecker
product beamformer given M3 sensors. The latter decomposes
the global beamformer into the Kronecker product of two sub-
beamformers: one corresponds to a planar subarray and the
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other corresponds to a linear subarray orthogonal to the planar
one. In this case, a total of M2 +M coefficients are needed
for designing the sub-beamformers and the global Kronecker
product beamformer. In each case, different criteria were used
to design the sub-beamforming filters, resulting a number of op-
timal and suboptimal sub-beamformers. Through combinations
of those sub-beamformers in the Kronecker product, we showed
how to design different beamformers with cube microphone
arrays, each having different performance properties. We also
presented methods to design null-steering beamformers with the
Kronecker product decomposition and an iterative algorithm to
maximize the global DF. Experimental results have validated the
design methods and demonstrated the properties of the different
decompositions and beamformers.
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