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a b s t r a c t 

This work presents a Kronecker product based methodology of frequency-domain beamforming of large sensor 

arrays for far-field broadband speech signals. The principal idea involves splitting up a given uniform linear array 

(ULA) into two smaller virtual ULAs (VULAs), using the Kronecker product. The linear system of the original ULA 

is bifurcated into two smaller linear systems of the VULAs. Henceforth, traditional adaptive beamformers such 

as the minimum-variance-distortionless-response (MVDR) beamformer may be obtained for each of the VULAs, 

using lesser data to estimate the statistics. The short-length beamformers, obtained from the VULAs, are finally 

combined by the Kronecker product to derive the full-length Kronecker product beamformer. Additionally, the 

VULAs allow fixed and adaptive beamforming to be implemented separately on each of them. As fixed beam- 

formers do not employ statistical information, the Kronecker product hybrid beamformers reduce the original 

linear system to just a small linear system involving one VULA. Accordingly, hybrid beamformers may be im- 

plemented using traditional fixed beamformers, such as the delay-and-sum (DS) beamformer, on one VULA, and 

traditional adaptive beamformers, such as the MVDR, on the other. The proposed Kronecker product beamformers 

are observed to provide faster convergence and superior robustness with respect to the traditional beamformers. 
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. Introduction 

B eamforming is the task of conserving a signal received by an ar-
ay of sensors from a particular direction and source while trying to
ttenuate the interferences and noise-signals impinging on it from other
irections and sources ( Van Veen and Buckley, 1988; Wang, 2009; Ben-
sty et al., 2017 ). It involves applying a filter to the data received by
he sensor array, resulting in a signal which is an accurate estimate
f the signal-of-interest (SOI) impinging from the particular direction
 Van Veen and Buckley, 1988; Wang, 2009; Benesty et al., 2017 ). One
ay of doing so is to design a filter based solely on the knowledge of

he direction-of-arrival (DOA) of the SOI, and sometimes also the DOAs
f the interferences - this is called fixed beamforming ( Benesty et al.,
017 ). A more robust way, additionally, involves utilizing the knowl-
dge of the statistics of the data. Such a method is called adaptive
eamforming ( Wang, 2009; Benesty et al., 2017; Benesty and Huang,
013; Chandran, 2013 ). When the DOA of the SOI is known, and there
s a limited effect of interference, a fixed beamformer is a very useful
nd efficient solution. As, in reality, such situations seldom exist, adap-
ive beamformers are a more sensible option. Over the years, a plethora
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167-6393/© 2020 Elsevier B.V. All rights reserved. 
f fixed and adaptive beamformers have been developed, out of which
he delay-and-sum (DS) and minimum-variance-distortionless-response
MVDR) beamformers are well-appreciated, and are utilized in this work
 Benesty et al., 2017 ). 

As is apparent, the performance of both fixed and adaptive beam-
ormers depend on the accuracy of the DOA estimate. An adaptive beam-
ormer also depends on the accuracy of the estimated data-statistics.
herefore, there has always been a lot of focus on improving the per-
ormances of beamformers based on the better estimation of the steer-
ng vector and (or) quicker and more accurate tracking of the second-
rder statistics of the data ( Reed et al., 1974; Asl and Mahloojifar,
012; Zaharis and Yioultsis, 2011; Asl and Mahloojifar, 2010; Zhang
t al., 2016; Feng et al., 2018; Landau et al., 2014; Jia et al., 2013;
u and Leshem, 2012; Gu et al., 2014; Khabbazibasmenj et al., 2012;
ang et al., 2017; Ke et al., 2017; Yuan and Gan, 2017; Huang et al.,
015; Liao et al., 2017 ). Concurrently, recent technological advance-
ents are driving the ever-evolving design of high-density sensor arrays,

onsisting of a large number of sensors, to obtain better performances
 Weinstein et al., 2007 ). Such developments have brought the challenge
f accurately estimating the second-order statistics from limited data,
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Fig. 1. An ULA of M sensors, on which a discrete-time SOI, x ( t ), impinges upon 

at DOA, 𝜃d . The inter-sensor distance is denoted by 𝛿. The combined effect of 

interferences and sensor-noise at the m th sensor is denoted by v m ( t ), and y m ( t ) 

denotes the final signal detected at the sensor. 
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2 In signal processing, a stationary signal is one whose frequency (Fourier) 

spectrum does not vary with time. In practice, if the frequency spectrum of a 

segment/frame/snapshot of a signal is found to differ significantly from that of 

its another segment, the signal is deemed non-stationary. Consider that all the 

signals sensed/detected by the array are perfectly stationary. Then, the statistics 

of the data, in the frequency domain, such as its covariance and correlation 

matrices, will be the same for any data segment. In practice, this means that 

we can average the statistics of the data segments to obtain the true statistics. 
nd processing such information efficiently. These challenges have led
o innovative refinements of conventional adaptive algorithms used for
fficient implementation of beamforming filters, the popular ones being
he multi-stage wiener (MSW), reduced-rank linearly constrained mini-
um variance (RRLCMV), and their widely-linear variants ( Wang, 2009;
onig and Goldstein, 2002; Burykh and Abed-Meraim, 2002; Santos and
oltowski, 2004; De Lamare and Sampaio-Neto, 2007; de Lamare et al.,
010; Chevalier and Blin, 2007; Chevalier et al., 2009; Song et al., 2014;
heng et al., 2018 ). 

It is worthwhile noting that this work is not another refinement of
daptive filtering algorithms. Rather, this work provides a theoretical
ramework to tackle the above-mentioned challenges at a higher level
f abstraction, i.e., in the beamformer/filter design level. In this work,
e propose a methodology to mathematically separate a large array of

ensors into two smaller arrays using the Kronecker product ( Van Loan,
000; Schäcke, 2013 ). Henceforth, we propose the methodology to ob-
ain new beamformers for the original array by combining the tradi-
ional beamformers of the smaller sub-arrays. The practical implemen-
ation of the proposed beamformers may be carried out using suitable
daptive algorithms, or new algorithms (based on RLS, LMS, etc.) may
e developed that is more suitable for our proposed framework of beam-
orming. That is not the scope of this work, and may be dealt with sepa-
ately. As such, this work must not be confused or compared with adap-
ive filtering algorithms such as the MSW, RRLCMV, etc. 

Using the traditional MVDR and DS beamformers as examples, we
how how to utilize the proposed theoretical framework to make beam-
orming for large arrays more efficient and effective. As will be illus-
rated in this work, the proposed variants of traditional frequency do-
ain beamformers are more robust to unstable/erroneous estimates of

he data-statistics and various levels of interferences. It is assumed that
he DOA of the SOI is known. The interferences are broadband noise sig-
als taken from the NOISEX-92 database ( Varga and Steeneken, 1993 ),
nd the noise in the sensors are considered as Gaussian white noise sig-
als. Inspired by our recent works ( Cohen et al., 2019; Yang et al., 2019 )
sing the Kronecker product in differential (fixed) beamforming, this
ork experiments the utility of the same in adaptive beamforming. The

ramework also allows the combination of fixed and adaptive beam-
orming to generate hybrid beamformers. Uniform linear arrays (ULAs)
 Wang, 2009; Benesty et al., 2017; Benesty and Huang, 2013; Chandran,
013 ) are used in our study. 

At this juncture, we must also note that adaptive beamforming has
enerally been implemented on narrowband modulated signals used
n communication technologies ( Wang, 2009; Honig and Goldstein,
002; Burykh and Abed-Meraim, 2002; Santos and Zoltowski, 2004;
e Lamare and Sampaio-Neto, 2007; de Lamare et al., 2010; Cheva-

ier and Blin, 2007; Chevalier et al., 2009; Song et al., 2014; Zheng
t al., 2018 ). Such signals are near-sinusoids and quasi-stationary in na-
ure, and hence time-domain beamforming is suitable. However, in the
ase of non-stationary broadband signals like speech, frequency domain
eamforming may be more relevant ( Benesty et al., 2018; 2008a; Ming
hang and Er, 1995 ). Moreover, while traditionally microphone array
eamforming has been confined to near-field applications ( Brandstein
nd Ward, 2013; Ryan and Goubran, 1997; Thomas et al., 2017 ), the de-
elopments in sensor technology now enable us to employ large micro-
hone arrays in far-field applications, such as surveillance in crowded
nvironments, trading in large open halls, and other distant speech and
peaker recognition tasks ( Kumatani et al., 2012; Taghizadeh et al.,
012; AlShehhi et al., 2017 ). This work is devoted to beamforming for
uch evolving and futuristic applications. 

The rest of this work is organized as follows: Section 2 for-
ulates the beamforming problem, the various statistical and non-

tatistical metrics, and presents the traditional DS and MVDR beam-
ormers. Section 3 describes the Kronecker product based beamform-
ng methodology. Section 4 presents the experimental results, and com-
ares the proposed beamformers with their traditional counterparts.
ection 5 summarizes and concludes this work. 
I

43 
. Signal model and conventional filters 

We consider an arbitrary ULA of M sensors, as shown in Fig. 1 , with
he sensors located at arbitrary positions denoted by { 𝛿𝑚 = ( 𝑚 − 1) 𝛿 ∶
 = 1 , 2 , … , 𝑀} , where 𝛿 is the inter-sensor distance. A discrete-time
OI, x ( t ), where t denotes the discrete-time index, impinges on the ULA
s a plane-wave in the far-field, traveling at the velocity of sound, c ,
hrough the medium. Similarly, K independent interferences, { 𝑢 𝑘 ( 𝑡 ) ∶
 = 1 , 2 , … , 𝐾} , impinge on the ULA. We consider the DOA of the SOI
s 𝜃d , and the DOAs of the interferences as { 𝜃𝑘 ∶ 𝑘 = 1 , 2 , … , 𝐾} . Each
f the M sensors are afflicted with their own thermal noise, denoted by
 𝑤 𝑚 ( 𝑡 ) ∶ 𝑚 = 1 , 2 , … , 𝑀} . In this work, all signals are assumed to have
ero statistical means, and x ( t ), u k ( t ), w m 

( t ) ∀ k , m are uncorrelated. The
nterferences are considered as IID broadband signals, and so are the
ensor-noise signals. The signals are sampled (sensed/detected) at the
ensors at a sampling-frequency of 𝐹 𝑠 (= 1∕ 𝑇 𝑠 ) . In the case of frequency
omain beamforming, the data is processed in small blocks of samples,
alled frames or snapshots. Thus, the data sensed at the m th sensor,
orresponding to the r th snapshot, may be represented as 

𝑦 𝑚 ( 𝑡, 𝑟 ) = 𝑥 𝑚 ( 𝑡, 𝑟 ) + 𝑣 𝑚 ( 𝑡, 𝑟 ) 𝑚 = 1 , 2 , … , 𝑀, 

𝑣 𝑚 ( 𝑡, 𝑟 ) = 

𝐾 ∑
𝑘 =1 

𝑢 𝑘,𝑚 ( 𝑡, 𝑟 ) + 𝑤 𝑚 ( 𝑡, 𝑟 ) , 

𝑥 𝑚 ( 𝑡, 𝑟 ) = 𝑥 

( 

𝑡 − 

𝛿𝑚 cos 𝜃𝑑 
𝑐𝑇 𝑠 

, 𝑟 

) 

, 

 𝑘,𝑚 ( 𝑡, 𝑟 ) = 𝑢 𝑘 

( 

𝑡 − 

𝛿𝑚 cos 𝜃𝑘 
𝑐𝑇 𝑠 

, 𝑟 

) 

. (1) 

One must note in the last two eqnarrays of (1) that the time-delays
ay not be integers. As such, the discrete-time signals at the sensors are
ot merely sample-shifted versions of one another. The discrete-time
ignals are sampled versions of the continuous-time signals impinging
n the ULA. As such, if the SOI and/or interferences are non-stationary 2 
f only certain signals of the overall data are stationary, then, under certain 
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ignals, then, for any given snapshot, the data received at two distant
ensors may have very different characteristics. Henceforth, the array
ize, ( 𝑀 − 1) 𝛿, must be limited to maintain significant coherence among
he data received (for any given snapshot) by the sensors. Under these
onditions, the data pertaining to the r th snapshot may be represented
n the time-frequency domain by short-time Fourier Transform (STFT)
s 

𝑌 𝑚 ( 𝑓, 𝑟 ) = 𝑋 𝑚 ( 𝑓, 𝑟 ) + 𝑉 𝑚 ( 𝑓, 𝑟 ) , 

𝑉 𝑚 ( 𝑓, 𝑟 ) = 

𝐾 ∑
𝑘 =1 

𝑈 𝑘,𝑚 ( 𝑓, 𝑟 ) + 𝑊 𝑚 ( 𝑓, 𝑟 ) , 

𝑋 𝑚 ( 𝑓, 𝑟 ) = exp 
( 

− 𝑗2 𝜋𝑓 
𝛿𝑚 cos 𝜃𝑑 
𝑐 𝑇 𝑠 

) 

𝑋( 𝑓, 𝑟 ) 

𝑋 𝑚 ( 𝑓, 𝑟 ) = 𝑑 𝜃d ,𝑚 
( 𝑓 ) 𝑋( 𝑓 , 𝑟 ) , 

 𝑘,𝑚 ( 𝑓, 𝑟 ) = exp 
( 

− 𝑗2 𝜋𝑓 
𝛿𝑚 cos 𝜃𝑘 
𝑐 𝑇 𝑠 

) 

𝑈 𝑘 ( 𝑓, 𝑟 ) 

= 𝑑 𝜃𝑘 ,𝑚 
( 𝑓 ) 𝑈 𝑘 ( 𝑓 , 𝑟 ) . (2)

Now, the data received across all the M sensors, at any frequency, f ,
nd snapshot, r , may be represented as 

𝐲( 𝑓, 𝑟 ) = [ 𝑌 1 ( 𝑓, 𝑟 ) , … , 𝑌 𝑚 ( 𝑓, 𝑟 ) , … , 𝑌 𝑀 

( 𝑓, 𝑟 ) ] 𝑇 

= 𝐱( 𝑓, 𝑟 ) + 𝐯 ( 𝑓, 𝑟 ) , 
𝐱( 𝑓, 𝑟 ) = 𝐝 𝜃d ( 𝑓 ) 𝑋( 𝑓 , 𝑟 ) , 

𝐯 ( 𝑓, 𝑟 ) = 

𝐾 ∑
𝑘 =1 

𝐮 𝑘 ( 𝑓, 𝑟 ) + 𝐰 ( 𝑓, 𝑟 ) 

= 

𝐾 ∑
𝑘 =1 

𝐝 𝜃𝑘 ( 𝑓 ) 𝑈 𝑘 ( 𝑓 , 𝑟 ) + 𝐰 ( 𝑓, 𝑟 ) , 

𝐝 𝜃d ( 𝑓 ) = [ 1 … 𝑑 𝜃d ,𝑚 
( 𝑓 ) … 𝑑 𝜃d ,𝑀 

( 𝑓 ) ] 𝑇 , 

 𝜃𝑘 
( 𝑓 ) = [ 1 … 𝑑 𝜃𝑘 ,𝑚 

( 𝑓 ) … 𝑑 𝜃𝑘 ,𝑀 

( 𝑓 ) ] 𝑇 . (3)

In (3) , y ( f, r ) represents the M -dimensional data sensed by the M -
omponent sensor array. Similarly, x ( f, r ), v ( f, r ), u ( f, r ), u k ( f, r ), and w ( f,
 ) are M -dimensional vectors representing the respective components
f the data across the sensor array. Again, 𝐝 𝜃d ( 𝑓 ) and 𝐝 𝜃𝑘 ( 𝑓 ) represent
he M -dimensional steering vectors of the SOI and the k th interference,
espectively. 

The objective of beamforming is to apply an M -dimensional filter,
 ( f, r ), on the data-vector, y ( f, r ), so as to obtain a signal, Z ( f, r ) ≈ X ( f,
 ). 

𝑍( 𝑓, 𝑟 ) = 𝐡 𝐻 ( 𝑓 , 𝑟 ) 𝐲( 𝑓 , 𝑟 ) = 𝑋 fd ( 𝑓, 𝑟 ) + 𝑉 rn ( 𝑓, 𝑟 ) , 

 fd ( 𝑓, 𝑟 ) = 𝐡 𝐻 ( 𝑓 , 𝑟 ) 𝐝 𝜃d ( 𝑓 ) 𝑋( 𝑓 , 𝑟 ) , 

𝑉 rn ( 𝑓, 𝑟 ) = 𝐡 𝐻 ( 𝑓 , 𝑟 ) 𝐯 ( 𝑓 , 𝑟 ) . (4)

n (4) , X fd ( f, r ) and V rn ( f, r ) represent the filtered-desired and the
esidual-noise signal, respectively. Ideally, one would want 𝑉 rn ( 𝑓, 𝑟 ) = 0 ,
hile obtaining a distortionless estimate, i.e., 𝐡 𝐻 ( 𝑓 , 𝑟 ) 𝐝 𝜃d ( 𝑓 ) = 1 . The

ime-domain output, after beamforming, is obtained by applying Inverse
FT on the frequency domain output, Z ( f, r ), followed by Overlap and
dd (OLA) method ( Benesty et al., 2008b; 2017 ) to stitch together the
amples of consecutive snapshots: 

𝑧 ( 𝑡, 𝑟 ) ⟷ 𝑍( 𝑓, 𝑟 ) 

𝑧 ( 𝑡 ) = 

∑
𝑟 

𝑧 ( 𝑡, 𝑟 ) using OLA . (5)

The variance of the output, Z ( f, r ), is given by 

𝜙𝑍 ( 𝑓, 𝑟 ) = 𝐸{ |𝑍( 𝑓, 𝑟 ) |2 } = 𝐡 𝐻 ( 𝑓, 𝑟 ) 𝚽𝐲 ( 𝑓, 𝑟 ) 𝐡 ( 𝑓, 𝑟 ) 
ircumstances, we may be able to obtain the true statistics of only those signals 

y averaging. 

44 
= 𝜙𝑋 fd 
( 𝑓, 𝑟 ) + 𝜙𝑉 rn 

( 𝑓, 𝑟 ) , 

𝑋 fd 
( 𝑓, 𝑟 ) = 𝐸{ |𝑋 fd ( 𝑓, 𝑟 ) |2 } 

= 𝐡 𝐻 ( 𝑓 , 𝑟 ) 𝐝 𝜃d ( 𝑓 ) 𝜙𝑋 ( 𝑓 , 𝑟 ) 𝐝 
𝐻 
𝜃d 
( 𝑓 ) 𝐡 ( 𝑓 , 𝑟 ) , 

𝜙𝑋 ( 𝑓, 𝑟 ) = 𝐸 

{|𝑋( 𝑓, 𝑟 ) |2 }, 
𝜙𝑉 rn 

( 𝑓, 𝑟 ) = 𝐸{ |𝑉 rn ( 𝑓, 𝑟 ) |2 } 
= 𝐡 𝐻 ( 𝑓 , 𝑟 ) 𝚽𝐯 ( 𝑓 , 𝑟 ) 𝐡 ( 𝑓 , 𝑟 ) . (6) 

In (6) , 𝜙𝑋 fd ( 𝑓, 𝑟 ) , 𝜙𝑉 rn ( 𝑓, 𝑟 ) , and 𝜙X ( f, r ) represent the variances of
he filtered-desired signal, the residual-noise signal, and the SOI, respec-
ively. Similarly, 𝚽v ( f, r ) and 𝚽y ( f, r ) represent the M × M covariance-
atrices of the disturbances (interferences plus sensor-noises), and the
ata, respectively. They are obtained as 

𝚽𝐯 ( 𝑓, 𝑟 ) = 𝐸 

{
𝐯 ( 𝑓 , 𝑟 ) 𝐯 𝐻 ( 𝑓 , 𝑟 ) 

}
= 

𝐾 ∑
𝑘 =1 

𝚽𝐮 𝑘 ( 𝑓, 𝑟 ) + 𝚽𝐰 ( 𝑓, 𝑟 ) , 

𝐮 𝑘 ( 𝑓, 𝑟 ) = 𝐸 

[
𝐮 𝑘 ( 𝑓 , 𝑟 ) 𝐮 𝐻 𝑘 ( 𝑓 , 𝑟 ) 

]
= 𝐝 𝜃𝑘 ( 𝑓 ) 𝜙𝑈 𝑘 ( 𝑓 , 𝑟 ) 𝐝 

𝐻 
𝜃𝑘 
( 𝑓 ) , 

𝜙𝑈 𝑘 
( 𝑓, 𝑟 ) = 𝐸{ |𝑈 𝑘 ( 𝑓, 𝑟 ) |2 } , 

𝚽𝐰 ( 𝑓, 𝑟 ) = 𝐸 

{
𝐰 ( 𝑓 , 𝑟 ) 𝐰 

𝐻 ( 𝑓 , 𝑟 ) 
}
, 

𝚽𝐲 ( 𝑓, 𝑟 ) = 𝐸 

{
𝐲 ( 𝑓, 𝑟 ) 𝐲 𝐻 ( 𝑓, 𝑟 ) 

}
= 𝐝 𝜃d ( 𝑓 ) 𝜙𝑋 ( 𝑓 , 𝑟 ) 𝐝 

𝐻 
𝜃d 
( 𝑓 ) + 𝚽𝐯 ( 𝑓, 𝑟 ) . (7) 

If the signals are stationary 2 , their characteristics do not vary with
ime, and the variances and the covariances could be averaged over the
napshots to obtain reliable estimates of their true values. The variable,
 , then, may be dropped to represent the estimates of the true statistics.

.1. Performance measures 

If reliable estimates of the true statistics are available, then, various
tatistical measures could be evaluated for the performance evaluation
f the beamformers. One such essential statistical parameter is the mean-
quared-error (MSE), derived as, 

( 𝑓, 𝑟 ) = 𝑍( 𝑓, 𝑟 ) − 𝑋( 𝑓, 𝑟 ) =  d ( 𝑓, 𝑟 ) +  𝑛 ( 𝑓, 𝑟 ) , 

 d ( 𝑓, 𝑟 ) = [ 𝐡 𝐻 ( 𝑓 , 𝑟 ) 𝐝 𝜃d ( 𝑓 ) − 1] 𝑋( 𝑓, 𝑟 ) , 

 𝑛 ( 𝑓, 𝑟 ) = 𝑉 rn ( 𝑓, 𝑟 ) = 𝐡 𝐻 ( 𝑓, 𝑟 ) 𝐯 ( 𝑓, 𝑟 ) , (8) 

nd 

 [ 𝐡 ( 𝑓 , 𝑟 )] = 𝐸 

{|( 𝑓, 𝑟 ) |2 }
= 𝜙𝑋 ( 𝑓 ) + 𝐡 𝐻 ( 𝑓, 𝑟 ) 𝚽𝐲 ( 𝑓 ) 𝐡 ( 𝑓, 𝑟 ) 

− 𝜙𝑋 ( 𝑓 ) 𝐡 𝐻 ( 𝑓 , 𝑟 ) 𝐝 𝜃d ( 𝑓 ) 

− 𝜙𝑋 ( 𝑓 ) 𝐝 𝐻 𝜃d ( 𝑓 ) 𝐡 ( 𝑓 , 𝑟 ) , 

𝐽 [ 𝐡 ( 𝑟 )] = 

∑
𝑓 

𝐽 [ 𝐡 ( 𝑓 , 𝑟 )] Δ𝑓 . (9) 

In (8) and (9) ,  d ( 𝑓, 𝑟 ) and  𝑛 ( 𝑓, 𝑟 ) = 𝑉 rn ( 𝑓, 𝑟 ) represent the desired-
ignal-distortion and the residual-noise, respectively, after filtering.
 [ h ( f, r )] and J [ h ( r )] represent the narrowband and broadband MSE,
espectively. Δf represents the frequency resolution of the STFT. The
arrowband MSE may also be represented as 

𝐽 [ 𝐡 ( 𝑓 , 𝑟 )] = 𝐽 𝑑 [ 𝐡 ( 𝑓, 𝑟 )] + 𝐽 𝑛 [ 𝐡 ( 𝑓, 𝑟 )] , 
 𝑑 [ 𝐡 ( 𝑓, 𝑟 )] = 𝐸 

{| d ( 𝑓, 𝑟 ) |2 }
= 𝜙𝑋 ( 𝑓 ) |𝐡 𝐻 ( 𝑓 , 𝑟 ) 𝐝 𝜃d ( 𝑓 ) − 1 |2 , 

𝐽 𝑛 [ 𝐡 ( 𝑓, 𝑟 )] = 𝐸 

{| 𝑛 ( 𝑓, 𝑟 ) |2 }
= 𝐡 𝐻 ( 𝑓 , 𝑟 ) 𝚽 ( 𝑓 ) 𝐡 ( 𝑓 , 𝑟 ) . (10) 
𝐯 
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3 In this section, for notational simplicity, we drop the variables within brack- 

ets, f and r , in representing the various parameters. Again, the variables with 

subscript 1 and 2 would be utilized in the context of the two VULAs. 
The narrowband and broadband input signal-to-interference-ratios
iSIRs), input signal-to-noise-ratios (iSNRs), and input signal-to-
nterference-plus-noise-ratios (iSINRs) are computed at the first sensor,
nd given by 

SIR ( 𝑓 ) = 

𝜙𝑋 ( 𝑓 ) 
𝜙𝑈 ( 𝑓 ) 

, 

𝜙𝑈 ( 𝑓 ) = 𝐸 

{|𝑈 ( 𝑓, 𝑟 ) |2 } = 

𝐾 ∑
𝑘 =1 

𝐸 

{|𝑈 𝑘 ( 𝑓, 𝑟 ) |2 }, 
iSIR = 

∑
𝑓 𝜙𝑋 ( 𝑓 ) Δ𝑓 ∑
𝑓 𝜙𝑈 ( 𝑓 ) Δ𝑓 

= 

𝐸 

{
𝑥 2 ( 𝑡 ) 

}
∑𝐾 

𝑘 =1 𝐸 

{
𝑢 2 
𝑘 
( 𝑡 ) 
} , (11) 

nd 

SNR ( 𝑓 ) = 

𝜙𝑋 ( 𝑓 ) 
𝜙𝑊 1 

( 𝑓 ) 
= 

𝜙𝑋 ( 𝑓 ) 
𝐸 

{|𝑊 1 ( 𝑓, 𝑟 ) |2 } , 
iSNR = 

∑
𝑓 𝜙𝑋 ( 𝑓 ) Δ𝑓 ∑
𝑓 𝜙𝑊 1 

( 𝑓 ) Δ𝑓 
= 

𝐸 

{
𝑥 2 ( 𝑡 ) 

}
𝐸 

{
𝑤 

2 
1 ( 𝑡 ) 

} , (12) 

nd 

SINR ( 𝑓 ) = 

𝜙𝑋 ( 𝑓 ) 
𝜙𝑉 1 

( 𝑓 ) 
= 

𝜙𝑋 ( 𝑓 ) 
𝐸 

{|𝑉 1 ( 𝑓, 𝑟 ) |2 } , 
iSINR = 

∑
𝑓 𝜙𝑋 ( 𝑓 ) Δ𝑓 ∑
𝑓 𝜙𝑉 1 

( 𝑓 ) Δ𝑓 
= 

𝐸 

{
𝑥 2 ( 𝑡 ) 

}
𝐸 

{
𝑣 2 1 ( 𝑡 ) 

}
= 

𝐸 

{
𝑥 2 ( 𝑡 ) 

}
𝐸 

{
𝑤 

2 
1 ( 𝑡 ) 

}
+ 

∑𝐾 

𝑘 =1 𝐸 

{
𝑢 2 
𝑘 
( 𝑡 ) 
} . (13) 

The narrowband and broadband output signal-to-interference-plus-
oise-ratios (oSINRs) are given by 

SINR [ 𝐡 ( 𝑓, 𝑟 )] = 

𝐸 

{|𝑋 fd ( 𝑓, 𝑟 ) |2 }
𝐸 

{|𝑉 rn ( 𝑓, 𝑟 ) |2 }
= 

𝜙𝑋 ( 𝑓 ) |𝐡 𝐻 ( 𝑓 , 𝑟 ) 𝐝 𝜃d ( 𝑓 ) |2 
𝐡 𝐻 ( 𝑓 , 𝑟 ) 𝚽𝐯 ( 𝑓 ) 𝐡 ( 𝑓 , 𝑟 ) 

, 

oSINR [ 𝐡 ( 𝑟 )] = 

∑
𝑓 𝜙𝑋 ( 𝑓 ) |𝐡 𝐻 ( 𝑓 , 𝑟 ) 𝐝 𝜃d ( 𝑓 ) |2 Δ𝑓 ∑
𝑓 𝐡 𝐻 ( 𝑓 , 𝑟 ) 𝚽𝐯 ( 𝑓 ) 𝐡 ( 𝑓 , 𝑟 ) Δ𝑓 

. (14) 

he narrowband and broadband gains are obtained as 

[ 𝐡 ( 𝑓 , 𝑟 )] = 

oSINR [ 𝐡 ( 𝑓 , 𝑟 )] 
iSINR ( 𝑓 ) 

𝐺[ 𝐡 ( 𝑟 )] = 

oSINR [ 𝐡 ( 𝑟 )] 
iSINR 

. (15)

Apart from the aforementioned statistical measures, the beampattern
ill be used in this work. The beampattern of a beamformer represents

ts sensitivity to a plane wave impinging on the array at any arbitrary
irection, 𝜃. It is defined as 

𝜃[ 𝐡 ( 𝑓, 𝑟 )] = 

|𝐝 𝐻 
𝜃
( 𝑓 ) 𝐡 ( 𝑓 , 𝑟 ) |

max 𝜃 |𝐝 𝐻 𝜃 ( 𝑓 ) 𝐡 ( 𝑓 , 𝑟 ) | , 
𝛽𝜃[ 𝐡 ( 𝑓 )] = 

∑
𝑟 𝛽𝜃[ 𝐡 ( 𝑓, 𝑟 )] 

max 𝜃
∑
𝑟 𝛽𝜃[ 𝐡 ( 𝑓, 𝑟 )] 

. (16) 

.2. DS Beamformer 

Irrespective of whether the true statistics is available, the narrow-
and gain may be expressed (not evaluated) as 

[ 𝐡 ( 𝑓, 𝑟 )] = 

|𝐡 𝐻 ( 𝑓 , 𝑟 ) 𝐝 𝜃d ( 𝑓 ) |2 
𝐡 𝐻 ( 𝑓 , 𝑟 ) 𝚪𝐯 ( 𝑓 , 𝑟 ) 𝐡 ( 𝑓 , 𝑟 ) 

, 

𝚽𝐯 ( 𝑓, 𝑟 ) = 𝜙𝑉 1 
( 𝑓 , 𝑟 ) 𝚪𝐯 ( 𝑓 , 𝑟 ) . (17) 

et us consider, 𝚪𝐯 ( 𝑓, 𝑟 ) = 𝐈 𝑀 

, where I M 

is an M × M identity matrix.
hen, we obtain the narrowband white-noise-gain (WNG) as 

NG [ 𝐡 ( 𝑓 , 𝑟 )] = 

|𝐡 𝐻 ( 𝑓 , 𝑟 ) 𝐝 𝜃d ( 𝑓 ) |2 
𝐡 𝐻 ( 𝑓 , 𝑟 ) 𝐡 ( 𝑓 , 𝑟 ) 

. (18)
45 
One may note that the narrowband WNG is devoid of any statistical
arameters. Maximizing the narrowband WNG subject to the distortion-
ess criteria provides us with the DS beamformer, given by 

in 𝐡 ( 𝑓 ,𝑟 ) 𝐡 𝐻 ( 𝑓 , 𝑟 ) 𝐡 ( 𝑓 , 𝑟 ) s . t. 𝐡 𝐻 ( 𝑓 , 𝑟 ) 𝐝 𝜃d ( 𝑓 ) = 1 , 

𝐡 ( 𝑓, 𝑟 ) = 

𝐝 𝜃d ( 𝑓 ) 
𝑀 

= 𝐡 ( 𝑓 ) . 
(19) 

.3. MVDR Beamformer 

The MVDR beamformer is an adaptive beamformer which attempts
o minimize the variance of the residual-noise, 𝜙𝑉 rn ( 𝑓, 𝑟 ) , while attempt-
ng to recover the SOI without distortion. As (6) shows, this is equiva-
ent to minimizing the variance of the final output, 𝜙Z ( f, r ), subject to
he distortionless criteria: 

min 𝐡 ( 𝑓 ,𝑟 ) 𝜙𝑉 rn ( 𝑓 , 𝑟 ) s . t. 𝐡 
𝐻 ( 𝑓 , 𝑟 ) 𝐝 𝜃d ( 𝑓 ) = 1 , 

 ( 𝑓, 𝑟 ) = 

𝚽𝐯 
−1 ( 𝑓 ,𝑟 ) 𝐝 𝜃d ( 𝑓 ) 

𝐝 𝐻 
𝜃d 
( 𝑓 ) 𝚽𝐯 

−1 ( 𝑓 ,𝑟 ) 𝐝 𝜃d ( 𝑓 ) 
, 

(20) 

nd 

min 𝐡 ( 𝑓 ,𝑟 ) 𝜙𝑍 ( 𝑓 , 𝑟 ) s . t. 𝐡 𝐻 ( 𝑓 , 𝑟 ) 𝐝 𝜃d ( 𝑓 ) = 1 , 

 ( 𝑓, 𝑟 ) = 

𝚽𝐲 
−1 ( 𝑓 ,𝑟 ) 𝐝 𝜃d ( 𝑓 ) 

𝐝 𝐻 
𝜃d 
( 𝑓 ) 𝚽𝐲 

−1 ( 𝑓 ,𝑟 ) 𝐝 𝜃d ( 𝑓 ) 
. 

(21) 

f the SOI, interferences and sensor-noises are all stationary, i.e., the data
s stationary, then, reliable estimates of 𝚽y ( f, r ) may be obtained by av-
raging over preceding snapshots. Then, (21) is the prudent choice. If,
owever, the SOI is non-stationary, while the interferences and sensor-
oises are stationary, then, reliable estimates of 𝚽v ( f, r ) have to be de-
ived, and (20) has to be implemented. 

. Kronecker product beamforming 3 

3 It is obvious from (20) and (21) that the performance of the MVDR
eamformer depends significantly on the accuracy of the M -dimensional
quare covariance matrix, 𝚽v ( f, r ) or 𝚽y ( f, r ). As the number of sensors,
 , increases, more data is required to reliably estimate such matrices. If

he M -dimensional linear system could be efficiently represented by one
r more lower-dimensional systems, there could be improvements in the
onvergence and robustness of the MVDR beamformer. In this context,
e visualize the original ULA as being constituted of two virtual ULAs

VULAs), as depicted in Fig. 2 . One of the VULAs is comprized of M 1 

ensors, and the other of M 2 sensors, such that 𝑀 = 𝑀 1 𝑀 2 . The second
ULA has the same inter-sensor distance, 𝛿2 = 𝛿, as the original ULA,
hereas the first VULA has an inter-sensor distance of 𝛿1 = 𝑀 2 𝛿. Thus,

he original ULA may be visualized as the periodic replication of the
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econd VULA at positions defined by the first VULA. The sensor positions
ay be represented as 

𝛿𝑚 = ( 𝑚 − 1) 𝛿, 𝑚 = 1 , 2 , … , 𝑀 = 𝑀 1 𝑀 2 , 

1 ,𝑝 = ( 𝑝 − 1) 𝛿1 = ( 𝑝 − 1) 𝑀 2 𝛿, 𝑝 = 1 , 2 , … , 𝑀 1 , 

2 ,𝑞 = ( 𝑞 − 1) 𝛿2 = ( 𝑞 − 1) 𝛿, 𝑞 = 1 , 2 , … , 𝑀 2 , 

𝛿𝑚 = 𝛿( 𝑝 −1) 𝑀 2 + 𝑞 = 𝛿1 ,𝑝 + 𝛿2 ,𝑞 . (22)

The steering vector (for the SOI) of the original ULA may be now
epresented in terms of the steering vectors of the VULAs: 

𝐝 𝜃d = 𝐝 1 ,𝜃d ⊗ 𝐝 2 ,𝜃d 

 1 ,𝜃d ,𝑝 = exp 
( 

− 𝑗2 𝜋𝑓 
𝛿1 ,𝑝 cos 𝜃𝑑 
𝑐 𝑇 𝑠 

) 

, 1 ≤ 𝑝 ≤ 𝑀 1 , 

 2 ,𝜃d ,𝑞 = exp 
( 

− 𝑗2 𝜋𝑓 
𝛿2 ,𝑞 cos 𝜃𝑑 
𝑐 𝑇 𝑠 

) 

, 1 ≤ 𝑞 ≤ 𝑀 2 . (23)

n (23) , the symbol ⊗ represents the Kronecker product. 𝐝 1 ,𝜃d and 𝐝 2 ,𝜃d 
re steering vectors (of lengths M 1 and M 2 respectively) of the two VU-
As, and 𝐝 𝜃d is the steering vector (of length 𝑀 = 𝑀 1 𝑀 2 ) of the ULA.
enceforth, 𝑑 1 ,𝜃d ,𝑝 and 𝑑 2 ,𝜃d ,𝑞 represent the elements of the virtual steer-

ng vectors. 
Our objective, now, is to derive two separate filters (of lengths M 1 

nd M 2 respectively) from the two VULAs, which can be used to derive
he final filter (of length 𝑀 = 𝑀 1 𝑀 2 ). Assuming that two such virtual
lters, h 1 and h 2 , exist, we have 

 = 𝐡 1 ⊗ 𝐡 2 
= ( 𝐡 1 ⊗ 𝐈 𝑀 2 

) 𝐡 2 = ( 𝐈 𝑀 1 
⊗ 𝐡 2 ) 𝐡 1 . (24)

n (24) , 𝐈 𝑀 1 
and 𝐈 𝑀 2 

are square identity matrices of size M 1 and M 2 ,
espectively. The distortionless constraint and narrowband WNG of the
riginal ULA may, now, be factorized as: 

 

𝐻 𝐝 𝜃d = ( 𝐡 1 ⊗ 𝐡 2 ) 𝐻 ( 𝐝 1 ,𝜃d ⊗ 𝐝 2 ,𝜃d ) 

= ( 𝐡 𝐻 1 𝐝 1 ,𝜃d )( 𝐡 
𝐻 
2 𝐝 2 ,𝜃d ) = 1 , (25)

NG = 

|𝐡 𝐻 𝐝 𝜃d |2 
𝐡 𝐻 𝐡 

= 

|𝐡 𝐻 1 𝐝 1 ,𝜃d |2 
𝐡 𝐻 1 𝐡 1 

×
|𝐡 𝐻 2 𝐝 2 ,𝜃d |2 

𝐡 𝐻 2 𝐡 2 
= WNG 1 ×WNG 2 . (26)

Using (23) and (24) , the variances of the residual-noise and the final
utput may be represented as 

𝜙𝑉 rn 
= 𝐡 𝐻 1 𝚽𝐯 , 2 𝐡 1 = 𝐡 𝐻 2 𝚽𝐯 , 1 𝐡 2 , 

𝐯 , 2 = ( 𝐈 𝑀 1 
⊗ 𝐡 2 ) 𝐻 𝚽𝐯 ( 𝐈 𝑀 1 

⊗ 𝐡 2 ) , 

𝐯 , 1 = ( 𝐡 1 ⊗ 𝐈 𝑀 2 
) 𝐻 𝚽𝐯 ( 𝐡 1 ⊗ 𝐈 𝑀 2 

) . (27)

𝜙𝑍 = 𝐡 𝐻 1 𝚽𝐲, 2 𝐡 1 = 𝐡 𝐻 2 𝚽𝐲, 1 𝐡 2 , 

𝐲, 2 = ( 𝐈 𝑀 1 
⊗ 𝐡 2 ) 𝐻 𝚽𝐲 ( 𝐈 𝑀 1 

⊗ 𝐡 2 ) , 

𝐲, 1 = ( 𝐡 1 ⊗ 𝐈 𝑀 2 
) 𝐻 𝚽𝐲 ( 𝐡 1 ⊗ 𝐈 𝑀 2 

) . (28)

.1. Kronecker product adaptive beamformer 

Consider h 2 exists, and 𝐡 𝐻 2 𝐝 2 ,𝜃d = 1 . Then, as is evident from (25) and
28) , the variance of the final output, and the distortionless constraint
ay be expressed as 

𝑍 [ 𝐡 1 |𝐡 2 ] = 𝐡 𝐻 1 𝚽𝐲, 2 𝐡 1 , 𝐡 𝐻 𝐝 𝜃d = 𝐡 𝐻 1 𝐝 1 ,𝜃d = 1 . (29)
46 
inimizing 𝜙Z [ h 1 | h 2 ] with respect to h 1 , subject to the distortonless
riteria, results in the MVDR beamformer for the first VULA. 

Similarly, if h 1 exists, and 𝐡 𝐻 1 𝐝 1 ,𝜃d = 1 , we have, 

𝑍 [ 𝐡 2 |𝐡 1 ] = 𝐡 𝐻 2 𝚽𝐲, 1 𝐡 2 , 𝐡 𝐻 𝐝 𝜃d = 𝐡 𝐻 2 𝐝 2 ,𝜃d = 1 . (30) 

inimizing 𝜙Z [ h 2 | h 1 ] with respect to h 2 , subject to the distortonless
riteria, results in the MVDR beamformer for the second VULA. Thus, we
ay formulate an iterative procedure to derive the Kronecker-product-
inimum-variance-distortionless-response (KP-MVDR) beamformer. 

It is evident that the second VULA is a sub-part of the ULA and con-
ists of its first M 2 sensors. Hence, we may, initially (and independently),
btain the MVDR beamformer from it, as 

𝐲 2 = 𝐸{ 𝐲 2 𝐲 𝐻 2 } , 𝐲 2 = [ 𝑌 1 , 𝑌 2 , … , 𝑌 𝑀 2 
] 𝑇 , 

𝐡 (0) 2 = 

𝚽−1 
𝐲 2 
𝐝 2 ,𝜃d 

𝐝 𝐻 2 ,𝜃d 
𝚽−1 

𝐲 2 
𝐝 2 ,𝜃d 

, [ 𝐡 (0) 2 ] 
𝐻 𝐝 2 ,𝜃d = 1 . (31) 

n the preceding eqnarray-set, 𝚽𝐲 2 is simply a square sub-matrix of 𝚽y ,
onsisting of its first M 2 rows and columns. 

Now, at any given iteration, 𝑛, 𝑛 ≥ 1 , 𝑛 ∈ ℤ , and starting with 𝑛 = 1 ,
e have 

min 𝐡 𝟏 ( 𝑛 ) 𝜙𝑍 [ 𝐡 
( 𝑛 ) 
1 |𝐡 ( 𝑛 −1) 2 ] s . t. [ 𝐡 ( 𝑛 ) 1 ] 

𝐻 𝐝 1 ,𝜃d = 1 , 

𝐡 ( 𝑛 ) 1 = 

[ 𝚽( 𝑛 −1) 
𝐲, 2 ] −1 𝐝 1 ,𝜃d 

𝐝 𝐻 1 ,𝜃d 
[ 𝚽( 𝑛 −1) 

𝐲, 2 ] −1 𝐝 1 ,𝜃d 
, (32) 

min 𝐡 ( 𝑛 ) 2 
𝜙𝑍 [ 𝐡 

( 𝑛 ) 
2 |𝐡 ( 𝑛 ) 1 ] s . t. [ 𝐡 

( 𝑛 ) 
2 ] 

𝐻 𝐝 2 ,𝜃d = 1 , 

𝐡 ( 𝑛 ) 2 = 

[ 𝚽( 𝑛 ) 
𝐲, 1 ] 

−1 𝐝 2 ,𝜃d 
𝐝 𝐻 2 ,𝜃d 

[ 𝚽( 𝑛 ) 
𝐲, 1 ] 

−1 𝐝 2 ,𝜃d 
. (33) 

The full-length KP-MVDR beamformer, after 𝑛 = 𝑁 iterations, is
iven by, 

 = 𝐡 ( 𝑁) 
1 ⊗ 𝐡 ( 𝑁) 

2 . (34) 

We must note that, in this subsection, we have only discussed the
P-MVDR beamformer based on minimizing 𝜙Z . The subject matter is
qually applicable for deriving the KP-MVDR beamformer based on min-
mizing 𝜙𝑉 rn , and the various mathematical expressions would simply
equire replacing the covariance matrices corresponding to the data ( y )
o those corresponding to the disturbances ( v ). 

.2. Hybrid beamformers 

The KP-MVDR beamformer, discussed in the preceding sub-section,
nly optimizes a single parameter, 𝜙Z , and thereby implements the same
lter on both the VULAs. However, it is possible to optimize two differ-
nt parameters, simultaneously, by implementing a different filter on
ach of the VULAs. Again, in the case of the KP-MVDR beamformer, the
 -dimensional linear system was reduced to two subsystems (of sizes
 1 and M 2 , respectively). By considering one of the filters as a fixed

eamformer, the adaptive beamforming problem is reduced to a single
ower dimensional ( M 1 or M 2 ) linear system. With this viewpoint, we
ombine the DS beamformer with the MVDR beamformer, to obtain two
ifferent hybrid beamformers. 

As is evident from (26) , the narrowband WNG of the ULA can be fac-
orized into the individual narrowband WNGs of the VULAs. Maximizing

NG 2 , similar to (19) , we obtain 

 2 = 

𝐝 2 ,𝜃d 
𝑀 2 

. (35) 

e may, now, minimize the variance of the final output under the dis-
ortionless criteria, using the first VULA: 

 1 = 

𝚽−1 
𝐲, 2 𝐝 1 ,𝜃d 

𝐝 𝐻 1 ,𝜃 𝚽−1 
𝐲, 2 𝐝 1 ,𝜃d 

. (36) 
d 
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Table 1 

DOAs of the SOI and Interferences. 

Signal x ( t ) u 1 ( t ) u 2 ( t ) u 3 ( t ) u 4 ( t ) 

DOA 70 o 20 o 160 o 30 o 140 o 
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Table 2 

Parameters of the synthetic speech SOI. 

F 0 (Hz) F 1 / B 1 (Hz) F 2 / B 2 (Hz) F 3 / B 3 (Hz) F 4 / B 4 (Hz) 

150 500 / 100 1500 / 200 2500 / 300 3500 / 400 
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he resulting filter, 𝐡 = 𝐡 1 ⊗ 𝐡 2 , may be termed as the Kronecker-
roduct-minimum-variance-distortionless-response-delay-and-sum (KP- 
VDR-DS) beamformer. 

Contrary to the KP-MVDR-DS beamformer, we could implement
he MVDR beamformer on the second VULA, after implementing the
S beamformer on the first VULA. This results in the Kronecker-
roduct-delay-and-sum-minimum-variance-distortionless-response (KP- 
S-MVDR) beamformer: 

 1 = 

𝐝 1 ,𝜃d 
𝑀 1 

, 𝐡 2 = 

𝚽−1 
𝐲, 1 𝐝 2 ,𝜃d 

𝐝 𝐻 2 ,𝜃d 
𝚽−1 

𝐲, 1 𝐝 2 ,𝜃d 
, 𝐡 = 𝐡 1 ⊗ 𝐡 2 . (37) 

Finally, one must note that only the MVDR beamformer based on
inimizing 𝜙Z has been implemented above. However, the KP-MVDR-
S and KP-DS-MVDR beamformers could also be obtained by utilizing

he MVDR beamformer based on minimizing 𝜙𝑉 rn . The expressions in
36) and (37) would simply require replacing the covariance matrices,

y ,1 and 𝚽y ,2 , to 𝚽v ,1 and 𝚽v ,2 , respectively. 

. Experimental performance 

In this section, we evaluate the performances of the proposed beam-
ormers in comparison with the conventional MVDR and DS beam-
ormers. It has been observed that the KP-MVDR beamformer saturates
apidly with respect to the number of iterations, N . Hence, 𝑁 = 5 will be
sed in this work for the KP-MVDR beamformer. For our experiments,
e utilize a speech signal as the SOI, and four noise signals, taken from

he NOISEX-92 database ( Varga and Steeneken, 1993 ), as interferences
of different variances corresponding to different iSIRs). Three types of
oise - white (flat-band), babble (low-frequency dominant), and hfchan-
el (high-frequency dominant) - are considered as interferences. The
OAs of the signals are presented in Table 1 . Further, all the sensors
re corrupted with zero mean IID Gaussian white noise signals, with the
SNR fixed at 10 dB. The experiments are first performed for stationary
ynthetic speech, and then extended to natural speech. 

In this work, we consider 𝑀 = 2 6 = 64 sensors in the ULA. The two
ULAs are composed of M 1 and M 2 sensors, respectively, such that: 

 1 = 2 𝑙 , 𝑀 2 = 2 log 2 ( 𝑀)− 𝑙 , ∀ 𝑙 = 1 , 2 , … , { log 2 ( 𝑀) − 1} . (38) 

he ULA is constructed by considering the inter-sensor distance as 𝛿 = 1
m. The data is sampled at a sampling-rate of 𝐹 𝑠 = 1∕ 𝑇 𝑠 = 8 kHz , and the
peed of sound is considered to be 𝑐 = 340 ms −1 . The data is processed
n snapshots or frames of 10 ms (80 samples), with a frameshift of 5 ms,
.e., there is 50 % overlap between any two consecutive snapshots. 

.1. Synthetic speech as the SOI 

We consider the SOI as a speech signal synthetically generated us-
ng the source-filter theory ( Rabiner and Schafer, 1978; 2007; Benesty
t al., 2008b; Sharma et al., 2017 ). Voiced speech (vowel-like sounds) is
roduced by the quasi-periodic vibration of the vocal cords, which ex-
ites a cascade of resonators representing the cavities of the vocal tract.
he pitch frequency of adult males is around 100 Hz, whereas that of
emales is around 200 Hz. Again, in general, for every 1000 Hz of the
requency spectrum of any natural speech signal, a resonance peak is
bserved. Henceforth, in our study, a neutral gender voiced speech sig-
al of 5 s duration is synthesized, at a sampling frequency of 𝐹 𝑠 = 8 kHz.
he pitch frequency ( F 0 ), resonant frequencies, { 𝐹 𝑘 ∶ 𝑘 = 1 , 2 , 3 , 4} , and
esonant bandwidths, { 𝐵 𝑘 ∶ 𝑘 = 1 , 2 , 3 , 4} , are listed in Table 2 . 

In this controlled experiment, since all the signals are stationary, we
ssume that (3) holds perfectly true. Thus, the SOI and interferences are
47 
equired to be generated only for the first sensor. The sensor-noises, of
ourse, need to be generated for all the sensors. The current statistics of
he data, at the r th frame or snapshot, is given by 

𝐲 ( 𝑓, 𝑟 ) = 

1 
𝑟 

𝑟 ∑
𝑘 =1 

𝐲 ( 𝑓, 𝑘 ) 𝐲 𝐻 ( 𝑓, 𝑘 ) 

= (1 − 

1 
𝑟 
) 𝚽𝐲 ( 𝑓, 𝑟 − 1) + 

1 
𝑟 
𝐲 ( 𝑓, 𝑟 ) 𝐲 𝐻 ( 𝑓, 𝑟 ) . (39) 

The true statistics of the SOI and disturbances are estimated apriori,
sing all the snapshots: 

𝑋 ( 𝑓 ) = 

1 
𝑆 

𝑆 ∑
𝑘 =1 

|𝑋( 𝑓, 𝑘 ) |2 , 
𝚽𝐯 ( 𝑓 ) = 

1 
𝑆 

𝑆 ∑
𝑘 =1 

𝐯 ( 𝑓 , 𝑘 ) 𝐯 𝐻 ( 𝑓 , 𝑘 ) . (40) 

n (40), S denotes the total number of snapshots. The beamformers are
btained using the current statistics. The statistical performance metrics
re then evaluated for the beamformers using the true statistics. 

.1.1. Optimal sizes of the VULAs 

Fig. 3 plots the performances of the Kronecker product beamformers
s the size of the second VULA is varied. As is evident, irrespective of
he type of interference, the KP-MVDR and KP-MVDR-DS beamformers
rovide their best performances for 𝑀 2 ≈ 2 3 = 8 . On the contrary, the
P-DS-MVDR beamformer requires 𝑀 2 = 2 1 = 2 to obtain its best per-

ormances, which are inferior to the performances of the other two Kro-
ecker product beamformers. However, its performances for 𝑀 2 ≲

√
𝑀 

re quite similar. Hence, from here on, we will use 𝑀 1 = 𝑀 2 = 

√
𝑀 = 8

or all the three proposed beamformers. Under this condition, both the
ULAs are provided with the same number of sensors, and thus given
qual representation and importance in the final beamformer. Also, un-
er this condition, the total number of coefficients (= 2 

√
𝑀 ) required

y the Kronecker product beamformers is the least, i.e., the original M -
imensional linear system is represented by the smallest possible sub-
ystems. 

.1.2. Robustness at varying iSIRs 

Fig. 4 plots the performances of the conventional and the Kronecker
roduct beamformers as the strength of the interferences is varied, for
ach of the three types of interference. As is evident, the Kronecker
roduct beamformers outperform the MVDR beamformer, under both
igh and low levels of interference. This demonstrates the robustness
f the Kronecker product beamformers. One may also notice that the
erformance-gap between the DS beamformer and the other beamform-
rs is much higher at low iSIRs, and diminishes as the iSIR increases. In
act, the DS beamformer performs better than all the other beamformers
t low levels of interference (high iSIR). This demonstrates the limita-
ions of fixed beamforming under high interference and/or noise condi-
ions. The KP-DS-MVDR beamformer seems to closely match the perfor-
ances of the DS beamformer, which indicates that the DS beamformer

n the first VULA is dominant. Again, we note that the performances
n the figure correspond to the 100th snapshot of data. If we consider
 higher snapshot ( r ), the performances of the MVDR beamformer will
e similar to that of the KP-MVDR and KP-MVDR-DS beamformers, and
uperior to that of the DS beamformer, particularly at high levels of in-
erference. This indicates that for the MVDR beamformer, the current
tatistical estimates must be very reliable, which is further discussed in
he following sub-subsection. 
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Fig. 3. Each column plots the broadband Gain (top), and broadband MSE (bottom), for varying M 2 , at 𝑟 = 100 snapshots - for a particular type 

(white/babble/hfchannel) of interference. Each plot has three curves, corresponding to the beamformers : KP-MVDR, KP-DS-MVDR, and KP-MVDR-DS. iSNR = 
10 dB, and iSIR = 0 dB. 

Fig. 4. Each column plots the broadband Gain (top), and broadband MSE (bottom), for varying iSIR (dB), at 𝑟 = 100 snapshots - for a particular type 

(white/babble/hfchannel) of interference. Each plot has five curves, corresponding to the beamformers : DS, MVDR, KP-MVDR, KP-DS-MVDR, and KP-MVDR-DS. 

iSNR = 10 dB. 

4

 

d  

t  

a  

r  

n  

i  

t  

s  

s  

s  

p  

m  
.1.3. Convergence and data requirements 

As is evident from (39) , as the number of snapshots increases (more
ata) the estimated current statistics becomes more refined. Fig. 5 plots
he performances of the MVDR and the Kronecker product beamformers
s the number of snapshots is increased. As the DS beamformer does not
ely on the statistics of the data, it is not included in the figure. The Kro-
ecker product beamformers clearly outperform the MVDR beamformer
48 
n achieveing their optimum performances. Irrespective of the type of in-
erference, the Kronecker product beamformers require around 50 snap-
hots to achieve saturation, whereas the MVDR requires over 100 snap-
hots. This is an indication that reducing the dimension of the linear
ystem reduces the requirement of data. The fact that the Kronecker
roduct beamformers are able to achieve similar steady-state perfor-
ances as that of the MVDR is an additional benefit - it implies that
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Fig. 5. Each column plots the broadband Gain (top), and broadband MSE (bottom), for varying number of snapshots ( r ) - for a particular type 

(white/babble/hfchannel) of interference. Each plot has four curves, corresponding to the beamformers : MVDR, KP-MVDR, KP-DS-MVDR, and KP-MVDR-DS. iSNR 

= 10 dB. iSNR = 10 dB, and iSIR = 0 dB. 
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egregating the original ULA into two smaller VULAs is useful ! Please
ote that, as mentioned in the introduction, we have not utilized any
daptive filtering algorithms to implement the beamformers, and hence
ust not compare these plots with the convergence of adaptive filtering

lgorithms ( Reed et al., 1974 ). 

.2. Natural speech as the SOI 

Having analyzed the performances of the beamformers under con-
rolled stationary conditions, we now apply the beamformers on non-
tationary conditions, using a natural speech signal as the SOI. For this
urpose, a speech signal of ~ 3 s duration is arbitrarily chosen from the
IMIT ( Garofolo et al., 1993 ) corpus. Using appropriate upsampling and
ime-delays (based on the DOAs), the SOI and the interferences are gen-
rated for all the M sensors. Sensor-noises, as usual, are generated for all
he sensors. Obviously, in this scenario, (3) will be only approximately
rue, particularly for the SOI which is non-stationary. 

Under these conditions, there is no way to obtain the true statistics
f the SOI, as the characteristics of the speech signal is changing dy-
amically from one snapshot to another. As the SOI is non-stationary,
he overall data is also non-stationary, and reliable statistics cannot be
stimated. However, as the disturbances are stationary, it is possible to
stimate their statistics. One simple method is to identify the snapshots
f the data where there is no speech, and utilize those snapshots for
stimating the interference-noise statistics ( Benesty et al., 2017 ). Dis-
ussion of sophisticated methods of real-time voice-activity-detection
VAD) from corrupted data is beyond the scope of this work. In this
ork, we will simply utilize energy based VAD ( Rabiner and Schafer,
978; 2007; Benesty et al., 2008b ) to apriori determine the non-speech
napshots. The interference-noise statistics is evaluated as 

𝐯 ( 𝑓, 𝑟 ) = 

⎧ ⎪ ⎨ ⎪ ⎩ 
𝐲 ( 𝑓, 𝑟 )[ 𝐲 ( 𝑓, 𝑟 )] 𝐻 , 𝑟 = 1 
0 . 8 𝚽𝐯 ( 𝑓, 𝑟 − 1) + 0 . 2 𝐲 ( 𝑓, 𝑟 )[ 𝐲 ( 𝑓, 𝑟 )] 𝐻 , no speech 
𝚽𝐯 ( 𝑓, 𝑟 − 1) , contains speech 

(41)

The MVDR and the Kronecker product beamformers now minimize

𝑉 rn 
, instead of 𝜙Z , unlike in the case of synthetic speech. As the true
49 
tatistics of the SOI is not available, the statistical performance metrics
annot be computed. Instead, we observe the final output, z ( t ), of each
f the beamformers, and their corresponding beampatterns. Fig. 6 plots
he outputs for the five beamformers, where the interferences are con-
idered as white noise with iSIR = 0 dB. The beginning samples of the
utputs are marked by extreme fluctuations. Hence, for better visual-
zation, the samples till the first speech sample, r s , have been assigned
o the median value of the signal ( 𝜇 = median [ 𝑧 ( 𝑡 ) ] ) , and thereafter the
ignal is renormalized: 

𝑧̂ ( 𝑡 ) = 

{ 

𝜇, 𝑡 < 𝑟 𝑠 
𝑧 ( 𝑡 ) , 𝑡 ≥ 𝑟 𝑠 , 

𝑧̂ ( 𝑡 ) ∈ [−1 , 1] . (42) 

s is evident from the figure, the DS beamformer is not very effective in
itigating disturbances. The MVDR and the Kronecker product beam-

ormers are able to eradicate the interferences and sensor noises far more
ffectively. Fig. 7 plots the beampatterns (averaged over all the snap-
hots) of the five beamformers at two different frequencies - 200 Hz and
000 Hz. As is evident, all the beamformers have very good directivity
t the higher frequency - the beam focus is narrow in the direction of
he SOI. However, at the lower frequency, the beampatterns are not as
ood. Among the five beamformers, the KP-MVDR-DS seem to exhibit
he best beampatterns, considering both the frequencies. 

While the mitigation of interferences and noise is an important char-
cteristic of a beamformer, it may also lead to loss in the waveform
hape of the speech SOI, and hence in its intelligibility. Henceforth,
e evaluate the Misalignment, Perceptual Evaluation of Speech Qual-

ty (PESQ) ( Rix et al., 2001 ), and Short Time Objective Intelligibility
STOI) ( Taal et al., 2010 ) metrics, for the output signal, in comparison
ith the SOI. The Misalignment is calculated as 

isalignment = 

var [ 𝑒 ( 𝑡 )] 
var [ 𝑥 ( 𝑡 )] , 𝑒 ( 𝑡 ) = 𝑥 ( 𝑡 ) − 𝑧 ( 𝑡 ) , (43) 

here var[.] implies the variance operator. At this juncture, we must
ote that STOI and PESQ are metrics used in speech enhancement. The
omain of beamforming is closely related to multi-channel speech en-
ancement, but not the same ( Benesty et al., 2017 ). Henceforth, we em-
loy the PESQ and STOI metrics in our work, but for the performance
valuation of beamformers only. 
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Fig. 6. Plots of (from top to bottom) the SOI, the corrupted signal (white noise interferences) at the first sensor ; the normalized outputs of the beamformers : DS, 

MVDR, KP-MVDR, KP-DS-MVDR, and KP-MVDR-DS. iSNR = 10 dB, and iSIR = 0 dB. 

Fig. 7. Plots of 𝛽𝜃[ h ( f )], for 𝑓∕ 𝑇 𝑠 = [200 , 2000] Hz. iSNR = 10 dB, and iSIR = 0 dB (white noise). 
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Fig. 8 plots the three metrics, averaged for 20 arbitrary speech SOIs
aken from the TIMIT corpus. The dataset for each of the SOIs are cre-
ted by corrupting them with interferences (white/babble/hfchannel) at
arying iSIRs, as we have discussed earlier. As can be observed, the KP-
VDR and KP-MVDR-DS beamformers have lower Misalignment com-

ared to the other three beamformers, particularly at high levels of in-
erference (low iSIRs). Similarly, in terms of PESQ, at high levels of
nterference, the KP-MVDR and KP-MVDR-DS beamformers provide the
est performances. However, as the iSIR level increases, the DS beam-
50 
ormer provides the lowest Misalignment and the highest PESQ. This
hows that while the DS beamformer is ineffective in mitigating distur-
ances, it does not negativily effect the waveform shape of the SOI. The
ame observations are supported by the STOI plots in the figure. At this
oint, one must note that the MVDR performs the worst among all the
eamformers. This is because of its strong dependence on the accuracy
f the interference-noise statistics. As such, if sophisticated techniques
f estimating the statistics are employed, better performances may be
xpected from the MVDR and the Kronecker product beamformers. 
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Fig. 8. Each column plots the performance metrics - Misalignment, PESQ, and STOI - for a particular type (white/babble/hfchannel) of interference. The metrics are 

plotted with respect to varying iSIR. Each plot has five curves, corresponding to the beamformers : DS, MVDR, KP-MVDR, KP-DS-MVDR, and KP-MVDR-DS. iSNR = 
10 dB. 
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. Conclusions 

We have introduced a new approach to frequency domain adaptive
eamforming for large sensor arrays, with the purpose of achieving en-
anced robustness to interference and statistical instability. Firstly, the
riginal ULA is represented by two smaller VULAs, which are connected
y the Kronecker product. As the VULAs are smaller than the original
LA, adaptive beamformers can be derived from them using lesser data

or statistical computations. Their smaller size also makes them robust
o errors in the estimated statistics associated with the much larger orig-
nal ULA. Furthermore, the partitioning of the original ULA into VULAs
llows the implementation of fixed and adaptive beamforming, simulta-
eously, incorporating the benefits of both. This leads to hybrid beam-
ormers. 

In this work, we have illustrated the utility of our proposed frame-
ork using the MVDR and DS beamformers as examples. Needless to say,

he proposed methodology could be utilized for any adaptive and fixed
eamformers. The choice of beamformers depends on the application at
and, and the characteristics of the signal and the interferences. Moving
orward, we may investigate how to utilize the proposed methodology
f the number of sensors is a prime number. Also, the interferences con-
idered in this work are stationary, and hence experimenting with non-
tationary interferences, such as background speech, may be considered.
astly, one may also note that the proposed filters, like the conventional
lters, are still quite sensitive to the DOA of the SOI. A methodology to
iminish this dependency could be also explored in the future. 
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