This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/LSP.2020.3044775, IEEE Signal
Processing Letters
IEEE SIG. PROCESS. LETTS., VOL. XX, NO. YY, DECEMBER 7, 2020

1

Time Difference of Arrival Estimation Based on a
Kronecker Product Decomposition
Xianrui Wang, Gongping Huang, Jacob Benesty, Jingdong Chen, and Israel Cohen

Abstract—Time difference of arrival (TDOA) estimation, which
often serves as the fundamental step for a source localization or
a beamforming system, has a significant practical importance
in a wide spectrum of applications. To deal with reverberation,
the TDOA estimation problem is often transformed into one of
identifying the relative acoustic impulse responses. This paper
presents a method to efficiently identify the relative acoustic
impulse response between two microphones for TDOA estimation based on the so-called Kronecker product decomposition.
By decomposing the relative impulse response into a series
of Kronecker products of shorter filters, the original channel
identification problem with a long impulse response is converted
into one of identifying a number of short filters. Since the
TDOA information is embedded only in the direct path of
the relative impulse response, the dimension of the Kronecker
product decomposition can be very small and, as a result, the
developed algorithm is expected to work well in real environments
with a small number of data snapshots.
Index Terms—Time delay estimation, Kronecker product.

I. I NTRODUCTION
Time difference of arrival (TDOA) estimation, which aims
at determining the difference of the arrival time of a signal
between two sensors, has a significant importance in many
applications [1]–[4]. It serves as an essential part of many
voice communication systems such as acoustic source localization and beamforming [5]–[8]. Various TDOA algorithms
have been developed in the literature, such as the generalized
cross-correlation (GCC) and the steered response power (SRP)
methods [15], [16], etc. An alternative way to estimate TDOA
is based on the blind channel identification technique, which
converts the TDOA estimation problem into one of identifying
the direct paths of the two channel impulse responses [13], or
the direct path of the relative impulse response [14]. This way
of TDOA estimation is found more robust to reverberation
and multipath effects than the correlation based methods.
However, how to accurately estimate long acoustic impulse
responses in a blind manner in reverberant environments is
still a challenging problem, especially when the length of the
observation signal is short [17], [18].
The Kronecker product decomposition, which can decompose a long impulse response into the sum of several short
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ones, is very appealing in many applications [19], [20], such as
system identification [21] and beamforming [22]–[25]. In [21],
the authors proposed a system identification method for echo
cancellation by approximating long acoustic impulse responses
with Kronecker product decompositions, which demonstrated
great advantages in terms of complexity and accuracy.
In this paper, we show that the principle of Kronecker
product decomposition can also be applied to time delay
estimation. By decomposing the relative impulse response as a
series of Kronecker products of two shorter filters, the original
channel identification problem with a long impulse response is
converted into one of identifying a number of short filters. The
advantage of this decomposition is that those short filters are
much easier to estimate. For time delay estimation, the TDOA
information is only embedded in the direct path so as long
as the direct path is correctly identified, the problem would
be solved and the overall accuracy of the relative impulse
response identification should not matter much. As a result,
the dimension of the Kronecker product can be very small,
which makes TDOA estimation feasible even with a small
number of data snapshots.
II. S IGNAL M ODEL AND P ROBLEM F ORMULATION
To simplify the problem formulation and algorithm derivation, we consider only a dual-microphone system in this paper,
but the presented method can be extended to the more general
case of multiple microphones. The signals observed with the
two microphones at the discrete-time index k can be expressed
as
y (k) = g1 (k) ∗ s (k) + v1 (k) ,
x (k) = g2 (k) ∗ s (k) + v2 (k) ,

(1a)
(1b)

where ∗ denotes convolution, g1 (k) and g2 (k) are the acoustic
impulse responses from the unknown source s (k) to the two
sensors, and v1 (k) and v2 (k) are the additive noise signals.
All signals are assumed to be real, zero-mean, and reasonably
broadband random processes.
If we choose the first microphone as the reference sensor,
the observation signal at the second sensor can be written as
x (k) = h (k) ∗ y (k) + v (k) ,

(2)

where h (k) represents the relative acoustic impulse response
between the first and second sensors with respect to the desired
source and v (k) is the noise, which consists of contributions
from both v1 (k) and v2 (k).
Suppose that the relative acoustic impulse response can be
modeled by a finite-impulse-response (FIR) filter of length L,

1070-9908 (c) 2020 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
Authorized licensed use limited to: Technion Israel Institute of Technology. Downloaded on December 21,2020 at 08:52:05 UTC from IEEE Xplore. Restrictions apply.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/LSP.2020.3044775, IEEE Signal
Processing Letters
IEEE SIG. PROCESS. LETTS., VOL. XX, NO. YY, DECEMBER 7, 2020

2

Fig. 1. Relative impulse responses: (a) ground truth, (b) Kronecker product
decomposition with P = 1, (c) Kronecker product decomposition with P =
5, and (d) Kronecker product decomposition with P = 20. Conditions: L =
500, L1 = 25, and L2 = 20.
T

i.e., h = [h0 h1 · · · hL−1 ] . Then, the TDOA estimate can
be determined as follows:
τ̂ = arg max |hl | .

(3)

l

Now, the TDOA estimation problem is converted to an identification one. Generally, h can be estimated by minimizing the
mean-squared error (MSE) criterion defined as
i
h
2
4
(4)
J (h) = E x (k − D) − hT y (k) ,
where E[·] denotes mathematical expectation, D is a delay parameter configured to ensure that the relative acoustic impulse
response can be modeled as a causal FIR filter [1], and
y (k) = [y (k) y (k − 1) · · · y (k − L + 1)]

T

where ⊗ is the Kronecker product, h2,p and h1,p , p =
1, 2, . . . , P , are short impulse responses of lengths L2 and
L1 , respectively, with L = L1 L2 , L1 ≥ L2 , and P ≤ L2
[if P = L2 , then (7) becomes a strict equality]. Since our
objective is to estimate TDOA, which is reflected only in the
direct path of the relative impulse response, we can choose a
small value of P .
To illustrate this decomposition, we provide an example in
which room impulse responses are simulated with the image
model method [26] and the corresponding reverberation time,
T60 , is set to be approximately 300 ms (see Sec. IV for details).
The lengths of the two simulated impulse responses are both
1024. The relative impulse response is then computed using
the spectral division method and its length is truncated to
L = 500. This computed relative impulse response is then
treated as the ground truth. In the Kronecker decomposition,
the parameters are set to L1 = 25 and L2 = 20, respectively.
Figure 1 plots the relative impulse response and the approximated ones with P = 1, P = 5, and P = 20. As seen, a good
approximation of the relative impulse response, particularly
the direct path, is achieved even with a small value of P .
Now, using the following relationships:
h2,p ⊗ h1,p = H2,p h1,p = H1,p h2,p ,

(8)

H2,p = h2,p ⊗ IL1 ,
H1,p = IL2 ⊗ h1,p ,

(9)

where

and IL1 and IL2 are the identity matrices of sizes L1 × L1
and L2 × L2 , respectively, we have
!T
P
X
T
h y (k) =
h2,p ⊗ h1,p
y (k)
p=1

(5)

=

is the observation vector of length L. Minimizing the MSE in
(4) yields the Wiener solution:
h = R−1 r,
(6)


4
4
where R = E y (k) yT (k) and r = E [y (k) x (k − D)].
Since the relative acoustic impulse response is in general
time varying due to reasons such as source movement, the
estimates obtained from (6) are generally not satisfactory in
practice. One way to deal with this is to estimate h in an adaptive manner using, for example, the least-mean-square (LMS)
algorithm [1], [14]. However, how to achieve good steadystate and tracking performances with adaptive algorithms is
challenging in room acoustic environments, where the relative
impulse response is generally long and time varying [17], [18].
III. TDOA E STIMATION WITH K RONECKER P RODUCT
D ECOMPOSITION
The relative impulse response can be approximated by a
Kronecker product decomposition as [21]
h≈

P
X
p=1

h2,p ⊗ h1,p ,

(7)

P
X

hT1,p HT2,p y (k)

p=1

=

P
X

hT1,p y2,p (k) = hT1 y2 (k) ,

(10)

p=1

where
y2,p (k) = HT2,p y (k) ,
T

h1 = hT1,1 hT1,2 · · · hT1,P
,
 T
T
T
T
(k) · · · y2,P
(k)
y2 (k) = y2,1 (k) y2,2
.
Similarly, hT y (k) can also be written as
hT y (k) =

P
X

hT2,p HT1,p y (k)

p=1

=

P
X

hT2,p y1,p (k) = hT2 y1 (k) ,

(11)

p=1

where
y1,p (k) = HT1,p y (k) ,

T
h2 = hT2,1 hT2,2 · · · hT2,P
,
 T
T
T
T
y1 (k) = y1,1 (k) y1,2 (k) · · · y1,P (k)
.
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Substituting (10) into (4), one can write the MSE as


2
T
J (h) = J (h1 , h2 ) = E x (k − D) − h1 y2 (k)

Inputs:

x(k) and y(k) (signal vectors)
(0)

Initialization: h2

= σ 2 − 2hT1 r2 + hT1 R2 h1


2
= E x (k − D) − hT2 y1 (k)
= σ 2 − 2hT2 r1 + hT2 R1 h2 ,

TABLE I
T HE P ROPOSED A LGORITHM .

Compute y(0) (k)
2
(0)

Compute R2

(12)

Iteration:

(0)

and r2

for i = 1, 2, . . . , n


−1
(i)
(i−1)
(i−1)
h1 = R2
+ δIP L1
r2

where

Compute y(i) (k)

σ

2

r1
r2
R1
R2

1



= E |x (k − D) |2 ,
h
i
= E y1 (k)x(k − D) ,
h
i
= E y2 (k)x(k − D) ,
h
i
= E y1 (k)yT1 (k) ,
h
i
= E y2 (k)yT2 (k) .

(i)

Compute the matrix R1
(i)
h2

=



Compute

(i)
R1

+ δIP L2

(k)
y(i)
2

(i)

Compute the matrix R2

(i)

and the vector r1

−1

(i)
r1

(i)

and the vector r2

end

Since h1 and h2 are embedded in each other, it is difficult
to derive a closed-form solution. Hence we resort to an
iterative approach [21]. We first initialize h2 and compute the
corresponding r2 and R2 . When h2 is fixed, the MSE in (4)
can be written as
J (h1 |h2 ) = σ 2 − 2hT1 r2 + hT1 R2 h1

(13)

and the estimate of h1 is computed as
h1 = R−1
2 r2 .

(14)

We then compute the corresponding r1 and R1 . With h1 being
fixed, the MSE in (4) can be written as
J (h2 |h1 ) = σ 2 − 2hT2 r1 + hT2 R1 h2 .

(15)

Minimizing this MSE yields
h2 = R−1
1 r1 .

(16)

Continuing the iterations up to n times, we obtain the final
solution of h1 and h2 , and the optimal solution of h is
calculated using (7). After an estimate of h is achieved, the
TDOA estimate is determined by identifying the direct path
as
τ̂ = arg max |hl | − D.
l

(17)

The proposed algorithm is summarized in Table I.
IV. S IMULATIONS

Fig. 2. Performance of the Wiener and proposed (with P = 1) methods
as a function of the number of snapshot samples: (a) PA and (b) RMSE.
Condition: T60 = 300 ms, input SNR = 15 dB, and the background noise
is white Gaussian noise.

In this section, we study the performance of the proposed
method in reverberant and noisy acoustic environments. We
consider a room of size 7 × 6 × 4 m, where 2 omnidirectional
microphones are located at (3.4, 3.0, 1.8) and (3.6, 3.0, 1.8),
respectively, and a sound source is placed at (1.95, 3.96, 1.55).
The acoustic channel impulse responses from the source to
the microphones are generated with the image method [26].
The microphone signals are generated by convolving the clean
source signal with the generated impulse responses and white
Gaussian noise is then added to control the input SNR. The
sampling rate is 16 kHz.

The observation signals are partitioned into non-overlapping
time frames and non-speech frames are detected by a voice
activity detector (VAD) and are then removed. For frames with
the presence of speech, TDOA estimation is performed on a
frame-by-frame basis. The proposed method is implemented
with the following parameter configuration: L = 500, L1 =
25, L2 = 20, D = 10 (slightly larger than the maximum
possible delay given the spacing), and the number of iterations
T
n = 5. The filter h2 is initialized as h2,p = [0.1 0 · · · 0] ,
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Fig. 3. Histograms of the TDOA estimates of the LMS, Wiener, PHAT, and proposed methods. Conditions: T60 = 150 ms, 300 ms, 500 ms, and 600 ms,
input SNR = 15 dB, and the background noise is white Gaussian noise.

p = 1, 2, . . . , P .
We first show the performance of the Wiener and proposed
(with P = 1) methods as a function of the number of snapshots
(length of frames) in noisy and reverberant environments,
where the reverberation time, T60 , is approximately 300 ms
and the input SNR is 15 dB. The number of snapshots varies
from 600 to 1600 with an increment of 100 samples. A total
of 1000 Monte Carlo simulations are carried out. We use the
percentage of accurate (PA) estimates (where the term accurate
estimate means that the TDOA estimate is the same as the
ground truth) and the root mean-squared error (RMSE) of all
the estimates as the evaluation metrics. The results are plotted
in Fig. 2. As seen, when the number of snapshots is small, the
proposed method demonstrates better performance, which can
be explained as follows. The sizes of the matrices R1 and R2
are, respectively, P L2 × P L2 and P L1 × P L1 . For P  L2 ,
the dimensions of the two matrices are much smaller than
the dimension of the matrix R, which is used in the Wiener
method. As a result, less data is needed to achieve reliable
estimates of these two matrices, leading to better performance
of the proposed method.
We also compare the proposed method with the LMS,
Wiener, and phase transform (PHAT) methods [12]. We
consider four different reverberation conditions, i.e., T60 =
150 ms, 300 ms, 500 ms, and 600 ms, all with an input
SNR of 15 dB. The number of snapshots is set to 600.
The histograms of the TDOA estimates with 2500 Monte

Carlo simulations are plotted in Fig. 3. As seen, the LMS
method achieves the best performance for the condition with
T60 = 150 ms, but it suffers from significant performance
degradation as reverberation becomes stronger, indicating that
this method is sensitive to reverberation. In comparison, the
proposed method outperforms the other compared methods
except for T60 = 150 ms (note that the proposed approach
is computationally more demanding than the PHAT and LMS
methods). It is also observed that using a reasonably larger
value of P can improve the performance of the proposed
method in highly reverberant environments.
V. C ONCLUSIONS
This paper studied the problem of TDOA estimation and
presented a method based on the Kronecker product decomposition. We decomposed the relative impulse response between
two sensors as a series of Kronecker products of two short
filters, and the optimal filters are solved with an iterative
method. Since the core issue is to identify the direct path of the
relative impulse response, a small dimension of the Kronecker
product is sufficient for the problem. When the number of
data snapshots is small, the proposed approach yields better
TDOA estimation than traditional channel identification based
methods. Simulation results demonstrated that the proposed
method outperforms several widely-used conventional methods in reverberant environments.
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