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a b s t r a c t
Multichannel noise reduction in the frequency domain is a fundamental problem in the areas of speech processing
and speech recognition. In this paper, we address this problem and propose an alternative approach to retrieve
a speech signal out of microphone array noisy observations. We focus on the spectral amplitude of the speech
signal and assume that the spectral phase is less signiﬁcant. The estimate of the spectral amplitude squared, that
is the spectral power, is obtained by applying a complex linear ﬁlter to a modiﬁed version of the observations
vector. This modiﬁed version is obtained as a Kronecker product of the complex conjugate of the observations
vector and the original observations vector. The complex speech signal estimate is obtained by multiplying the
spectral amplitude estimate with a complex exponential whose phase may be extracted from the minimum variance distortionless response beamformer. We present a modiﬁed optimization criterion according to which the
proposed ﬁlters may be derived, and compare their performances to conventional multichannel noise reduction
ﬁlters. We show that the new approach is preferable, in particular when the input signal-to-noise ratio (SNR) is
low or the number of sensors is small.

1. Introduction
Many modern applications in a wide variety of areas, from speech
recognition and communications to speaker identiﬁcation and humanto-machine systems, are required to operate in noisy environments.
Noise ﬁelds, in many cases, signiﬁcantly deteriorate the speech signal
quality, thus damaging the functionality of communication and speech
recognition systems. The problem of enhancing speech, or reducing
noise, has attracted many researchers over the years, who suggested
numerous schemes and algorithms in multiple processing domains.
With the growing demand for robust noise reduction capabilities,
multichannel noise reduction (MCNR) methods are often employed in
order to exploit spatial information. This additional information allows,
in many cases, to attain a considerable amount of noise reduction while
preserving the desired signal distortionless (Benesty et al., 2009a). Often referred to as beamformers, MCNR methods may be designed and
implemented in various domains.
Time-domain beamformers are the easiest to implement, as the ﬁlters are applied directly to the noisy observations, typically generating
a single speech sample estimate at a time. It is also possible to estimate a vector of successive speech samples simultaneously. However,
such beamformers tend to suﬀer from high computational complexity
(Benesty and Chen, 2011; Benesty et al., 2017; Buchris et al., 2019).

∗

Transform-domain beamformers, as in Chen et al. (2003) and
Benesty et al. (2008, 2007, 2009b), are typically formulated on a frame
basis. That is, the noisy signal is transformed into another domain, the
optimal ﬁlter is derived and applied in the transformed domain, and subsequently the ﬁltered observations are transformed back to the time domain using an appropriate inverse transform. Time-domain beamformers may be derived in a transform domain by appropriately adjusting the
criterion for optimization (Benesty et al., 2012). Choosing an appropriate transform may be beneﬁcial in terms of the quality of the enhanced
speech and the computational complexity of the noise reduction ﬁlter
application. The generalized Karhunen-Loève (KL) domain and the frequency domain, for instance, constitute common choices for these particular reasons.
The generalized KL domain is obtained by projecting noisy observations onto an orthonormal basis of eigenvectors of a speech signal
correlation matrix. This projection results in uncorrelated analysis coeﬃcients which are independently processed (Benesty et al., 2009b;
Ephraim and Trees, 1995; Lacouture-Parodi et al., 2014). Moreover,
it was shown (Ephraim and Trees, 1995) that by taking a signal subspace approach, KL-domain processing may separate a speech signalplus-noise subspace from noise-only subspace. With this approach, the
latter is employed to estimate the noise-only statistics and then applied
on the former to form an estimate of the clean speech. Assuming the
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estimate of the clean speech correlation matrix is accurate, it is guaranteed that no aliasing problems emerge (Benesty et al., 2009b). Nonetheless, frequency-domain beamformers (Dmochowski and Benesty, 2010;
Gannot and Cohen, 2008; Tavakoli et al., 2016), which are typically implemented in the short-time Fourier transform (STFT) domain, are considered easier to employ. That is, unlike the KL domain speech signaldependent eigenvectors, the Fourier basis functions are global. Consequently, frequency-domain beamforming does not require the overhead
of estimating and diagonalizing the speech correlation matrix, yet the
frequency coeﬃcients remain uncorrelated provided that the analysis
window is long enough.
Originally proposed in Capon (1969), Capon’s minimum variance
distortionless response (MVDR) beamformer has been investigated in
theoretical studies from a variety of aspects (Souden et al., 2010). The
linear MVDR, which operates directly on a vector of transformed noisy
observations, is shown to be optimal in terms of the residual noise energy, under the restriction of zero desired signal distortion. Moreover, it
has inspired numerous variations, e.g., the minimum power distortionless response (MPDR) (Van Trees, 2004), which avoids the estimation
of the noise-only correlation matrix. This sort of ﬂexibility, combined
with its proved noise-reduction capabilities and easy-to-analyze linear
nature, has made the MVDR beamformer very common in real-world
applications.
Another important variation, which may also be seen as a generalization of the MVDR, is the linearly constrained minimum variance (LCMV)
beamformer (Griﬃths and Jim, 1982). While maintaining the desired
signal distortionless in the same spatial manner as the MVDR does, the
LCMV provides a convenient scheme to cope with spatial interferences
by placing nulls in their respective directions. Additionally, it is optimal
in the sense of the residual noise energy minimization. However, its
noise reduction performance is known to be inferior in comparison to
the MVDR, unless the number of sensors is signiﬁcantly greater than the
number of interfered directions. This limitation results from the linear
nature of the two beamformers.
For classical speech analysis purposes, higher-order statistics were
shown to be informative, though typically in the context of singlechannel noise reduction (SCNR). In Moreno and Fonollosa (1992), the
third-order statistics of noisy speech was used to determine its pitch,
suggesting that unlike speech, most common noises exhibit a nearly-zero
skewness. In Nemer et al. (2001), a voice activity detector (VAD) was
presented assuming an underlying zero-phase harmonic representation
of speech. Closed-form expressions of the third and fourth-order cumulants were derived and combined with second-order measures to yield
what was demonstrated to be a more robust VAD. In Nemer et al. (2002),
it was suggested to take advantage of fourth-order cumulants to estimate
some widely-used parameters, such as the SNR, the speech autocorrelation and the probability of speech presence. These estimates may then
feed any speech enhancement method in which they are required as
input parameters.
In this paper, we present a Kronecker product (KP) approach for
MCNR in the frequency domain. We propose to take advantage of
higher-order statistics and apply a complex linear ﬁlter to a modiﬁed
observation signal vector. The modiﬁed vector is constructed from the
original noisy observations and its elements may be interpreted as the
instantaneous correlation coeﬃcients. The ﬁltering product of the KP
approach is an estimate of the desired signal spectral power, which is
considered more important than the spectral phase in many applications, such as speech enhancement. The spectral phase may be extracted
from a conventional beamformer, e.g., the linear MVDR. We propose a
modiﬁed optimization criterion for deriving KP ﬁlters and present the
KP-MVDR and the KP-LCMV. We demonstrate that when the array size is
small or the SNR is low the KP ﬁlters outperform the conventional ones,
provided that temporal smoothing is employed to properly estimate the
correlation matrix of the modiﬁed observation signal vector.
The rest of the paper is organized as follows. In Section 2, we formulate the MCNR problem in the frequency domain. In Section 3, we

review the conventional ﬁltering approach and derive the MVDR and
LCMV beamformers, which are used as benchmarks for comparison. In
Section 4, we formulate the KP ﬁltering approach and derive the KP ﬁlters based on a new optimization criterion. In Section 5, we compare
the conventional and KP ﬁlters analytically through a stationary toy example. Finally, in Section 6, we evaluate the performances of the two
approaches by a set of nonstationary speech signals simulations in anechoic and reverberant environments.
2. Signal model and problem formulation
Consider an array consisting of M omnidirectional microphones. The
received signals at the frequency index f are expressed as (Benesty et al.,
2008; 2012; Bai et al., 2014)
𝑌𝑚 (𝑓 ) = 𝐺𝑚 (𝑓 )𝑆(𝑓 ) + 𝑉𝑚 (𝑓 )

(1)

= 𝑋𝑚 (𝑓 ) + 𝑉𝑚 (𝑓 ), 𝑚 = 1, 2, … , 𝑀,
where Ym (f) is the mth microphone signal, S(f) is the unknown speech
source, Gm (f) is the acoustic room transfer function from the position of
S(f) to the mth microphone, 𝑋𝑚 (𝑓 ) = 𝐺𝑚 (𝑓 )𝑆(𝑓 ) is the zero-mean speech
signal which takes into account the acoustic room transfer function, and
Vm (f) is the zero-mean additive noise. It is assumed that Xi (f) and Vj (f)
[
]
are uncorrelated, i.e., 𝐸 𝑋𝑖 (𝑓 )𝑉𝑗∗ (𝑓 ) = 0, ∀𝑖, 𝑗 = 1, 2, … , 𝑀, where E[ · ]
denotes mathematical expectation and the superscript ∗ is the complexconjugate operator. By deﬁnition, the terms 𝑋𝑚 (𝑓 ), 𝑚 = 1, 2, … , 𝑀 are
correlated while the other terms 𝑉𝑚 (𝑓 ), 𝑚 = 1, 2, … , 𝑀, depending on
the nature of the noise, may only be partially correlated. We consider
the ﬁrst microphone as the reference; then, the objective of multichannel noise reduction in the frequency domain is to estimate the desired
signal, X1 (f), from the M observations 𝑌𝑚 (𝑓 ), 𝑚 = 1, 2, … , 𝑀, in the best
possible way.
It is more convenient to write the M frequency-domain microphone
signals in a vector notation:
𝐲(𝑓 ) = 𝐠(𝑓 )𝑆(𝑓 ) + 𝐯(𝑓 )
= 𝐱(𝑓 ) + 𝐯(𝑓 )
= 𝐝(𝑓 )𝑋 1 (𝑓 ) + 𝐯(𝑓 ),
where

[
𝐲(𝑓 ) = 𝑌1 (𝑓 )
[
𝐱(𝑓 ) = 𝑋1 (𝑓 )

𝑌2 (𝑓 )
𝑋2 (𝑓 )

= 𝑆(𝑓 )𝐠(𝑓 ),
[
𝐠(𝑓 ) = 𝐺1 (𝑓 ) 𝐺2 (𝑓 )
[
𝐯(𝑓 ) = 𝑉1 (𝑓 ) 𝑉2 (𝑓 )

(2)
]𝑇
𝑌𝑀 (𝑓 ) ,
]𝑇
⋯ 𝑋𝑀 (𝑓 )

⋯

⋯
⋯

]𝑇
𝐺𝑀 (𝑓 ) ,
]𝑇
𝑉𝑀 (𝑓 ) ,

T

the superscript is the transpose operator, and
[
]
𝐺2 (𝑓 )
𝐺𝑀 (𝑓 ) 𝑇
𝐠(𝑓 )
⋯
𝐝(𝑓 ) = 1
=
.
𝐺1 (𝑓 )
𝐺1 (𝑓 )
𝐺1 (𝑓 )

(3)

Expression (2) depends explicitly on the desired signal, X1 (f); therefore, (2) is the frequency-domain signal model for noise reduction.
The vector d(f) can be seen as the frequency-domain steering vector
(Dmochowski and Benesty, 2010). This general formulation implies that
we are interested in recovering the noise-free signal and not necessarily
the clean speech signal.
Since y(f) is the sum of two uncorrelated components, its correlation
matrix is
[
]
𝚽𝐲 (𝑓 ) = 𝐸 𝐲(𝑓 )𝐲𝐻 (𝑓 )
= 𝜙𝑋1 (𝑓 )𝐝(𝑓 )𝐝𝐻 (𝑓 ) + 𝚽𝐯 (𝑓 ),

(4)

where the superscript H is the conjugate-transpose operator, 𝜙𝑋1 (𝑓 ) =
[
]
2
𝐸 ||𝑋1 (𝑓 )|| is the variance of X1 (f) which may also be interpreted as
50
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the power spectral density (PSD) of the time-domain representation of
[
]
X1 (f) (Welch, 1967), and 𝚽𝐯 (𝑓 ) = 𝐸 𝐯(𝑓 )𝐯𝐻 (𝑓 ) is the correlation matrix
of v(f). The narrowband input SNR is given by
iSNR(𝑓 ) =

𝜙𝑋1 (𝑓 )
𝜙𝑉1 (𝑓 )

,

Another commonly used ﬁlter is the LCMV, which attempts, much
like the MVDR, to minimize the variance of the residual noise. However, with the LCMV, this minimization is subject to a set of 2 ≤ L ≤ M
linear constraints. The LCMV ﬁlter is usually eﬀective in cases when
some further information on the environment is known, thus allowing
to a priori attenuate the output signal in noisy directions (Griﬃths and
Jim, 1982):

(5)

[
]
2
where 𝜙𝑉1 (𝑓 ) = 𝐸 ||𝑉1 (𝑓 )|| is the variance of V1 (f).

𝐻
−1
−1
𝐡LCMV (𝑓 ) = 𝚽−1
𝐲 (𝑓 )𝐂(𝑓 )[𝐂 (𝑓 )𝚽𝐲 (𝑓 )𝐂(𝑓 )] 𝜷,

where C is an M × L matrix whose columns are the steering vectors in
the directions of constraints, and 𝜷 is an L × 1 vector of the desired ﬁlter
responses in these directions. Thus, the estimate of X1 (f) with the LCMV
ﬁlter is

3. Conventional ﬁltering approach
In the conventional ﬁltering approach, multichannel noise reduction
in the frequency domain is performed by applying a complex-valued
linear ﬁlter, h(f), of length M, to the observation signal vector, y(f)
(Dmochowski and Benesty, 2010; Benesty et al., 2008), i.e.,

̂LCMV (𝑓 ) = 𝐡𝐻
𝑋
(𝑓 )𝐲(𝑓 )
LCMV
= 𝑋1 (𝑓 ) + 𝐡𝐻
(𝑓 )𝐯(𝑓 ).
LCMV

̂ (𝑓 ) = 𝐡𝐻 (𝑓 )𝐲(𝑓 )
𝑋
= 𝑋fd (𝑓 ) + 𝑉rn (𝑓 ),

(6)

The idea behind the new approach is to estimate the spectral power
of the desired signal, i.e., |X1 (f)|2 , rather than the complex signal, X1 (f),
as it was suggested in Ephraim and Malah (1984). We can express the
̂ (𝑓 ) deﬁned in (6) as
spectral power of 𝑋
| ̂ |2
|𝑋 (𝑓 )| = 𝐡𝐻 (𝑓 )𝐲(𝑓 )𝐲𝐻 (𝑓 )𝐡(𝑓 )
|
|
[
]
= tr 𝐡(𝑓 )𝐡𝐻 (𝑓 )𝐲(𝑓 )𝐲𝐻 (𝑓 )
[
] [
]
= vec𝐻 𝐡(𝑓 )𝐡𝐻 (𝑓 ) vec 𝐲(𝑓 )𝐲𝐻 (𝑓 )
[
]𝐻 [ ∗
]
𝐲 (𝑓 ) ⊗ 𝐲(𝑓 )
= 𝐡∗ (𝑓 ) ⊗ 𝐡(𝑓 )
[
]𝐻
𝐲 (𝑓 ),
= 𝐡∗ (𝑓 ) ⊗ 𝐡(𝑓 ) ̃

𝜙𝑋̂ (𝑓 ) = 𝐡𝐻 (𝑓 )𝚽𝐲 (𝑓 )𝐡(𝑓 )
(7)

2
where 𝜙𝑋fd (𝑓 ) = 𝜙𝑋1 (𝑓 )||𝐡𝐻 (𝑓 )𝐝(𝑓 )|| is the variance of the ﬁltered de𝐻
sired signal and 𝜙𝑉rn (𝑓 ) = 𝐡 (𝑓 )𝚽𝐯 (𝑓 )𝐡(𝑓 ) is the variance of the residual
noise. From (7), we deduce that the narrowband output SNR is

𝜙𝑋1 (𝑓 )||𝐡𝐻 (𝑓 )𝐝(𝑓 )||
𝐡𝐻 (𝑓 )𝚽𝐯 (𝑓 )𝐡(𝑓 )

,

(8)

which is upper bounded by Benesty et al. (2008)

𝐲 (𝑓 ).
𝑍(𝑓 ) = ̃𝐡𝐻 (𝑓 )̃

oSNR[𝐡(𝑓 )] ≤ 𝜙𝑋1 (𝑓 )𝐝𝐻 (𝑓 )𝚽−1
𝐯 (𝑓 )𝐝(𝑓 )
= oSNRmax .

(9)

oSNR[𝐡(𝑓 )]
.
iSNR(𝑓 )

(10)

A well-known and widely used example of such a ﬁlter is obtained
upon minimizing the variance of the ﬁlter output or the variance of the
residual noise subject to the distortionless constraint, i.e., 𝐡𝐻 (𝑓 )𝐝(𝑓 ) =
1. This optimization results in Capon’s MVDR ﬁlter (Capon, 1969),
(Lacoss, 1971):
𝐡MVDR (𝑓 ) =
=

where 𝜓(f) is the desired signal estimated phase that can be obtained
̂MVDR (𝑓 ) or
in any given way. Practically, 𝜓(f) may be the phase of 𝑋
̂LCMV (𝑓 ), for example. Clearly, this approach is highly nonlinear.
𝑋
It should be pointed out that the concept of extending the dimension
of ﬁltering beyond the observations signal dimension was, for example,
suggested in Benesty et al. (2010) in the context of single-channel noise
reduction with a gain. However, the diﬀerences between the widely
linear ﬁlter of Benesty et al. (2010) and the work we present here
are signiﬁcant. The widely linear approach is essentially linear, while
the approach taken here is clearly nonlinear. Furthermore, as it can
be observed from the deﬁnition of ̃
𝐲(𝑓 ), in our approach a squareddimensional ﬁlter is applied, not to the observations vector directly, but
rather to their instantaneous correlation terms. As we will show, this
implies that we exploit higher-order statistics.
The expression for ̃
𝐲(𝑓 ) can be further developed

𝚽−1
𝐲 (𝑓 )𝐝(𝑓 )
𝐝𝐻 (𝑓 )𝚽−1
𝐲 (𝑓 )𝐝(𝑓 )
𝚽−1
𝐯 (𝑓 )𝐝(𝑓 )
𝐝𝐻 (𝑓 )𝚽−1
𝐯 (𝑓 )𝐝(𝑓 )

,

(11)

which can be rewritten as (Benesty et al., 2008)
𝐡MVDR (𝑓 ) =

𝚽−1
𝐯 (𝑓 )𝚽𝐲 (𝑓 ) − 𝐈𝑀
𝐢,
[
]
tr 𝚽−1
𝐯 (𝑓 )𝚽𝐲 (𝑓 ) − 𝑀

(12)

where tr[ · ] is the trace of a square matrix, IM is the identity matrix of
size M × M, and i is the ﬁrst column of IM . As a result, the estimate of
X1 (f) with the MVDR ﬁlter is

̃
𝐲(𝑓 ) = 𝐲∗ (𝑓 ) ⊗ 𝐲(𝑓 )
[
]
= 𝐱∗ (𝑓 ) + 𝐯∗ (𝑓 ) ⊗ [𝐱(𝑓 ) + 𝐯(𝑓 )]
2
= ||𝑋1 (𝑓 )|| 𝐝̃(𝑓 ) + 𝐱∗ (𝑓 ) ⊗ 𝐯(𝑓 )
+ 𝐯∗ (𝑓 ) ⊗ 𝐱(𝑓 ) + 𝐯̃(𝑓 ),

̂MVDR (𝑓 ) = 𝐡𝐻
𝑋
MVDR (𝑓 )𝐲(𝑓 )
= 𝑋1 (𝑓 ) + 𝐡𝐻
MVDR (𝑓 )𝐯(𝑓 ).

(17)

We note that by not restricting ̃𝐡(𝑓 ) to have the Kronecker product structure of the last line of (16), we generate extra degrees of freedom which
may potentially yield improved noise reduction capabilities with respect
to h(f). When ̃𝐡(𝑓 ) is derived, we can estimate the desired signal, X1 (f),
with
√
̂ (𝑓 ) = 𝑒η𝜓(𝑓 ) |𝑍(𝑓 )|,
𝑋
(18)

Additionally, the narrowband output SNR gain is deﬁned as
 [𝐡 ( 𝑓 ) ] =

(16)

where vec[.] is the vectorization operation, ⊗ is the Kronecker product,
𝐲(𝑓 ) = 𝐲∗ (𝑓 ) ⊗ 𝐲(𝑓 ).
and ̃
Now, let ̃𝐡(𝑓 ) be a complex-valued ﬁlter of length M2 which is not
necessarily of the form ̃𝐡(𝑓 ) = 𝐡∗ (𝑓 ) ⊗ 𝐡(𝑓 ). Eq. (16) suggests that we
can estimate |X1 (f)|2 by applying ̃𝐡(𝑓 ) to ̃
𝐲(𝑓 ) = 𝐲∗ (𝑓 ) ⊗ 𝐲(𝑓 ), i.e.,

2

oSNR[𝐡(𝑓 )] =

(15)

4. Kronecker product ﬁltering approach

̂ (𝑓 ), is an estimate of X1 (f), 𝑋fd (𝑓 ) =
where the ﬁlter output, 𝑋
𝑋1 (𝑓 )𝐡𝐻 (𝑓 )𝐝(𝑓 ) is the ﬁltered desired signal, and 𝑉rn (𝑓 ) = 𝐡𝐻 (𝑓 )𝐯(𝑓 )
is the residual noise.
The two terms on the right-hand side of (6) are uncorrelated. Hence,
̂ (𝑓 ) is also the sum of two variances:
the variance of 𝑋

= 𝜙𝑋fd (𝑓 ) + 𝜙𝑉rn (𝑓 ),

(14)

(13)
51
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where 𝐝̃(𝑓 ) = 𝐝∗ (𝑓 ) ⊗ 𝐝(𝑓 ) and 𝐯̃(𝑓 ) = 𝐯∗ (𝑓 ) ⊗ 𝐯(𝑓 ). Exploiting (19) to
̂ (𝑓 ), we have
analyze the variance of the estimated desired signal 𝑋
𝜙𝑋̂ (𝑓 ) = 𝐸 [|𝑍(𝑓 )|]

(20)

≈ |𝐸 [𝑍(𝑓 )]|
[
]|
|
= |̃𝐡𝐻 (𝑓 )𝐸 ̃
𝐲 (𝑓 ) |
|
|
[
]|
|
= |𝜙𝑋1 (𝑓 )̃𝐡𝐻 (𝑓 )𝐝̃(𝑓 ) + ̃𝐡𝐻 (𝑓 )𝐸 𝐯̃(𝑓 ) |
|
|
[
]
[
]|
|
= |̃𝐡𝐻 (𝑓 )vec 𝚽𝐱 (𝑓 ) + ̃𝐡𝐻 (𝑓 )vec 𝚽𝐯 (𝑓 ) |.
|
|
Note that according to the approximation in the second row of (20), Z(f)
is assumed to be real and positive.
We may deﬁne the output SNR and the output SNR gain for the KP
ﬁltering by analogy to the expressions in (8) and (10), respectively, by
[
]
[
] ||̃𝐡𝐻 (𝑓 )vec 𝚽𝐱 (𝑓 ) ||
|
|
oSNR ̃𝐡(𝑓 ) =
[
]| ,
|̃ 𝐻
|𝐡 (𝑓 )vec 𝚽𝐯 (𝑓 ) |
|
|
[
]
[
] oSNR ̃𝐡(𝑓 )
 ̃𝐡(𝑓 ) =
.
iSNR(𝑓 )

Fig. 1. A typical uniform linear array with M sensors.

(21)

5. Analysis of a toy example
In a non reverberant environment, consider a uniform linear array
(ULA) of M sensors with an interelement spacing 𝛿 (see Fig. 1) satisfying
𝑇s = 𝛿∕𝑐, where Ts is the sampling interval and c the speed of sound in
(
)
the air. Assume that a white Gaussian signal of interest, 𝑥(𝑡) ∼  0, ⨑x ,
is impinging on the array from the broadside direction, i.e., 𝜃d = 90◦ ,
(
)
and corrupted by thermal white Gaussian noise, 𝑣𝑚 (𝑡) ∼  0, ⨑v , 𝑚 =
{1, … , 𝑀}. For simplicity, we consider the case of 𝑀 = 2 sensors, and
assume that the signals in the array are sampled 𝑁 = 𝑇 𝑓s times within
the signal duration T at 𝑓s = 1∕𝑇s = 16 kHz. The correlation matrices of
x(f) and v(f) are given, respectively, by

(22)

To begin with, we note that when ̃𝐡(𝑓 ) = 𝐡∗ (𝑓 ) ⊗ 𝐡(𝑓 ) Eq. (21) immediately reduces to (8) and the conventional ﬁltering approach is obtained
as a special case of the KP ﬁltering approach. In this case the approximation in (20) is always correct, and therefore the output SNR and
the output SNR gain expressions are mathematically accurate. Alternatively, when ̃𝐡(𝑓 ) does not follow this structure, there is no guarantee
that Z(f) is real and positive, and hence in such cases Eq. (21) is merely
an approximation. Nonetheless, and as it will be further explained in
Section 6, we make sure that Z(f) is always real and positive, implying
that (21) is, in fact, a reasonable output SNR approximation.
Consider the following criterion:

(23)

[
]
[
]
where 𝚽̃𝐲 (𝑓 ) = 𝐸 ̃
𝐲𝐻 (𝑓 ) . We would like to minimize  ̃𝐡(𝑓 ) sub𝐲(𝑓 )̃

𝚽̃−1
(𝑓 )𝐝̃(𝑓 )
𝐲
𝐝̃𝐻 (𝑓 )𝚽̃−1
(𝑓 )𝐝̃(𝑓 )
𝐲

,

𝜙𝑋1 (𝑓 )
(29)

where 𝜙𝑋1 (𝑓 ) and 𝜙𝑉1 (𝑓 ) are the variances of the desired signal and
noise at the ﬁrst microphone.
It is clear that the optimal conventional MVDR ﬁlter is given by
𝐡MVDR (𝑓 ) = [0.5 0.5]𝑇 , which results in an output SNR gain of approximately 3dB. This gain is independent of the input SNR. For the purpose
of deriving the KP-MVDR ﬁlter, we ﬁrst have to evaluate its corresponding correlation matrix 𝚽̃𝐲 (𝑓 ). The latter is a sum of 16 M2 × M2 matrices
and therefore might be diﬃcult to calculate in general. However, in
our toy example, by recalling complex-normal distribution properties,
it may be shown (as derived in the Appendix) that

(24)

⎡1
⎢
1
𝚽̃𝐲 (𝑓 ) ∝ 2 iSNR⎢
⎢1
⎢1
⎣
⎡2
⎢
1 ⎢0
+
iSNR ⎢0
⎢1
⎣

set of linear constraints as is done with the conventional LCMV:
(25)

̃ (𝑓 ) is an M2 × L matrix whose columns are the KP ﬁltering steerwhere 𝐂
ing vectors 𝐝̃(𝑓 ) in the directions of constraints, and 𝜷 is the same as in
(14). Then, the derivation of the KP-LCMV is straightforward
̃𝐡LCMV (𝑓 ) = 𝚽−1 (𝑓 )𝐂
̃ (𝑓 )[𝐂
̃ 𝐻 (𝑓 )𝚽−1 (𝑓 )𝐂
̃ (𝑓 )]−1 𝜷.
̃
̃
𝐲
𝐲

(28)

𝜙𝑉1 (𝑓 )
𝜖x
=
,
𝜖v

which we refer to as the KP-MVDR ﬁlter. Note that 𝚽̃𝐲 (𝑓 ) is the fourth
moment matrix of the noisy observations vector y(f) and is of size
M2 × M2 . Unlike former studies, in which higher-order statistics were
primarily used to obtain estimates of input parameters of speech enhancement method (Nemer et al., 2001; 2002), in this study the fourthorder statistics is directly utilized to derive the speech enhancement
ﬁlter. As for the computational complexity, calculating the inverse of
𝚽̃𝐲 (𝑓 ), for example, by using the classic Gauss-Jordan method, would
require a time complexity of O(M6 ) operations in comparison to the
O(M3 ) required by the conventional 𝚽y (f). Nonetheless, when M is not
very big, the additional complexity is insigniﬁcant. [
]
We can generalize this approach and minimize  ̃𝐡(𝑓 ) subject to a
̃𝐡𝐻 (𝑓 )𝐂
̃ (𝑓 ) = 𝜷 𝐻 ,

𝚽𝐯 (𝑓 ) = 𝐾𝜖v 𝐈𝑀 ,

iSNR(𝑓 ) =

ject to the distortionless constraint, i.e., ̃𝐡𝐻 (𝑓 )𝐝̃(𝑓 ) = 1. The optimal ﬁlter is given by
̃𝐡MVDR (𝑓 ) =

(27)

where 𝐝(𝑓 , cos 𝜃d ) = [1 1]𝑇 is the desired signal steering vector and K
is an appropriate scaling constant resulting from the frequency domain
transform. The narrowband input SNR is given by

[
]
[
]
 ̃𝐡(𝑓 ) = 𝐸 |𝑍(𝑓 )|2
= ̃𝐡𝐻 (𝑓 )𝚽̃𝐲 (𝑓 )̃𝐡(𝑓 ),

𝚽𝐱 (𝑓 ) = 𝐾𝜖x 𝐝(𝑓 , cos 𝜃d )𝐝𝐻 (𝑓 , cos 𝜃d ),

1
1
1
1

1⎤
⎥
1⎥
1⎥
1⎥⎦

1
1
1
1
0
1
0
0

0
0
1
0

⎡2
1⎤
⎥
⎢
0⎥
1
+ 2⎢
⎢1
0⎥
⎢1
2⎥⎦
⎣

1
1
1
1

1
0
0
1

1⎤
⎥
1⎥
,
1⎥
⎥
2⎦

(30)

which is indeed input SNR-dependent. We note that when the input SNR
is high, 𝚽̃𝐲 (𝑓 ) is nearly singular. This implies that regularization should
be used, and that the optimal KP ﬁlter is approximately ̃𝐡MVDR (𝑓 ) =

(26)
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modiﬁed observations vector ̃
𝐲(𝑓 ) requires another M2 multiplications,
whereas the desired signal power estimate requires an additional (real)
square-root operation. Thus, the total computational cost of the KPMVDR is about 𝑀 6 + 𝑀 4 + 3𝑀 2 = 92 complex multiplications, a single
real division and a single real square-root operation. In practice, running the toy example code with MATLAB software on an ordinary CPU
takes 250 μs to complete with the conventional MVDR and 520 μs with
the KP-MVDR. Increasing the array size to 𝑀 = 7 yields a total runtime
of 350 μs with the conventional MVDR and 1000 μs with the KP-MVDR.
6. Simulations
6.1. Speech signals simulations in an anechoic environment
We are interested in examining the KP approach in more practical
scenarios, i.e., with nonstationary desired signals and in the presence of
spatial interferences. Therefore, the noise reduction procedure is modiﬁed as follows. The observed signals are transformed into the STFT
domain using 50% overlapping time frames and a Hamming analysis
window of length 512 (32 ms). We derive each of the aforementioned
ﬁlters in the STFT domain. That is, the two conventional ﬁlters: hMVDR (f,
t) and hLCMV (f, t); and the two KP ﬁlters: ̃𝐡MVDR (𝑓 , 𝑡) and ̃𝐡LCMV (𝑓 , 𝑡).
The ﬁlters are applied in the STFT domain to generate estimates of the
desired signal. Finally, the inverse STFT is applied to yield time-domain
speech signals.
We evaluate the performances of the diﬀerent ﬁlters by comparing
the output SNR gains. In the STFT domain, the input and output SNR
expressions in (5), (8), and (21) are modiﬁed to
∑
𝑡 𝜙𝑋1 (𝑓 , 𝑡)
iSNR(𝑓 ) = ∑
,
(33)
𝑡 𝜙𝑉1 (𝑓 , 𝑡)

Fig. 2. Output SNR gain curve of a desired white Gaussian signal corrupted by
thermal white Gaussian noise as a function of the input SNR. The array consists
of 𝑀 = 2 sensors.

[
]
0.25𝐝̃(𝑓 , cos 𝜃d ) = 0.25[1 1 1 1]𝑇 . Recalling that in this case vec 𝚽𝐯 (𝑓 ) =
𝐾𝜖v [1 0 0 1]𝑇 , we have
[
]
oSNR ̃𝐡(𝑓 )
[
]
 ̃𝐡(𝑓 ) =
iSNR(𝑓 )
[
]|
|̃ 𝐻
|𝐡 (𝑓 )vec 𝚽𝐱 (𝑓 ) | 𝜙𝑉 (𝑓 )
| 1
|
=
[
]|
|̃ 𝐻
|𝐡 (𝑓 )vec 𝚽𝐯 (𝑓 ) | 𝜙𝑋1 (𝑓 )
|
|
1
=
0.25[1 1 1 1] [1 0 0 1]𝑇
≈ 3dB,
(31)
[
]
which is identical to  𝐡MVDR (𝑓 ) . However, when the input SNR is very
low, the second component on the right hand side of (30) is dominant,
and we have

𝚽̃−1
(𝑓 )
𝐲

⎡ 2∕3
⎢
0
∝⎢
⎢ 0
⎢−1∕3
⎣

0
1
0
0

0
0
1
0

∑

𝑡

oSNR[𝐡(𝑓 )] = ∑

,

(34)

[
]|
∑ |̃ 𝐻
[
]
𝑡 ||𝐡 (𝑓 , 𝑡) vec 𝚽𝐱 (𝑓 , 𝑡) ||
oSNR ̃𝐡(𝑓 ) = ∑
[
]| ,
|̃ 𝐻
𝑡 ||𝐡 (𝑓 , 𝑡) vec 𝚽𝐯 (𝑓 , 𝑡) ||

(35)

𝑡

𝐡𝐻 (𝑓 , 𝑡)𝚽𝐯 (𝑓 , 𝑡)𝐡(𝑓 , 𝑡)

and

−1∕3⎤
⎥
0 ⎥
,
0 ⎥
⎥
2∕3 ⎦

which implies that ̃𝐡MVDR (𝑓 ) = 1∕8[1 3 3 1]𝑇 . Thus
[
]
1
 ̃𝐡MVDR (𝑓 ) =
≈ 6dB.
1∕8[1 3 3 1] [1 0 0 1]𝑇

2
𝜙𝑋1 (𝑓 , 𝑡)||𝐡𝐻 (𝑓 , 𝑡)𝐝(𝑓 )||

where 𝜙𝑋1 (𝑓 , 𝑡) and 𝜙𝑉1 (𝑓 , 𝑡) are the STFT-domain variances of the desired signal and noise at the ﬁrst microphone, and 𝚽x (f, t) and 𝚽v (f,
t) are the STFT-domain correlation matrices of the desired signal and
noise. The average output SNR gains are given by
(32)
 [𝐡 ( 𝑓 ) ] =

Fig. 2 depicts the output SNR gain curves of the conventional and KP
MVDRs in the foregoing scenario as a function of the input SNR. Indeed,
in high input SNRs both approaches perform equally well. However, as
the input SNR decreases, the KP-MVDR yields higher SNR gain than the
conventional MVDR.
It may also be informative to discuss the time complexity diﬀerences
between the two approaches in the context of this example. Let us begin with the conventional MVDR. The most expensive calculation it requires in terms of computational costs is indeed the correlation matrix
inversion, which requires roughly O(M3 ) multiplications. We assume
for simplicity that the cost of M3 multiplications is exact. Then, the cal2
culation of the numerator, i.e., the term 𝚽−1
𝐲 (𝑓 )𝐝(𝑓 ), requires M multiplications, whereas in order to compute the denominator another M
multiplications must be performed. Calculating the ﬁlter takes another
(real) division operation, and applying the ﬁlter to the noisy observations vector costs additional M multiplications. Thus, the total cost of
generating a desired signal estimate out of the observations is roughly
𝑀 3 + 𝑀 2 + 2𝑀 = 16 complex multiplications, with 𝑀 = 2, plus another
real division operation. We move on to the KP-MVDR. It requires the
same operations as the conventional MVDR, but rather with squaredsize correlation matrix and steering vector. In addition, generating the

oSNR[𝐡(𝑓 )]
iSNR(𝑓 )

(36)

and

[
]
[
] oSNR ̃𝐡(𝑓 )
 ̃𝐡(𝑓 ) =
,
iSNR(𝑓 )

(37)

respectively. We employ the average output SNR gain as our main performance measure.
There is another modiﬁcation that should be made with the KP approach in order to obtain a reliable desired signal estimation and keep
the expressions in (35) and (37) valid. We recall that for each timefrequency bin the STFT modiﬁcation of (17) provides a local estimate
of the desired signal spectral power:
𝑍(𝑓 , 𝑡) = ̃𝐡𝐻 (𝑓 , 𝑡)̃
𝐲 (𝑓 , 𝑡).

(38)

While it is easy to show that with both ̃𝐡MVDR (𝑓 ) and ̃𝐡LCMV (𝑓 ) this
expression is real, there is no guarantee that it is strictly positive. In
practice, when a desired speech signal is present, it is very likely that
the inner product in (38) is indeed positive, hence yielding a valid estimate of the desired signal spectral power. This may be seen by applying
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The average output SNR gains for the six combinations of M ∈ {3, 5,
7} with input SNR ∈ {0, 7}dB for the two KP ﬁlters and their two conventional counterparts are depicted in Fig. 4. We note that the input SNR
takes into account both the background noise and the interference. To
begin with, we observe that the KP-LCMV achieves a signiﬁcantly preferable average output SNR gain in comparison to the conventional LCMV,
in particular in low frequencies. Similarly, the KP-MVDR maintains a
substantial output SNR gain gap over the conventional MVDR throughout the entire frequency spectrum. However, as M and the input SNR
increase the output SNR gain gap decreases- speciﬁcally in frequencies
lower than 3 kHz, which are typically of high interest in speech signals.
The signiﬁcant output SNR gain gap in frequencies higher than 3 kHz
may be explained by the lower bound in (39), which eliminates much
of the residual noise with the KP ﬁlters when the desired speech signal
is absent.
Next, we employ the perceptual evaluation of speech quality (PESQ)
score (Rix et al., 2001) as an additional objective performance measure,
which is applied on the enhanced speech in the time domain. Table 1
summarises the average PESQ score of the four ﬁlters in the aforementioned six settings combinations in addition to the PESQ score of the
noisy signal in the reference microphone Y1 (f). We point out that the
PESQ score and the average output SNR gain in low frequencies exhibit
some sort of correlation. That is, according to both measures the KP approach is shown to produce cleaner enhanced signals, particularly for
low input SNRs or small arrays. For high input SNRs and large arrays,
the KP approach may still be preferable, but the PESQ score and average
output SNR gain diﬀerences are signiﬁcantly reduced.
We end this section by comparing the spectrograms of the desired,
noisy and four enhanced signals with 𝑀 = 5 and iSNR = 0dB, which are
depicted in Fig. 5. We observe that the enhanced signals with the KP
approach exhibit a higher resemblance to the desired signal, with the
background noise strongly attenuated. This is stressed out in particular
in very low frequencies, in which the conventional LCMV, for example,
ampliﬁes the background noise while the KP-LCMV attenuates it.

Fig. 3. Output SNR gain curve of a desired white Gaussian signal corrupted by
thermal white Gaussian noise as a function of the temporal smoothing parameter
𝜏 0 . The array consists of 𝑀 = 2 sensors and the input SNR is -20dB.

one of the KP ﬁlters to the last equality of (19) in which the ﬁrst term,
that is associated with the true desired signal power, is guaranteed to be
positive. Nevertheless, when a desired signal is absent, this positive term
is approximately zero and the power estimate might turn out to be negative. Clearly, such an estimate is non-physical and should be clipped to
zero. Consequently, (38) is modiﬁed to
{
}
𝐲 (𝑓 , 𝑡), 0 ,
𝑍(𝑓 , 𝑡) = max ̃𝐡𝐻 (𝑓 , 𝑡)̃

(39)

whereas when a zero estimate is obtained both the ﬁltered desired signal
and the residual noise are zeroed out, and are referred to accordingly in
(35) and (37).
The correlation matrices in the STFT domain are obtained as a
straightforward temporal smoothing of the appropriate instantaneous
signals, i.e.,

6.2. Speech signals simulations in reverberant environments

𝑡 + 𝜏0

𝚽𝐲 (𝑓 , 𝑡) =

∑
1
𝐲(𝑓 , 𝜏)𝐲𝐻 (𝑓 , 𝜏)
2𝜏0 + 1 𝜏=𝑡−𝜏

(40)

𝑡 + 𝜏0
∑
1
̃
𝐲(𝑓 , 𝜏)̃
𝐲𝐻 (𝑓 , 𝜏),
2𝜏0 + 1 𝜏=𝑡−𝜏

(41)

In this section, we address the noise reduction performance in reverberant environments. We use a room impulse response (RIR) generator
(Habets, 2014) to simulate the reverberant noise-free signal received
in each of the microphones. The RIR generator is based on the image
method of Allen and Berkley (1979). We point out that for the sake of
veriﬁcation, some of the following scenarios were repeated using the
randomized image method presented in Sena et al. (2015). To begin
with, we are interested in examining the desired speech signal reverberation inﬂuence on the noise reduction performance for diﬀerent RIRs.
Hence, the simulation settings is as follows. A 6 × 6 × 3 m room contains a desired speech signal source located at (𝑥, 𝑦, 𝑧) = (3, 1, 1.5), and
𝑀 = 3 microphones located, respectively, at (2.95, 5, 1.5), (3, 5, 1.5)
and (3.05, 5, 1.5). The microphone signals contain thermal white Gaussian noise. We simulate 3 scenarios with a varying value of T60 ∈ {0, 250,
400} msec (as deﬁned by Sabin-Franklin’s formula Pierce (1991)), and
use the conventional and KP-MVDR ﬁlters to perform noise reduction.
We note that the ﬁlters are derived according to the non-reverberant
model with 𝜃d = 90◦ .
The simulations are carried out for both iSNR = 0 and iSNR = 7 and
the same set of TIMIT speech signals used in the previous part. We compare the average PESQ scores of the time-domain enhanced speech signals to the clean and noisy reverberant signals. The results are shown
in Table 2. We observe that the KP-MVDR obtains higher PESQ scores
in all the foregoing scenarios, however, the performance gap is more
signiﬁcant for the lower values of the input SNR and T60 . That is, when
T60 is high, the speech quality is mainly deteriorated by the reverberation and not by the white background noise. Hence, in such cases the
PESQ score improvement due to the noise reduction is limited, and an
additional dereverberation stage should be incorporated.

0

and
𝚽̃𝐲 (𝑓 , 𝑡) =

0

where 𝜏 0 is a smoothing parameter indicating the temporal duration of
the smoothing process. As 𝚽̃𝐲 (𝑓 , 𝑡) is considerably larger than 𝚽y (f, t),
the KP ﬁlter is more vulnerable to correlation estimation errors. That is,
when 𝜏 0 is not large enough the oﬀ-diagonal elements of the correlation
matrices are inaccurately estimated, thus adding a signiﬁcant amount of
noise which corrupts the optimal ﬁlters. This behaviour is demonstrated,
for example, for the stationary toy example described above in Fig. 3,
in which the average output SNR gain of the KP and conventional MVDRs are plotted as a function of the smoothing parameter 𝜏 0 . Indeed,
we observe that the KP-MVDR requires a considerably longer temporal
smoothing in order to achieve its theoretical output SNR gain. We set
𝜏0 = 5 for all further simulations we discuss next.
We examine the average output SNR gains of the four ﬁlters in similar settings to the previous scenario, but we employ speech signals which
are taken from the TIMIT database (Darpa timit acoustic phonetic continuous speech corpus cdrom, 1993) as the desired signal, and add an interference impinging on the sensor array from the endﬁre direction (0∘ )
that is three times more powerful than the background thermal white
Gaussian noise. This implies that the overall noise consists of both directional and thermal noise terms. Naturally, all four ﬁlters satisfy the distortionless constraint, while the conventional and KP LCMVs also place
a null at 0∘ (𝐿 = 2).
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Fig. 4. Average output SNR gains as a function of the frequency for various array sizes and input SNRs. (a) iSNR = 0 dB and 𝑀 = 3, (b) iSNR = 7 dB and 𝑀 = 3, (c)
iSNR = 0 dB and 𝑀 = 5, (d) iSNR = 7 dB and 𝑀 = 5, (e) iSNR = 0 dB and 𝑀 = 7, and (f) iSNR = 7 dB and 𝑀 = 7.
Table 1
Average PESQ scores for iSNR = 0dB and iSNR = 7dB with varying array sizes.

Y1 (f)
̃𝐡MVDR (𝑓 )
hMVDR (f)
̃𝐡LCMV (𝑓 )
hLCMV (f)

iSNR = 0 dB,
𝑀 =3

iSNR = 0 dB,
𝑀 =5

iSNR = 0 dB,
𝑀 =7

iSNR = 7 dB,
𝑀 =3

iSNR = 7 dB,
𝑀 =5

iSNR = 7 dB,
𝑀 =7

1.502
2.235
1.939
2.123
1.628

1.502
2.741
2.313
2.748
2.155

1.502
2.762
2.537
2.817
2.478

1.982
2.644
2.494
2.627
2.192

1.982
2.987
2.769
3.033
2.738

1.982
3.027
2.977
3.082
3.022
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Fig. 5. Spectrograms of the desired signal, noisy input signal, and the enhanced signals in the presence of a directional interference and white thermal noise. The
array size is 𝑀 = 5 microphones and the input SNR is iSNR = 0 dB. (a) Clean desired signal, (b) noisy input signal at the ﬁrst (reference) microphone, (c) enhanced
signal with hMVDR (f), (d) enhanced signal with ̃𝐡MVDR (𝑓 ), (e) enhanced signal with hLCMV (f), and (f) enhanced signal with ̃𝐡LCMV (𝑓 ).

Next, we examine a more complicated set of scenarios in which in
addition to the thermal white Gaussian noise, there are up to three reverberant spatial interferences. The problem settings are modiﬁed as
follows. A uniform linear array of 𝑀 = 5 microphones is located around
(3, 5, 1.5) in the same room described above. The microphone array

spacing is 0.05m, which implies that the total array length is 0.2m.
Additionally, 3 white interference sources are placed on the 𝑧 = 1.5
plane: U1 @(1, 5, 1.5), U2 @(1, 1, 1.5), and U3 @(5, 1, 1.5). An illustration of the 𝑧 = 1.5 plane of the reverberant room is depicted in
Fig. 6. The activity of the interference sources is set according to the 3

56

G. Itzhak, J. Benesty and I. Cohen

Speech Communication 114 (2019) 49–59

Table 2
Average PESQ scores for iSNR = 0 dB and iSNR = 7 dB with varying values of T60 . The background noise is thermal white Gaussian noise
and 𝑀 = 3.

Noisy reverberant signal
Reverberant enhanced signal with hMVDR (f)
Reverberant enhanced signal with ̃𝐡MVDR (𝑓 )
Clean reverberant signal

iSNR = 0 dB,
𝑇60 = 0ms

iSNR = 0 dB,
𝑇60 = 250ms

iSNR = 0 dB,
𝑇60 = 400ms

iSNR = 7 dB,
𝑇60 = 0ms

iSNR = 7 dB,
𝑇60 = 250ms

iSNR = 7 dB,
𝑇60 = 400ms

1.87
2.19
2.38
4.5

2.04
2.18
2.27
2.72

1.98
2.13
2.2
2.43

2.34
2.64
2.75
4.5

2.33
2.41
2.46
2.72

2.2
2.3
2.33
2.43

Table 3
Average PESQ scores for the 3 aforementioned scenarios with iSNR = 0 dB and iSNR = 7 dB, 𝑇60 = 250msec and 𝑀 = 5.

Noisy reverberant signal
Reverberant enhanced signal
Reverberant enhanced signal
Reverberant enhanced signal
Reverberant enhanced signal
Clean reverberant signal

with hLCMV (f)
with ̃𝐡LCMV (𝑓 )
with hMVDR (f)
with ̃𝐡MVDR (𝑓 )

iSNR = 0 dB,
Scen. (a)

iSNR = 0 dB,
Scen. (b)

iSNR = 0 dB,
Scen. (c)

iSNR = 7 dB,
Scen. (a)

iSNR = 7 dB,
Scen. (b)

iSNR = 7 dB,
Scen. (c)

2.11
2.27
2.46
2.3
2.48
2.72

2.19
2.22
2.46
2.34
2.5
2.72

2.24
1.34
2.43
2.36
2.48
2.72

2.39
2.43
2.49
2.44
2.49
2.72

2.45
2.45
2.47
2.49
2.51
2.72

2.49
1.58
2.46
2.5
2.5
2.72

tains a considerable noise reduction in the low input SNR and only a
slight quality deterioration in the high input SNR. Since both LCMV ﬁlters are designed to zero the direct paths of the directional interferences,
we deduce that the KP-LCMV is potentially preferable in terms of white
noise gain.

7. Conclusions
Conventional multichannel ﬁlters such as the MVDR and the LCMV
are often used to estimate desired signals in noisy environments. Although they perform well when the input SNR is relatively high and
with a large number of channels (i.e., sensors), their performances may
not always be suﬃcient when the arrays contain only a few sensors. We
have introduced a KP ﬁltering approach to estimate the spectral power
of the desired signal by exploiting higher-order statistics. We analyzed
a toy example and performed a series of speech signals simulations in
both anechoic and reverberant environments. We demonstrated that the
proposed KP-MVDR and KP-LCMV outperform their conventional counterparts when proper temporal smoothing is employed to estimate the
correlation matrix of the modiﬁed observation signal vector. This is emphasized in particular when the number of sensors is small or when the
input SNR is low.

Fig. 6. An illustration of the 𝑧 = 1.5 plane of the reverberant room.

following scenarios:
Scen. (a):
Scen. (b):
Scen. (c):

only 𝑈1 is active,
only 𝑈1 and 𝑈2 are active,
all interference sources are active.

In addition, a thermal white Gaussian noise is present. We note that in
all scenarios, each interference and background noise are equally powerful. The received signal is individually simulated for each of the microphones using the RIR generator with 𝑇60 = 250ms. The set of simulations
is performed for both iSNR = 0 and iSNR = 7, where the input noise, according to which the input SNR is calculated, takes into account the
free ﬁeld interferences and the thermal white Gaussian noise. Since in
these scenarios interferences are present, it is interesting to examine the
LCMV ﬁlters as well, for which the appropriate 𝐿 − 1 null constraints are
set in the direction of the direct path of the interferences. This implies
that we have 𝐿 = 2 in Scen. (a), 𝐿 = 3 in Scen. (b), and 𝐿 = 4 in Scen.
(c). The PESQ scores of all 4 ﬁlters in the 3 scenarios and both input
SNRs are shown in Table 3. We observe the following. Indeed, as the input SNR increases, the speech quality with the conventional MVDR and
LCMV signiﬁcantly improves. In contrast, this is not the case with the
two KP ﬁlters, whose average PESQ scores remain roughly unchanged
upon increasing the input SNR from iSNR = 0 to iSNR = 7. This is somewhat similar to the anechoic environment simulations of Section 6.1:
The KP approach is of a better potential particularly in low input SNRs.
Additionally, we note that while the conventional LCMV signiﬁcantly
enhances the noise in both input SNRs of Scen. (c), the KP-LCMV at-
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Appendix
Derivation of (30)
Let us evaluate the KP correlation matrix 𝚽̃𝐲 (𝑓 ). We have
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{[
]
(𝐱(𝑓 ) + 𝐯(𝑓 ))∗ ⊗ (𝐱(𝑓 ) + 𝐯(𝑓 ))
[
]}
(𝐱(𝑓 ) + 𝐯(𝑓 ))𝑇 ⊗ (𝐱(𝑓 ) + 𝐯(𝑓 ))𝐻
{[
]
= 𝐸 𝐱∗ (𝑓 ) ⊗ 𝐱(𝑓 ) + 𝐱∗ (𝑓 ) ⊗ 𝐯(𝑓 ) + 𝐯∗ (𝑓 ) ⊗ 𝐱(𝑓 ) + 𝐯∗ (𝑓 ) ⊗ 𝐯(𝑓 )
[ 𝑇
𝐱 (𝑓 ) ⊗ 𝐱 𝐻 (𝑓 ) + 𝐱 𝑇 (𝑓 ) ⊗ 𝐯𝐻 (𝑓 ) + 𝐯𝑇 (𝑓 ) ⊗ 𝐱 𝐻 (𝑓 )
]}
+ 𝐯𝑇 (𝑓 ) ⊗ 𝐯𝐻 (𝑓 ) ,
(42)

𝚽̃𝐲 (𝑓 ) = 𝐸

𝐸

⎡1
⎢
1
= 4 𝜖 x 𝜖v ⎢
⎢1
⎢1
⎣

0
𝐾𝜖x

⎡1
⎢
0
= 4 𝜖 x 𝜖v ⎢
⎢0
⎢1
⎣

⎡1
]⎢1
= 𝐸 |𝑋1 (𝑓 )| ⎢
⎢1
⎢1
⎣
⎡1
⎢

=

1
1
1
1

4

1
8𝜖x2 ⎢
⎢1
⎢1
⎣

1
1
1
1

1
1
1
1

,

(43)

1⎤
⎥
1⎥
1⎥
1⎥⎦

We move on to the noise-only matrix. Since the noise distribution is
normal as well, the frequency domain representations of the noise terms
are complex-normally distributed, and we easily obtain
⎡2
⎢
{[
][ 𝑇
]}
∗
𝐻
2 ⎢0
𝐸 𝐯 ( 𝑓 ) ⊗ 𝐯 ( 𝑓 ) 𝐯 ( 𝑓 ) ⊗ 𝐯 ( 𝑓 ) = 4 𝜖v
⎢0
⎢1
⎣

0
1
0
0

0
0
1
0

1⎤
⎥
0⎥
.
0⎥
⎥
2⎦

Similarly, the following 6 mixed matrices are given by
𝐸

{[
][
]}
𝐯∗ (𝑓 ) ⊗ 𝐱 (𝑓 ) 𝐱 𝑇 (𝑓 ) ⊗ 𝐯𝐻 (𝑓 )
{[
][
]}
= 𝐸 𝐱 ∗ (𝑓 ) ⊗ 𝐯(𝑓 ) 𝐯𝑇 (𝑓 ) ⊗ 𝐱 𝐻 (𝑓 )
= 𝟎,

𝐸

{[
][
]}
𝐱 ∗ (𝑓 ) ⊗ 𝐯(𝑓 ) 𝐱 𝑇 (𝑓 ) ⊗ 𝐯𝐻 (𝑓 )

⎡ 1 0 1 0⎤
⎢
⎥
0 1 0 1⎥
= 4 𝜖 x 𝜖v ⎢
,
⎢ 1 0 1 0⎥
⎢ 0 1 0 1⎥
⎣
⎦
{[
][
]}
𝐸 𝐯∗ (𝑓 ) ⊗ 𝐱(𝑓 ) 𝐯𝑇 (𝑓 ) ⊗ 𝐱𝐻 (𝑓 )
⎡1
⎢
1
= 4 𝜖 x 𝜖v ⎢
⎢0
⎢0
⎣

1
1
0
0

0
0
1
1

1
0
0
1

1
0
0
1

1⎤
⎥
0⎥
.
0⎥
⎥
1⎦
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