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Source Localization with Feedback Beamforming
Itay Yehezkel Karo, Tsvi G. Dvorkind and Israel Cohen, Fellow, IEEE

Abstract—State-of-the-art array processing methods, ranging
from high-order statistics to adaptive configuration, require
costly computing efforts in pursuit for spatial performance
improvement. A feedback based approach is introduced in
the context of localization, featuring low complexity and high
spatial performance in the excess of integrating a transmitter
to the array. In the proposed scheme, a signal is continuously
re-transmitted between the array and the target of interest.
Considering ideal scenarios, the feedback beamformer virtually
achieves an infinite aperture, increasing the available spatial
information about the target and significantly improves the
array’s spatial performance. Using a traditional beamforming
performance analysis, the beamwidth, peak to side-lobe ratio,
array directivity and white noise sensitivity are evaluated for
the feedback based array. A significant improvement in all
aspects is shown, while thoroughly discussing the conditions for
enhanced performance. As a practical and robust implementation
of the feedback-based localization concept, an application of low
estimation errors sensitivity, is presented and analyzed.

Index Terms—Beamforming, beampattern, cooperative beam-
forming, source localization, spatial array processing, spatial IIR.

I. Introduction

THE general field of array processing has been thoroughly
studied throughout several decades. The array sensors’

spatial diversity enables the extraction of spatial information
about impinging signals, thus laying the ground for wide
range of applications, such as localizing a transmitting source
[1], [2], blindly separating mixtures of impinging signals [3],
improving signal to noise ratio (SNR) [4], and many more.

A uniform linear array (ULA) has always been a point of
interest, due to its simplicity of analysis [5], [6]. The array size
and the number of its elements (N) have significant influence
on the obtained array performance, such as SNR improvement,
spatial separation capabilities and its spatial response’s degrees
of freedom (DOF). For example, the influential MUSIC algo-
rithm [7] enables the localization of signals arriving from up
to N − 1 distinctive directions of arrival (DOA), by projecting
the array manifold onto the noise subspace.

In pursuit of spatial performance improvement, namely
higher spatial separation and selectivity of arriving signals,
many approaches were suggested. One approach, commonly
referenced as “virtual arrays” [8], [9], [10] deals with the ex-
traction of samples originated in sensors that do not really exist
by using high (higher than 2) order statistics and manipulating
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multiple statistical cross-terms in order to estimate statistical
characteristics of signals impinging on missing sensors. Using
a similar approach, the 2q-MUSIC algorithm [11], enables the
use of N2q “virtual elements”, by calculating the q’th order
statistics. Another approach, involving different array geome-
tries, examined minimum redundancy arrays [12], [13], [14],
[15], aiming to reduce the spatial ambiguity. The basic concept
was minimization of the inter-element spacing redundancy in
order to increase the overall resolution. Adaptive processing
schemes [16], [17], being a wide and active research area, were
also suggested trying to adaptively estimate and suppress the
noise component in impinging signals by minimization of the
receiver’s output energy with some constraints.

Pursuing other approaches to improve the array’s spatial
performance, ULA spatial array processing analogy to finite
impulse response (FIR) [18] and the infinite impulse response
(IIR) superior performance (e.g. narrower transition regions
and higher sidelobes attenuation) gave rise to the question
“what are the spatial domain processing methods which will
be analogous to temporal domain IIR filtering?”

Achieving a spatial IIR response has also motivated other
works. In [19] two methods were considered. The first one was
to estimate the time of arrival (TOA) difference between two
consecutive sensors and to synthetically generate the recursive
part of the IIR filter, entirely in the time-domain. The second
approach suggested to consider overlapping subsets of one
large ULA as a finite approximation to an infinite array. Surely,
the former approach heavily relies on the accuracy of the
delay estimation and the latter approach does not achieve a
recursive spatial response. In both cases, there is no true spatial
feedback between the array and the source of interest. Also,
ultra-wideband (UWB) filters, which sample spatial snapshots
of the signal and recursively process it in the temporal domain
were designed in [20], using the 2D spatio-temporal plane
wave representation as a straight line angled according to the
DOA.

In this contribution, we present a low-complexity sensor
array processing approach which achieves the desired spatial
domain exclusive IIR-like beampattern, while avoiding any
temporal processing of the signal. To this end, we arbitrarily
choose to formulate the problem in the context of localization,
hence our goal is to estimate the direction and the range of
some target of interest.

The novelty, compared to traditional array processing, is the
incorporation of a spatial feedback, which we prove to be the
spatial domain equivalent of temporal domain IIR filtering.
Assuming the target of interest has a mirror-like behaviour
(i.e. reflects its impinging signals), the spatial feedback be-
tween the array and the target is created by continuously re-
transmitting a synthesized version of the impinging signal (and
its reflections) to the target. Note that the initial stimulus can
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be generated by the target or the array itself. In the text to
follow, we assume this is the latter. Furthermore, as opposed
to the passive target case (i.e., a target which merely reflects
the impinging signal), one may consider a cooperative target,
which receives, enhances and re-transmits the signal back to
the array.

The outline of this paper is as follows. We first formulate
the classic spatial beamforming setup in Sec. II. Then, in
Sec. III, we propose our novel feedback-based architecture,
and formulate its spatial response. Searching for localization
performance maximization, Sec. IV discusses the information-
theory related considerations for the array configuration, uti-
lizing the Fisher Information Matrix (FIM) in the context
of the target’s range and DOA estimation. In Sec. V, we
evaluate some key features of the proposed beamforming
with feedback. Specifically, we compute the array beamwidth,
its peak-to-sidelobe ratio and the array directivity, showing
significant improvement compared to traditional beamform-
ing without spatial feedback. In Sec. VII, we simulate the
proposed processing scheme, and emphasize its sensitivity to
range errors. We then suggest a strategy which mitigates this
sensitivity. Finally, concluding remarks are given in Sec. VIII.

II. Beamforming
In this section, a brief overview on ULA beamforming and

its resemblance to FIR filter design are presented. Consider an
N-element ULA with inter-element spacing δ, where its n’th
sensor is positioned at pn, for n = 0, . . . ,N − 1. We set p0 as
the axis reference point and assume that the target of interest is
positioned at pt. Focusing on a far field localization problem,
DOA and target range are to be estimated. Without loss of
generality, aiming to simplify the exposition, we assume 2D
planar problem, where DOA is described by a single angle
θd, measured from the array’s broadside. For simplicity, we
assume an anechoic environment, an array of identical omni-
directional sensors and a stationary target of interest. Inspired
by radar based applications, we also place a transmitter at
p0, assuming the transmitted signal s, is reflected back from
the target and re-impinges the array, with a total time delay
of τpd = 2R/c seconds, where R =

∥∥∥pt − p0

∥∥∥ is the target’s
range and c represents the propagation velocity of the signal
in the medium. In this work, we use the following conventions;
vectors and matrices are denoted by lower and upper case bold
italic letters respectively. vi and Ai j are the i-th element of the
vector v and the i, j-th element of the matrix A. Also, AT , A∗
and AH are the transpose, conjugate and Hermitian transpose
of the matrix A respectively.

Let xn(t) be the measured signal at the n’th sensor

xn(t) = gs
(
t − τpd − τn

)
, (1)

where τn = nδ cos (θd) /c represents the time difference of
arrival between the n’th sensor and the reference sensor and
g, being a scalar in an anechoic environment, is the channel’s
gain, related to both propagation and the target’s radar cross
section (RCS). Defining x (t) , [x0 (t) . . . xN−1 (t)]T and its
Fourier transform, X (ω) , [X0 (ω) , . . . , XN−1 (ω)]T , one may
write

X (ω) = gd (ω) S (ω) exp
(
− jωτpd

)

β0

β1

β2

α1

α2

x y

z−1

z−1

Fig. 1: Direct form II 2nd order IIR architecture.

where S (ω) is the Fourier transform of s (t) and d (ω) denotes
the steering vector whose n’th element is

dn (ω) = exp (− jωτn). (2)

Denoting the beamformer’s weights as β (ω) and the beam-
former’s output as z, we express the latter in the frequency
domain

Z (ω) = gβH (ω) d (ω) S (ω) exp
(
− jωτpd

)
. (3)

Defining the electric phase to be

θ = ωδ cos (θd)/c, (4)

we rewrite (3) as

Z (ω) = gS (ω) exp
(
− jωτpd

) N−1∑
n=0

β∗n (ω) exp (− jnθ) ,

hence in the ULA case, aiming for a desired spatial re-
sponse, the weights vector β (ω) configuration is mathemat-
ically equivalent to an FIR filter design [18], [6]. Assuming
narrowband stimuli signals, we suppress ω dependency in the
notation throughout the rest of this paper, where possible.

In standard radar signal processing schemes, a waveform is
transmitted to, and reflected from the target of interest. Then,
the reflected signal is processed by the radar reception array
in order to estimate the target’s dynamics (e.g., DOA, range,
velocity etc.). As opposed to the standard scheme, we suggest
a continuous re-transmission of the signal and its echoes back
to the platform, generating a spatial feedback loop between
the array and the target. Another deviation from traditional
radar processing, used to simplify the exposition, is using
continuous-wave (CW) stimuli, rather than using pulse based
signals.

III. Feedback Beamforming

In this section, a feedback-based architecture is proposed
for spatial signal processing. Inspired by time domain “Direct
form II” IIR filter design (see Fig. 1), we propose to use the
same concept in the spatial domain. The suggested feedback
beamformer (FB) architecture, where the output signal (z) is
synthesized using weights β and the weights α synthesize
the feedback transmission (Tx), is presented in Fig. 2. The
beamformer’s output and the feedback signal are synthesized
using two independently configured beamformers, s is the
system’s stimulus and an additive noise (n) is assumed at the
array’s output. Also, the FB block is marked (dashed line)
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Fig. 2: The proposed feedback beamformer. The spatial feed-
back is obtained by continuous re-transmission of Tx to the
target at pt. We designate the feedback beamformer block
(dashed line) for later use.

for later use. Note that setting α = 0 (i.e., cancelling the
feedback) degenerates the system to a plain delay-and-sum
(DS) beamformer.

Obtained spatial response
Time domain analysis of the proposed feedback based ar-

chitecture, considering both propagation delay and attenuation,
gives rise to

xn(t) = g

s
(
t − τpd − τn

)
+

N−1∑
m=0

α∗mxm

(
t − τpd − τn

) , (5)

where the first term on the right-hand-side (RHS) represents
the contribution of the transmitted waveform s(t) to the n’th
array element and the second term represents the feedback
contribution of the re-transmitted array signal to this same
element. Expressing the Fourier transform of (5),

Xn = g
(
S exp

(
− jω

(
τpd + τn

))
+

N−1∑
m=0

α∗mXm exp
(
− jω

(
τpd + τn

)))
,

(6)

and its vector from,

X = g
(
S + αH X

)
d exp

(
− jωτpd

)
,

we find that it can be simplified to

X = g
(
I − gdαHe− jωτpd

)−1
dS exp

(
− jωτpd

)
.

Then, denoting
φ , ωτpd

Angular response

Enhanced radial slice

Fig. 3: Combining both radial selectivity and DOA-based
selectivity allows to localize the transmitter.

as the round-trip signal propagation related electrical phase
and using the Woodbury matrix identity [21], we find that

X =
gd exp (− jφ)

1 − gαH d exp (− jφ)
S.

Let z = βH x + n be the beamformer’s output (see Fig. 2),
with Fourier transform Z. Considering the noiseless case
(i.e., n = 0), the frequency response of the FB is

Hβ,α ,
Z
S

=
gβH d exp (− jφ)

1 − gαH d exp (− jφ)
. (7)

Note that this architecture achieves a controllable (via
setting of β and α) and recursive (non-trivial denominator)
spatial response. As will be shown, high directivity and narrow
beamwidth are obtainable by a proper selection of the weights.
Compared to traditional beamformers (i.e., without feedback),
the performance improvement will be expressed in terms of
increased aperture, narrower beamwidth and improved side-
lobe attenuation. One may observe that opposed to traditional
beamformers, the array response, Hβ,α, is not only influenced
by the impinging signal DOA, since it is also range selective
due to its φ dependency. As demonstrated in Fig. 3, the
combination of both angular and range selectivity enables the
designer to enhance signals arriving from specific locations
(grey area) rather than only specific directions.

IV. Fisher InformationMatrix

A possible evaluation for the contribution of the presented
feedback mechanism is to measure the additional information
in the system. To this end, the FIM, denoted by J, will now
be calculated with respect to the DOA (θd) and range (φ)
parameters. As the feedback-based transfer function (7) is
expressed in the frequency domain, we rely on [22] to express
the frequency domain FIM as well.

The [k, l]’th FIM element, may be expressed as

Jk,l
(
η
)

=<

{
1

2π

∫ ωs/2

−ωs/2

1
Φ (ω)

F
∗

{
∂z(t)
∂ηk

}
F

{
∂z(t)
∂ηl

}
dω

}
+

T
4π

∫ ωs/2

−ωs/2

1
Φ2 (ω)

(
∂Φ (ω)
∂ηk

)∗
∂Φ (ω)
∂ηl

dω
(8)

where η = [θd, φ]T is the parameters vector, < stands for the
real-part extraction operator, k, l ∈ {1, 2}, Φ (ω) is the noise
spectrum, F is the Fourier transform operator, T is the mea-
surement observation interval and ωs is the signal bandwidth.
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For simplicity, n (t) is assumed to be white Gaussian with some
constant power spectral density Φ(ω) = σ2 and independent
of the estimated parameters η. Hence, the second term in the
RHS of (8) vanishes. Assuming continuously differentiable
functions, where order alteration of the Fourier transform and
the differentiation operations is allowed, (8) simplifies to

Jkl
(
η
)

= <

{
1

2πσ2

∫ ωs/2

−ωs/2

(
∂Z (ω)
∂ηk

)∗
∂Z (ω)
∂ηl

dω
}
. (9)

Expressing the steering vector derivative with respect to θd,
results in

∂d
∂θd

= Ad (10)

where A is an N × N diagonal matrix with

Aii = − jω
∂τi

∂θd
∀i ∈ {0 . . .N − 1}.

It is worth mentioning that (10) is relevant even for arbitrary
arrays (not necessarily ULA) when smooth and slowly chang-
ing radiation patterns are assumed. In App. A we compute the
FIM terms, concluding that

J11 = Jθdθd =
1

2πσ2

∫ ωs/2

−ωs/2

∣∣∣gβH Ad − g2βH Bα∗ exp (− jφ)
∣∣∣2∣∣∣1 − gαH d exp (− jφ)

∣∣∣4 |S (ω)|2 dω

J22 = Jφφ =
1

2πσ2

∫ ωs/2

−ωs/2

∣∣∣gβH d
∣∣∣2∣∣∣1 − gαH d exp (− jφ)

∣∣∣4 |S (ω)|2 dω.

(11)
where B , ddT A − AddT . Aiming to maximize the FIM
diagonal elements via denominator (i.e.,

∣∣∣1 − gαH d exp (− jφ)
∣∣∣)

minimization, the optimal feedback weights are

α∗CB,opt =
d∗ exp ( jφ)

ĝ ‖d‖2
, (12)

where ĝ is the channel gain estimate. This choice of weights
may be interpreted as a generalized version of the conventional
beamformer (CB) [5]. Furthermore, setting β = βCB,opt =

αCB,opt, is shown (see App. A) to nullify the FIM cross terms,
such that J12 = Jθd,φ = J21 = Jφθd = 0.

Note that setting the feedback weights as in (12) requires
perfect knowledge of the target’s range, since φ is range
dependant. Also, the reader may notice that assuming ĝ = g,
this choice of optimal weights nullifies the denominator of (7).
Thus, theoretically, the FIM becomes infinite when the transfer
function (7) is unstable due to positive and coherent feedback
between the beamformer and the target. In practice, though,
there will be unavoidable errors, and perfect knowledge of
target’s location and the channel gain is usually unknown. In
Sec. V, we quantify the effect of such errors and discuss its
influence on the array performance.

V. Performance Analysis

In this section we analyze the suggested FB (see Fig. 2),
considering some fundamental properties which are commonly
used to asses array performance: Beamwidth, peak-to-sidelobe
level, and directivity. Each property is then compared to
traditional passive ULAs, showing that significantly improved
performances are obtainable with spatial feedback integration.

Error terms

In the absence of accurately known parameters, we denote
φ̂, θ̂ to be the range and DOA related phase estimates respec-
tively. Then, using the same weights as in (12) for both the
feedback and output synthesis gives rise to

β∗CB = α∗CB =
d̂∗ exp

(
jφ̂

)
ĝ
∥∥∥d̂

∥∥∥2 , (13)

introducing the estimated steering vector

d̂ =
[
1, exp(−θ̂), . . . , exp(−(N − 1)θ̂)

]T
. (14)

Plugging (13) into (7), results in

HβCB,αCB =
rD (∆θ/2,N) exp (− j (∆φ + (N − 1)∆θ/2))

1 − rD (∆θ/2,N) exp (− j (∆φ + (N − 1)∆θ/2))
(15)

where
D (x,N) ,

1
N

sin (Nx)
sin (x)

is the normalized Dirichlet kernel and

∆θ , θ − θ̂, ∆φ , φ − φ̂, r , g/ĝ,

are defined as the DOA, range and gain error terms re-
spectively. In the following, four fundamental scenarios are
considered:
• Perfect alignment (∆θ = 0 , ∆φ = 0) ,
• Steering error (|∆θ| > 0 , ∆φ = 0) ,
• Range error (∆θ = 0 , |∆φ| > 0) ,
• General (|∆θ| > 0 , |∆φ| > 0) .

The normalized beampattern

As commonly done for ULA performance analysis [5], we
analyze the normalized response (i.e., where the peak main
lobe gain is set to 0dB). Henceforth, setting βCB,opt = αCB,opt,
we define the normalized response

H∆θ,∆φ,r ,
HβCB,αCB

HβCB,opt,αCB,opt

=
HβCB,αCB

r/ (1 − r)
, (16)

where the ∆θ, ∆φ, r subscripts express the DOA, range and
gain errors dependency, respectively. Plugging (15) into (16)
yields

H∆θ,∆φ,r =
(1 − r) D (∆θ/2,N)

exp ( j (∆φ + (N − 1)∆θ/2)) − rD (∆θ/2,N)
. (17)

Note that the known [5] normalized response of standard ULA
is obtained by setting r = 0 and ∆φ = 0

H∆θ,∆φ=0,r=0 = D (∆θ/2,N) exp (− j ((N − 1)∆θ/2)) .

Considering the steering error scenario (i.e., ∆θ , 0, ∆φ = 0)
first, where

H∆θ,∆φ=0,r =
(1 − r) D (∆θ/2,N)

exp ( j ((N − 1)∆θ/2)) − rD (∆θ/2,N)
, (18)

we evaluate the FB’s beamwidth, sidelobe level and directivity
and compare them to those of the standard ULA.
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Fig. 4: Plot of x = N∆θHPBW/2 vs. N, for various r values,
obtained by numerically solving (19).

Half power beamwidth

The half power beamwidth (HPBW), denoted as ∆θHPBW
quantifies the array’s main lobe narrowness. It represents the
DOA where the beampattern’s energy reduces to half of its
maximal value. For standard ULA, assuming large N values,
it is known [5] that

∆θHPBW/2 = 1.4/N.

In App. B we extend this known result for any r ≥ 0. It
turns out that for large N, the HPBW is obtained by solving
for x the equality(

r2 − 4r + 2
) sin (x)2

x2 + r
sin (2x)

x
− 1 = 0 (19)

where we define x , N∆θHPBW/2. In Fig. 4 we plot the
numerical solution of (19) for various values of r and N,
showing that x reaches its limit around N = 20. Also note
that for r = 0 we obtain the known result of standard ULA
with the limiting factor of 1.4. Having the limiting factors
for various values of the gain mismatch r, we investigate the
feedback related improvement and express the HPBW by

∆θHPBW/2 ≈
1.4

f (r)N
.

Note that f (r) represents the array aperture improvement
factor, compared to the standard ULA. Numerical evaluation
(see Fig. 5) shows that f (r) may be approximated with a
second order polynomial

f (r) ≈
1.4

(1 − r) (−0.4r + 1.4)
. (20)

Note that for an accurate gain match (i.e., r → 1), the RHS of
(20) tends towards infinity, implying that the equivalent array
has an infinite number of elements ( f (r) N), hence obtaining
perfect spatial selectivity.

Sidelobes attenuation

By taking a derivative of H∆θ,∆φ=0,r with respect to ∆θ it
can be easily verified that the beampattern’s extrema points
are located exactly as in the standard ULA beampattern.
Specifically, the sidelobes locations are

∆θsidelobe =
(2m + 1) π

N
∀m ∈ {±1,±2, . . .} . (21)
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Numerical solution of (19)
Polynomial fitting (20)
log10 f (r)

log10 f (r)N∆θHPBW/2

r

Fig. 5: Evaluation of N∆θHPBW/2 for N = 100 and its
approximation 1.4/ f (r) (marked by red diamonds). f (r) is
also presented, in logarithmic scale (dotted curve).

Our main interest is with the first sidelobe (i.e. m = 1),
therefore we evaluate (18) at ∆θ = 3π/N, which results in∣∣∣H3π/N,0,r

∣∣∣2 =
2 (1 − r)2(

N2 − 2Nr
) (

1 − cos
(

3π
N

))
+ 2r2

(22)

and for large N values

lim
N→∞

∣∣∣H3π/N,0,r
∣∣∣ =

2 (1 − r)
3π

.

For standard ULA, the gain of the first sidelobe is known
to be 2/3π [5], which implies that the first sidelobe is smaller
by a factor of 1 − r compared to standard ULA. Specifically,
in perfect gain match scenario (i.e., r → 1) , the sidelobes
vanish.

Array directivity

The array directivity D [5], defined as

D (N, r) =
H∆θ=0,∆φ=0,r

1
2π

∫ 2π
0 H∆θ,∆φ=0,r d∆θ

=
2π∫ 2π

0 H∆θ,∆φ=0,r d∆θ
, (23)

measures the ratio between the maximal array gain at its
mainlobe, to the average gain over all directions. For uni-
formly weighted ULAs with no feedback, it is known [5] that
D (N, 0) = N. Plugging (18) within (23) and by numerical
evaluation (see Fig. 6) we suggest to approximate the direc-
tivity with

D (N, r) ≈
N − r
1 − r

, (24)

where the standard ULA’s known result is obtained for r =

0. Also, for N ≥ 2, limr→1D (N, r) = ∞, implying infinite
directivity for the perfectly gain-matched FB.

Finally, expressing the improvement in directivity compared
to the standard ULA, assuming large N values, gives rise to

lim
N→∞

D (N, r)
D (N, 0)

=
N/ (1 − r)

N
=

1
1 − r

. (25)

Summary

To conclude this section, we summarize the feedback inte-
gration related performance improvements in Table. I
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N
r

Numerical integration
(N − r) / (1 − r)

D (N, r)

Fig. 6: Plot of D (N, r), computed using numerical integration
(surface), shown to perfectly match the analytic expression
(black diamonds) presented in (24). Difference between the
numerical integration result and the suggested analytic expres-
sion is around ∼ 1e−9.

TABLE I: Performances of Classical ULA and the Proposed
Feedback-Beamforming Architecture, with a Gain Mismatch
r.

ULA FEEDBACK
BEAMFORMING IMPROVEMENT

HPBW 1.4/N 1.4/ ( f (r)N) Narrower by a factor of f (r)
FIRST

SIDELOBE
GAIN

2/3π 2 (1 − r) /3π smaller by a factor of 1 − r
for N � 1

DIRECTIVITY N (N − r) / (1 − r) 1/ (1 − r) times higher
for N � 1

VI. Range Error Sensitivity

In this section, we investigate H∆θ,∆φ,r for the general case,
where the range misalignment phase term ∆φ may also be
non zero. In Fig. 7, we plot

∣∣∣H∆θ,∆φ,r

∣∣∣ in logarithmic scale,
with respect to both steer and range misalignments. Close
inspection of the range error related beampattern behaviour
sheds light to some important points. First, we notice that
although setting r → 1 (i.e., close to a perfect gain match),
sharpens the beampattern’s main lobe (i.e., higher spatial
selectivity), it also amplifies the range error (∆φ) related
sensitivity as the main lobe’s support over the ∆φ/π axis
shrinks. Next, as evident from (17), the range error related
sensitivity is 2π-periodic with respect to ∆φ (see Fig. 8). To
establish our final observation, we first recall that

φ , ωτpd =
2πRrt

λ
,

where Rrt = 2R is the round-trip distance between the array
and the target of interest and λ is the wavelength. Define

∆Rrt =
∆φλ

2π
to be the range estimation error. Fig. 9 shows that even
minor range errors of ∆Rrt ∼ 0.1λ significantly distort the
beampattern.

At first glance, this sensitivity to range errors renders the
system being too sensitive for any practical use. This leads us
to seek robust implementations, as elaborated in Sec. VII.

dB

∆φ
π

r = 0.4 r = 0.6

r = 0.7 r = 0.8

∆θ/π

Fig. 7: Evaluation of 10 log10

∣∣∣H∆θ,∆φ,r

∣∣∣2, considering both steer
(∆θ) and range related (∆φ) errors. Centered in each plot, is
the 3dB main lobe (white color fill), exemplifying that as the
gain mismatch r is set closer to one, we observe an increase
of the spatial selectivity (regarding both ∆θ and ∆φ).
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Fig. 8: Evaluation of 10 log10

∣∣∣H∆θ,∆φ,r=0.4
∣∣∣2 for −3π ≤ ∆φ ≤ 3π.

The response is 2π periodic.
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-20
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10 log10

∣∣∣H∆θ,∆φ,r
∣∣∣2

∆θ/π

dB ∆Rrt = 0.1λ

∆Rrt = 0.3λ

∆Rrt = 0

Fig. 9: Evaluation of the array response (where r = 0.4) for
several values of range error ∆Rrt . Even minor range errors
significantly distort the beampattern.

VII. Mitigating Range Error Sensitivity

As demonstrated in the previous section, the beampattern
(17) is sensitive to range errors. We now propose an ar-
chitecture which obtains the desired beampattern H∆θ,∆φ→0,r
even for relatively large range errors ∆Rrt. Also, we show
that the suggested architecture achieves high performance at
moderately low signal-to-noise ratio (SNR) scenarios.
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FBα1,β1
FBα2,β2

z1 (t) z2 (t)

BPFω1 BPFω2

+ +n1 (t) n2 (t)

Tx1 (t) Tx2 (t)

s1 (t) s2 (t)

Harmonic mean

ZDF

ΣFω1 Fω2

Fig. 10: Dual-frequency beamformer, consisting of two in-
dependent FB blocks and narrowband bandpass filters. The
blocks marked by Fωi compute the Fourier coefficients in ωi

and their outputs feed the harmonic mean calculator, which
generates the DF beamformer’s output.

Intuition

Bearing in mind that the system’s phase alignment sensi-
tivity resides in (17) via the term exp ( j∆φ) = exp

(
jω∆τpd

)
and that the round-trip delay (τpd) cannot be controlled, one
may suggest to use lower frequencies. Unfortunately, aiming
for practical range estimation errors, the transmission of such
low frequencies is physically unfeasible. Instead, we suggest
simultaneous transmission of several frequencies in order to
resolve the range error sensitivity. In the following, we suggest
a dual frequency (DF) waveform, utilizing two harmonics, ω1
and ω2.

Suggested processing scheme

In Fig. 10, we demonstrate the use of two independently
configured FB instances (see also Fig. 2), where each instance
is designed to treat a specific frequency band. A bandpass filter
BPFωi , i = 1, 2 filters a narrowband slice around ωi = 2π fi.
These filters are used to generate both the transmitted feedback
signal (Txi) and the outputs zi. The inputs si(t) = exp ( jωit)
are the two narrowband stimuli signals and ni(t) represents the
additive noise.

Note that in the suggested architecture we do not add array
elements, but merely double the beamformer processing effort.

For each FB block, its output is given by

zi(t) = Hβi,αi (ωi) exp ( jωit) i ∈ {1, 2},

where βi,αi are the coefficients of the i’th beamformer. Mo-
tivated by the desire to mitigate the ∆φ dependency of the
system, which appears in the denominator of (17)’s RHS, we
compute the reciprocal of each frequency response, average,
and compute the reciprocal again. This leads to the harmonic
mean of both beamformers’ outputs (see Fig. 10), which
formally, up to a constant term, takes the form

ZDF =
∣∣∣∣H−1
β1α1

(ω1) + H−1
β2,α2

(ω2)
∣∣∣∣−1

. (26)

For convenience, we use subscripts instead of formal ω
dependency such that φi , φ (ωi) , gi , g (ωi) , di , d (ωi).
Also, ri , gi/ĝi is denoted to be the gain mismatch at ωi.

Consider the architecture suggested in Fig. 10, and let αi,βi
be the coefficients of the i’th FB. Then setting

α1 = β1, α2 = −β2 =
[
1/ĝ2, 0, . . . , 0

]
, (27)

results in

ZDF =

∣∣∣∣∣∣∣∣ g1β
H
1 d1

1 −
(
g1β

H
1 d1/r2

)
exp (− j (φ1 − φ2))

∣∣∣∣∣∣∣∣ , (28)

Proof. See App. C. �

Assuming close frequencies, ZDF in (28) closely resembles
the single frequency (SF) beampattern in (7), where the range
related phase φ is now replaced by φ1 − φ2 = (ω1 − ω2)τpd.
Hence, one may significantly mitigate the range mismatch
distortion of the beampattern by selecting close stimuli fre-
quencies. We also note that throughout the development of
(28), we did not assume any specific array geometry, hence
this result is valid for arbitrary arrays and not just ULA.

Numerical example

Consider a radio frequency carrier of 10 GHz and typical
range error of ∆Rrt = 10 m, which is 333 1

3λ (assuming speed
of light, c = 3 · 108 m/s). The single frequency beampattern
distortion, being periodic in λ, will closely resemble the 0.3λ
error plot presented in Fig. 9. Assume that we aim to achieve
a maximal phase error of ∆φ = 0.01π. Hence, when using the
DF architecture, the dictated frequency separation must satisfy∣∣∣∣∣(ω1 − ω2)

∆Rrt

c

∣∣∣∣∣ < 0.01π. (29)

or equivalently, for a maximal range error of 10 m, a frequency
separation of

| f1 − f2| < 0.005c/∆Rrt = 150 kHz

is required.

Dual frequency simulation

We now simulate (28) for the DF structured FB, generaliz-
ing the CB approach and setting

β∗1 =
−d̂∗1 exp

(
j
(
φ̂1 − φ̂2

))
ĝ1

∥∥∥d̂1
∥∥∥2 .
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0 0.2 0.4 0.6 0.8 1
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0

Ideal
SF∆Rrt=10m
DF∆Rrt=10m

dB

θd/π

Fig. 11: Simulating a 3 element ULA with r1 = 0.62, r2 = 0.6
(hence κ = 0.6), assuming an infinite SNR. For each target
direction θd, the DF beamformer output ZDF is evaluated where
the beamformer is set to enhance signals impinging from
θd = π/2. The (modulus λ) range error is ∆Rrt = 0.3λ. The
single frequency (SF) beamformer (red squares) and the dual-
frequency (DF) solution (green diamonds) are compared to the
ideal response ∆Rrt = 0 (blue dots) as a reference.

With this choice, and similarly to (15), (28) becomes

HDF,CB (ω) =

∣∣∣∣∣∣ r1D (∆θ/2,N)
1 − κD (∆θ/2,N) exp (− j (φ2 − φ1 + (N − 1)∆θ/2))

∣∣∣∣∣∣ , (30)

where κ , r1/r2 is the gain mismatch ratio. For close
frequencies, one may assume that r1 ≈ r2, hence κ tends
towards unity, thus significantly mitigating the gain mismatch
effect even when both feedback beamformers are mismatched.

Simulating the DF architecture, configured to mitigate range
estimation errors as in (29) and plotting its normalized (to
0 dB peak gain) beampattern together with the perfectly range
aligned scenario, we show in Fig. 11 that the DF architecture
achieves a near-optimal performance, despite the inherent
range error of ∆Rrt = 10 m. In Fig. 12, we repeat the simulation
while adding white Gaussian noise to the output of each
feedback beamformer. Evidently, even in the noisy case, the
DF beamformer achieves a close-to-ideal beampattern, while
the SF beamformer suffers from severe distortions.

VIII. Conclusions

Integrating feedback into standard beamformers proved to
achieve the spatial domain equivalent of the temporal IIR filter-
ing. It seems that a simple generalization of the conventional-
beamformer maximizes (locally) the system’s spatial informa-
tion, thus enabling high localization accuracy. The feedback-
based architecture performance evaluation predicts an unlim-
ited improvement in all criteria, when considering perfect
knowledge of the target’s range and the channel attenuation.
It turns out that a single frequency waveform based feedback-
beamformer is impractical, being too sensitive to even mild
target range estimation errors. Fortunately, using a dual-
frequency waveform and applying simple frequency domain
manipulations to the output and feedback signals, were found
to serve as a low frequency (hence low sensitivity) equivalent
of the single frequency scheme. Also, the dual frequency
scheme proved to be of low noise sensitivity, featuring high

0 0.5 1

-80

-60

-40

-20

0

0 0.5 1

-100

-50

0

0 0.5 1

-80

-60

-40

-20

0

Ideal

SF

DF

dB dB

dB

θd/π θd/π

θd/π

SNR = 6dB SNR = 0dB

SNR = −6dB

(a) (b)

(c)

Fig. 12: Directional response of the 3 element ULA, as in
Fig. 11, simulated for the noisy scenario. The additive noises
n1(t) and n2(t) (see Fig. 10), are set to obtain SNRs of 6 dB
(a), 0 dB (b) and −6 dB (c).

performance even in relatively low signal-to-noise-ratio sce-
narios.

Future study of the feedback beamforming concept may
be applied to other array processing applications other than
localization. Furthermore, it is worthwhile to inspect other
interesting choices of coefficients rather than the conventional-
beamformer generalization, other waveforms and associated
processing schemes, to extend the results to dynamic/multiple
targets and to consider sensors with general radiation patterns.
Also, one may consider generalizing the suggested archi-
tecture to multiple-input-multiple-output systems, enabling a
steered/focused (rather than omni-directional) feedback trans-
mission.
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Appendix A
FIM calculation

Following (9), we elaborate the steps leading to (11). First,
we express the partial derivatives of Z with respect to η,
resulting in

1
S
∂Z
∂θd

=
gβH Ad exp (− jφ)

(
1 − gαH d exp (− jφ)

)
+ g2βH dαH Ad exp (−2 jφ)(

1 − gαH d exp (− jφ)
)2

=
gβH Ad exp (− jφ) − g2βH

(
AddT

− ddT A
)
α∗ exp (−2 jφ)(

1 − gαH d exp (− jφ)
)2

=
gβH Ad exp (− jφ) + g2βH Bα∗ exp (−2 jφ)(

1 − gαH d exp (− jφ)
)2



9

and

1
S
∂Z
∂φ

=
− jgβH d exp (− jφ)

(
1 − gαH d exp (− jφ)

)
− jg2βH dαH d exp (−2 jφ)(

1 − gαH d exp (− jφ)
)2

=
− jgβH d exp (− jφ)(

1 − gαH d exp (− jφ)
)2

,

where we defined B , ddT A − AddT . The main diagonal
elements of the FIM are

Jθdθd = <

{
1

2πσ2

∫ ωs/2

−ωs/2

∣∣∣∣∣ ∂Z
∂θd

∣∣∣∣∣2 dω
}

=
1

2πσ2

∫ ωs/2

−ωs/2

∣∣∣gβH Ad − g2βH Bα∗ exp (− jφ)
∣∣∣2∣∣∣1 − gαH d exp (− jφ)

∣∣∣4 |S|2 dω,

Jφφ = <

{
1

2πσ2

∫ ωs/2

−ωs/2

∣∣∣∣∣∂Z
∂φ

∣∣∣∣∣2 dω
}

=
1

2πσ2

∫ ωs/2

−ωs/2

∣∣∣gβH d
∣∣∣2∣∣∣1 − gαH d exp (− jφ)

∣∣∣4 |S|2 dω

and the cross terms are
Jθdφ = J∗φθd

=

= <

{
1

2πσ2

∫ ωs/2

−ωs/2

(
∂Z
∂φ

)∗
∂Z
∂θd

dω
}

= <

 1
2πσ2

∫ ωs/2

−ωs/2

jg2βT d∗βH (
Ad + gBα∗ exp (− jφ)

)∣∣∣1 − gαH d exp (− jφ)
∣∣∣4 |S|2 dω

 .
.

Notice that when the weights are proportional to the conju-
gated steering vector, i.e.,

α,β ∝ d∗,

the βT Bα term vanishes. Assuming a real input waveform s(t),
the function

|S|2∣∣∣1 − gαH d exp (− jφ)
∣∣∣4

is even with respect to ω, and

βH Ad ∝ dH Ad =

N−1∑
n=0

An,n

∣∣∣dn

∣∣∣2 ∝ ω
is odd, hence the cross terms vanish.

Appendix B
Half power beamwidth

We now compute the squared norm of (18), equate it to 1/2
and compute the value of N∆θ/2 for large N. To this end, we
denote γ , ∆θ/2, giving rise to∣∣∣H∆θ,∆φ=0,r (ω)

∣∣∣2 =
(1 − r)2 D2 (γ,N)∣∣∣exp ( j(N − 1)γ) − rD (γ,N)

∣∣∣2
N�1
≈

(1 − r)2 D2 (γ,N)
1 − 2r cos (Nγ)D (γ,N) + r2D2 (γ,N)

.

Equating to 1/2, leads to(
r2 − 4r + 2

)
D2 (γ,N) + 2r cos (Nγ)D (γ,N) − 1 = 0.

Since for large N, the mainlobe beamwidth goes to zero, we
approximate sin(γ) with γ. Also defining x , Nγ = N∆θ/2 we
obtain (19).

Appendix C
Proof of Theorem VII

Proof. Elaborating (26) gives rise to

Z−1
DF =

∣∣∣∣∣∣1 − g1α
H
1 d1e− jφ1

g1β
H
1 d1e− jφ1

+
1 − g2α

H
2 d2e− jφ2

g2β
T
2 d2e− jφ2

∣∣∣∣∣∣
=

∣∣∣∣∣ g2β
H
2 d2e− jφ2−g1g2(αH

1 d1β
H
2 d2+αH

2 d2β
H
1 d1)e− j(φ1+φ2)+g1β

H
1 d1e− jφ1

g1β
H
1 d1g2β

H
2 d2

∣∣∣∣∣
=

∣∣∣∣∣ g2β
H
2 d2e j(φ1−φ2)+g1β

H
1 d1

g1β
H
1 d1g2β

H
2 d2

−
(βH

1 d1α
H
2 d2+βH

2 d2α
H
1 d1)e− jφ2

βH
1 d1β

H
2 d2

∣∣∣∣∣.
Note that in the special case of choosing
α1 = β1, α2 = − β2, the resultant beampattern
simplifies to

ZDF =

∣∣∣∣∣∣∣∣∣
g1β

H
1 d1

1 +
g1β

H
1 d1

g2β
H
2 d2

exp (− j (φ1 − φ2))

∣∣∣∣∣∣∣∣∣ .
Also setting β2 =

[
−1/ĝ2, 0, . . . , 0

]
results in (28). �
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