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Joint Sparse Concentric Array Design for Frequency
and Rotationally Invariant Beampattern
Yaakov Buchris , Member, IEEE, Israel Cohen , Fellow, IEEE, Jacob Benesty , and Alon Amar , Member, IEEE

Abstract—Frequency-invariant concentric arrays are fundamental components in some real-world applications, like teleconferencing, voice service devices, underwater acoustics, and others, where the azimuthal arrival direction of the desired signal
is varying. The fact that the demand for limited hardware and
computational resources in such applications is essential, motivates the use of a sparse design which can optimize both the
number of the required sensors and the complex weights of the
beamformer. Herein, we propose a new greedy based joint-sparse
design of frequency and rotationally invariant concentric arrays
which preserves the properties of the designed directivity pattern
for different azimuthal directions of steering. Simulation results
show that the greedy sparse design, compared to uniform and
random designs, gives superior performance in terms of array
gain, and frequency and rotationally invariant beampattern, with
a reasonable computational and hardware resources.
Index
Terms—Concentric
arrays,
frequency-invariant
beamformer, rotationally-invariant beamformer, greedy joint
sparse, superdirective beamformer.

I. INTRODUCTION
ANY real-world applications use sensor arrays and
beamforming in order to spatially filter desired signals
while suppressing other interfering signals and noise. In the
general case, volumetric spherical arrays [1] may be used, as
steering can be accomplished from any direction of the 3D
sphere. Yet, in some practical applications, planar arrays are
preferred [2] due to systemic limitations and the possibility to
assume a 2D scenario.
One of the popular geometries of planar arrays is the circular
and concentric arrays integrated in video conference systems and
some voice service devices, which nowadays have become an
essential part of human life [3]–[5]. Such geometries are popular in some practical applications requiring variable steering
azimuthal direction of the mainlobe while preserving similar
performance in terms of array gain and directivity pattern. In
particular, concentric arrays that contain several rings of sensors
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in different radii and provide similar and steerable beampattern
for 360◦ azimuthal coverage, are advantageous also for broadband beamformers as they enable robust and frequency-invariant
(FI) beampatterns over a wide range of frequencies [6]. Among
several classical approaches for FI beamformer design which
were extensively explored during the last decades [7]–[20], the
class of sparse design approaches of FI beamformers is of a great
interest, since both the beamformer gains as well as the entire
number of sensors and their positions are optimized [21]–[25].
Previous work on sparse concentric array design includes stochastic optimization methods, such as genetic algorithm (GA) [26]–[28], modified particle swarm optimization (MPSO) [29], and biogeography-based optimization
(BBO) [30]. These approaches take advantage from the stochastic optimization mechanism which mitigates problems of local
minima convergence and have a good numerical stability, yielding sparse concentric arrays with lower sidelobes level (SLL),
fewer elements, and nearly rotationally-invariant azimuthal coverage. Chatterjee et al. [31] apply a differential evolution (DE)
algorithm in order to optimize both the radii and the element
spacing of each ring, resulting in an array layout with reduced
SLL and a smaller number of elements with respect to a uniform
array. In [32] an iterative perturbation algorithm is applied in
order to get a sparse planar array with a desired beampattern and
directivity. Zhao et al. [33] propose a hybrid approach which
combines both convex optimization and deterministic one in
order to determine the number of concentric rings, the ring radii,
and the current ring excitations satisfying the requirements on
the directivity pattern. Other deterministic design approaches
for sparse concentric arrays can be found in [34]–[36]. The
main limitation of all these works is that the design was focused
mainly on the narrowband case and/or optimization only of the
ring radii, each with sensors arranged uniformly along it.
To the best of the authors’ knowledge, in contrast with the narrowband case, broadband sparse designs of FI concentric arrays
have almost not been addressed in previous works. In [37]–[39]
various design approaches for the synthesis of broadband rotationally symmetric sparse concentric arrays are presented. These
approaches optimize the suppression of the peak SLL across the
bandwidth of interest, but are not considered as FI arrays. Li
et al. [40] propose an analytical approach for synthesis of FI
directivity pattern of concentric arrays over a certain frequency
band. In that approach the ring radii and their weights are determined analytically, matched to a specific frequency satisfying a
desired beampattern. Then, for each different frequency some
connections are established and used to calculate different sets

2329-9290 © 2020 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: Technion Israel Institute of Technology. Downloaded on April 25,2020 at 09:34:25 UTC from IEEE Xplore. Restrictions apply.

1144

IEEE/ACM TRANSACTIONS ON AUDIO, SPEECH, AND LANGUAGE PROCESSING, VOL. 28, 2020

of coefficients that yield the same directivity pattern. The main
shortcomings of that approach is that it does not provide enough
frequency range coverage over which the beampattern is nearly
FI, and it does not optimize the total number of sensors in the
array layout.
Motivated by the aforementioned shortcomings of previous
approaches, in this paper, we extend our recent work on jointsparse design of FI beamforming [41], and propose a new
greedy based joint-sparse design for FI concentric arrays, which
optimizes both the number of sensors and the number of rings
while taking into consideration the requirement regarding the
rotationally-invariant property. Therefore, the obtained sparse
array layout may allow to get a similar array response for different azimuthal directions of steering. Moreover, it also supports
the case that one is interested on a similar array response only
for an azimuthal sector or for a discrete number of azimuthal
directions. The proposed approach is more general with respect
to [41] as it allows more than one fixed steering direction. Note
that in this work we focus on the two-dimensional (2D) scenario
where both the array and the incoming signals are on the same
plane. Such a model approximates real scenarios where most of
the reflected signals arrive from the walls and less from the floor
and the ceiling, e.g., a concentric array in a video conference
room. The more general three-dimensional (3D) scenario is out
of the scope of this work.
Note that since it is desired to determine an array layout which
supports optimal steering from more than one possible direction,
the optimization problem cannot be solved directly, as multiple
distortionless constraints should be imposed simultaneously,
leading to a contradiction. Instead, we derive a four-step sparse
design where we split our problem into a subproblem of determining the array layout for steering from a certain direction, then
we multiply the obtained array layout for additional directions
corresponding to other desired steering directions, followed by
a redundancy removal step where a final sparse array layout is
obtained and used for synthesis.
As a first step of the proposed design, a modified orthogonal matching pursuit (OMP) [42], [43] greedy based iterative
algorithm is applied aiming to determine the array layout for a
case of steering to a fixed direction. In each iteration, it seeks
for the sensors that mostly contribute to the residual signal.
As a stopping criterion, the selected set of sensors up to the
current iteration, which are joint to all the frequency bins in the
bandwidth of interest, are used to construct the array layout
steered to the fixed direction while fulfilling several desired
constraints. In the next step, the array layout is symmetrically
duplicated into additional azimuthal directions in order to obtain nearly rotationally-invariant beampattern. As the duplicated
array layout contains some redundancy, an 12 -optimization
problem is solved in order to attain a more compact array layout
which is joint sparse both in the number of rings and in the
number of sensors, used in the final synthesis step to obtain the
rotationally-invariant FI beampattern. Reducing also the number
of rings may contribute to the rotationally-invariant property of
the sparse array. The fact that the array layout is joint-sparse
implies on the desired property of hardware consuming since the

Fig. 1. Illustration of a concentric circular array with G rings, where the gth
(g = 1, 2, . . . , G) ring, with a radius of rg , consists of Mg omnidirectional
microphones, with θs being the source incidence angle.

selected sensors are joint for all the frequencies in the bandwidth
of interest.
Simulation results compare between the proposed greedy
sparse design, a uniform array design and a random array design.
It is shown that the greedy sparse design yields a FI rotationallyinvariant beamformer with a better white noise gain (WNG) and
high directivity. In contrast, the uniform designs suffer from high
SLL and sensitivity to noise, while the random design provides
unstable and fluctuating results. In addition, the sparse design
requires reasonable resource consumption leading to a practical
design for applications involving large arrays with hundreds of
candidate sensors.
II. SIGNAL MODEL AND PROBLEM FORMULATION
Assume a 2D scenario during which signals are propagating
towards a concentric array composed of G rings, where the gth
ring is characterized by its radius, rg , g = 1, 2, . . . , G, and the
number of candidate positions for locating the sensors, Mg , as
illustrated
 in Fig. 1. The total number of candidate positions is
M= G
g=1 Mg . The center of the concentric array coincides
with the first ring having r1 = 0 and M1 =1. The direction of
arrival of signals towards the array is denoted by the azimuth θ,
measured anti-clockwise from the x axis, i.e., at θ = 0◦ , and
sensor 1 of each ring is placed on the x axis, i.e., at θ = 0◦ . The
direction of arrival of the desired source signal to the array is
denoted by the azimuth angle θs .
Let Ω and Θ denote the frequency and angle ranges of interest,
respectively. We uniformly discretize both the frequency and
angle spaces and introduce J frequency bins {ωj }Jj=1 ∈ Ω, and
P directions {θp }P
p=1 ∈ Θ that cover the entire beampattern,
i.e., Θ ∈ [−π, π].
The beampattern of such an array for the angular frequency
ωj ∈ Ω and azimuth θp ∈ Θ can be expressed as


(1)
B (ωj , θp ) = Trace HH (ωj )D (ωj , θp ) ,
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where the superscript H denotes the conjugate-transpose operator, the matrix
⎡
⎤
H1,1 (ωj ) · · ·
H1,g (ωj ) · · ·
H1,G (ωj )
⎢
⎥
⎢
H2,G (ωj ) ⎥
0
···
H2,g (ωj ) · · ·
⎢
⎥
⎢
⎥
⎢
⎥
.
..
⎢
···
H3,g (ωj ) · · ·
H3,G (ωj ) ⎥
⎢
⎥
⎥
H(ω) = ⎢
⎢
⎥
..
⎢
0
···
.
···
H4,G (ωj ) ⎥
⎢
⎥
⎢
⎥
..
⎢
⎥
⎢
⎥
0
· · · HMg ,g (ωj ) · · ·
.
⎣
⎦
0

···

···

0

HMG ,G (ωj )
(2)

is an MG × G matrix, whose gth column contains the beamformer coefficients located on the gth ring, while we assume
that 1 = M1 ≤ M2 ≤ . . . , ≤ MG . The matrix D(ωj , θp ) is an
MG × G steering matrix whose gth column is given by [2]
⎡ ωj rg
⎤
ej c cos(θp −ψg,1 )
⎢ ωj rg
⎥
⎢ ej c cos(θp −ψg,2 ) ⎥
⎢
⎥
⎢
⎥
⎢
⎥
..
⎢
⎥
.
⎢
⎥,
(3)
dg (ωj , θp ) = ⎢ ωj rg
⎥
⎢ej c cos(θp −ψg,Mg ) ⎥
⎢
⎥
⎢
⎥
⎢
⎥
0
⎣
⎦
0
where
ψg,m =

2π(m − 1)
, m = 1, 2, . . . , Mg
Mg

(4)

is the√angular position of the mth array element of the gth ring,
j = −1, and c is the waveform’s speed.
Assume that we select a subset of K  M sensors, concentrated in G < G rings, used to synthesize the K spatio-temporal
beampatterns for each frequency ωj ∈ Ω, that is,
BK(ωj , θp ) = Q{H(ωj ); AK (iG )}HQ{D(ωj , θp ); AK (iG )},
(5)
where Q{·} is a FI selection operator defined as follows: for matrices X1 and X2 of size m × n, Q{X1 ; X2 } returns a column
vector with all the entries in X1 for which the corresponding
entries in the binary matrix X2 are equal to ‘1’. The matrix
AK (iG ) of size MG × G contains K nonzero elements which
spread across only G columns, whose indices are specified by
the G × 1 vector iG . Note that for the particular case that Q{·}
operates on vectors x1 and x2 of size n, where the binary vector
x2 contains n ≤ n nonzero elements, we simply get that
Q {x1 ; x2 } = Ts (in (x2 )) x1 ,


(6)

where the vector in (x2 ) of length n contains the indices of the
nonzero entries of the vector x2 , and Ts (in (x2 )) is an n × n
FI selection matrix, i.e., containing n rows of an n × n identity
matrix corresponding to the nonzero indices of the vector x2 .
Note that the following property is satisfied: Ts (in ) = In where
in = [1, 2, . . . , n]T and In is the n × n identity matrix.
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Let the function Bdθs (θ), θ, θs ∈ Θ, be a desired far-field FI
beampattern in the bandwidth of interest Ω, with a mainlobe
steered to θs . Our goal is stated as follows: we want that the
synthesized beampattern BK (ωj , θp ), ∀ωj ∈ Ω, with the structure specified by (5), will be FI but at the same time will be as
close as possible to the desired power beampattern, Bdθs (θ) (in
the mean-squared error sense), under some design constraints to
be specified below. Additionally, the K selected sensors should
also support the rotationally-invariant property of circular arrays
in general, and of concentric arrays in particular, meaning that
approximately similar response can be obtained for different
values of the steering direction, θs . For example, assume that
the K selected sensors are used to synthesize the beampattern
(1)
BK (ωj , θp ), ∀ωj ∈ Ω, ∀θp ∈ Θ being similar to Bdθs (θ) with
the following overall error:
J

P

|Bdθs (θp ) − BK (ωj , θp ) |2 ≤ 2t ,
(1)

(7)

j=1 p=1

where t is a small positive parameter, then the same K sensors
(2)
can be used to synthesize also BK (ωj , θp ), ∀ωj ∈ Ω, ∀θp ∈ Θ
being similar to Bdθ̃s (θ) with similar accuracy (i.e., similar 2t ),

while θ̃s = θs + Δθs and Bdθ̃s (θ) is a shifted version of Bdθs (θ)
by Δθs degrees.
The structure of the synthesized beampattern BK (ωj , θp ) with
the K sensors concentrated in G < G rings may contribute to
obtain the rotationally-invariant property by minimizing G .
The intuition for this constraint is as follows: consider the case
that the array layout obtained by the K sensors is linear and a
second case where all the sensors are concentrated in a single
ring. In the first case where all the rings are used, the linear
geometry can provide sparse robust design as presented in [41],
yet it clearly does not support the rotationally-invariant property.
In the second case, we get nearly rotationally-invariant circular
array but may obtain limited performance in terms of robust FI
beampattern. The intermediate cases with a small number of
rings used to construct the array layout are expected to yield a
compromise between robustness and rotationally invariance. In
light of this trade-off, we impose that the K selected sensors
will be concentrated on G < G rings.
III. TYPICAL DESIGN CONSTRAINTS

Herein, we present several constraints that should be taken
into consideration while designing concentric FI beamformers.
Denote the vector h(ωj ) of length M containing the nonzero
elements of the matrix H(ωj ) arranged in a column vector of
length M , that is,
h (ωj ) = [H1,1 (ωj )) H2,1 (ωj ) · · ·
H2,M2 (ωj ) · · · HG,1 (ωj ) · · · HG,MG (ωj )]T ,

(8)

where the superscript T denotes the transpose operator, and the
mth element corresponds to the mth candidate sensor whose
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position is denoted by pm , m = 1, 2, . . . , M , given as [44]

r
cos(ψ
)
g
g,m
g
{pm }M
,
m=1 ∈
rg sin(ψg,mg )
mg = 1, . . . , Mg , g = 1, . . . , G.

of a beamformer coefficient vector h(ωj ) [44],

 H
h (ωj ) d (ωj , θs )2
,
W (h(ωj )) =
hH (ωj ) h (ωj )
(9)

Similarly, define also the vector d(ωj , θp ) of length M containing the nonzero elements of the matrix D(ωj , θp ) arranged in a
column vector. We set P  < P directions that cover the mainlobe
region Θm , where the subscript m stands for mainlobe, and the
remaining P − P  directions that cover the sidelobe region Θs
where the subscript s stands for sidelobe.
The first constraint is a mainlobe constraint formulated as
multiple joint-sparse constraints, that is, ∀ωj ∈ Ω, [41]

2


T H
T
C1 : (bm
d (θs )) h (ωj ) Ts (iK ) Ts (iK ) DM,Θm (ωj )
2

≤ 1 (ωj ),

(10)

where iK = [i1 , i2 , . . . , iK ]T is a vector containing the indices
of the K chosen sensors located at {pik }K
k=1 , 1 (ωj ) is a small
positive parameter, || · ||2 is the 2 -norm,
DM,Θm(ωj ) = [d (ωj , θ1 ) , d (ωj , θ2 ) , . . . , d (ωj , θP  )] (11)
is an M × P  matrix, and

T
θs
θs
θs
bm
d (θs ) = Bd (θ1 ) , Bd (θ2 ) , . . . , Bd (θP  )

(12)

is a vector containing samples of the desired beampattern in the
directions covering the mainlobe.
Similarly, for the sidelobe constraint we can obtain multiple
joint-sparse constraints, and write ∀ωj ∈ Ω,

2


C2 : (bsd (θs ))T−hH (ωj )TTs (iK )Ts (iK )DM,Θs (ωj )
2

≤2 (ωj ),

(13)

where 2 (ωj ) is a small positive parameter. The matrix
DM,Θs (ωj ) is defined similarly to DM,Θm (ωj ), and the vector
bsd (θs ) is defined similarly to bm
d (θs ).
Clearly, imposing only C1 and C2 does not ensure that the
array responses BK (ωj , θp ), ωj ∈ Ω will not distort the signal
of interest and especially that they will be robust to array calibration and model mismatch errors. Hence, we include additional
constraints. The first is the well known distortionless response
constraint, stating that, ∀ωj ∈ Ω,
C3 : hH (ωj ) TTs (iK ) Ts (iK ) d (ωj , θs ) = 1,

(14)

and the second is the limitation of the white noise output power,
given as, ∀ωj ∈ Ω,
C4 : h

H

(ωj ) TTs

(iK ) Ts (iK ) h (ωj ) ≤ γ(ωj ),

(15)

where γ(ωj ) is a parameter expressing the maximal allowed
white noise output power at frequency ωj . Note that due to the
distortionless constraint specified by (14), the formulation of
(15) is equivalent to restricting the WNG of the array to be above
a certain threshold value [2, ch.6]. The WNG for the general case

(16)

is a measure indicating the array gain in the presence of uncorrelated white noise. It also indicates the sensitivity of the array
to model mismatch errors [2].
In the framework of sparse design of concentric arrays we may
define two additional constraints. The first is a symmetry of the
designed beampattern with respect to the steering direction, θs .
The motivation to such constraint is as explained above that
we would like the final array layout to include as few rings
as possible, thus, it may lead to a better rotationally-invariant
response.
Assuming that θs = 0◦ , we may arrange all the candidate
sensors in symmetric pairs, while sensors that lay on the main
axis (i.e., the x axis presented in Fig. 1) are symmetric to
themselves, that is, we have M  ≤ M symmetric pairs. Without
loss of generality, we assume that M  ≤ M  are pairs of sensors
that do not lay on the main axis, while the remaining M  − M 
sensors correspond to the sensors on the main axis.
Let the matrix S be a matrix of size M  × M where each
of its first M  rows contain zeros except two entries of ‘1’s
corresponding to the indices of the mth symmetric pair (m =
1, 2, . . . , M  ). The entries of the remaining M  − M  sensors
laying on the main axis, are equal to ‘2’. As a simple example to
illustrate the structure of the matrix S, we consider a concentric
array with two rings, the inner ring has four sensors locating
in the azimuthal directions ψ1,1 = 0◦ , ψ1,2 = 90◦ , ψ1,3 = 180◦ ,
and ψ1,4 = 270◦ . The external ring has five sensors locating at the azimuthal directions ψ2,1 = 0◦ , ψ2,2 = 72◦ , ψ2,3 =
144◦ , ψ2,4 = 216◦ and ψ2,5 = 288◦ . Therefore, three sensors
out of the nine sensors lay on the main axis, while three more
pairs do not lay on the main axis. Consequently, the corresponding matrix is
⎤
⎡
0 1 0 1 0 0 0 0 0
⎥
⎢
⎢0 0 0 0 0 1 0 0 1⎥
⎥
⎢
⎥
⎢
⎢0 0 0 0 0 0 1 1 0⎥
⎥
⎢
(17)
S=⎢
⎥.
⎢2 0 0 0 0 0 0 0 0⎥
⎥
⎢
⎥
⎢
⎢0 0 2 0 0 0 0 0 0⎥
⎦
⎣
0

0

0

0

2

0

0

0

0

The symmetry constraint is formulated as, ∀ωj ∈ Ω,

2


C5 : S̃h (ωj ) ≤ 3 (ωj ),
2

(18)

where 3 (ωj ) is a small positive parameter, and S̃ contains the
first M  rows of the matrix S. Note that we take only the rows
of pairs that do not lay on the main axis. We later use all the
rows of the matrix S.
The second additional constraint relates to the desired property of rotationally-invariant beampattern. As discussed before
we would like to get a similar response for different values of
the steering direction, θs . Thus, we may formulate the following
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rotationally-invariant constraint as, ∀θs ∈ Θ,
J

P

C6 :

|Bdθs (θp ) − BK (ωj , θp ) |2 ≤ 2t .

(19)

j=1 p=1

Combining constraints C1 , C2 , C3 , C4 , C5 , C6 , we can formulate the general joint-sparse rotationally-invariant problem of
interest as
minimize {K,G }
subject to C1 , C2 , C3 , C4 , C5 , C6 , ∀ωj ∈ Ω,

(20)

Let us consider the matrix Dj , of size P × M , to be the
H
H
(ωj ) and DM,Θ
(ωj ), i.e.,
concatenation of the matrices DM,Θ
m
s
⎤
⎡
(ωj )
DH
⎥
⎢ M,Θm
Dj = ⎣ H
(22)
⎦.
D
(ωj )
M,Θs

We treat the matrix Dj as a dictionary containing in each column
one word of length P , also called an atom, which corresponds to
one of the M candidate sensors. It is desired to express Bdθs (θ)
with atoms from the dictionary by finding a vector huc (ωj ) ∈
CM which solves the following problem:
Dj huc (ωj ) = bd (θs ),

whose solution yields the jointly-sparse filters:
hK (ωj ) = Ts (iK ) h (ωj ) , ∀ωj ∈ Ω.
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(21)

In this work, we solve (20) by extending our recent incoherent sparse FI design [41], and propose a greedy-based sparse
approach to design of concentric arrays. Based on a joint sparse
version of the OMP algorithm [45]–[47], K  ≤ K joint-sparse
sensors are selected, which comply constraints C1 –C5 . In order
to comply C6 , the obtained array layout is duplicated and an
additional 12 optimization is performed aiming to obtain an
array layout which is sparse both in the number of sensors and
in the number of rings. The proposed approach has much lower
computational burden, which makes it more feasible for practical
designs, especially when the number of candidate sensors is an
order of hundreds or more. Additionally, in a future research on
this topic, we may consider designs of 3D sparse arrays. Due
to the greedy algorithm, such an extension may lead also to a
moderate increase of the affordable computational complexity.
IV. A GREEDY BASED DESIGN OF FI SPARSE
CONCENTRIC ARRAYS
In this section, we present a four-step greedy based approach
for solving (20) and obtain a sparse design of an FI concentric
beamformer. Note that while in our previous incoherent design
the task of determining the parameter K was not trivial, in
the proposed greedy design it may be much more intuitive and
straightforward. In the following subsections, we describe each
of these steps.
A. Determining the Array Layout for Steering From Endfire
The first step includes a greedy search of the best K  ≤ K
sensors over all the candidate sensors that fulfill the above
constraints. We may assume that the desired signal arrives from
the endfire direction (i.e. θs = 0◦ ), while other interfering signals
arrive from different arbitrary directions. As we are looking
for an FI beampattern, the problem would be formulated as
a joint-sparse greedy search one. One of the popular tools
for implementing greedy-based search algorithms is the OMP.
Applying the OMP directly to our problem is not a trivial task,
since it is desired to obtain a sparse array layout which is joint
to all the frequencies in the bandwidth of interest. Thus, in the
following we derive a modified version of OMP.

where
bd (θs ) =

bm
d (θs )

(23)


(24)

bsd (θs )

is the desired beampattern, and the superscript uc stands for
unconstrained.
Since typically Dj is an under-determined matrix, i.e., the
linear system of equations that it represents is under-determined,
(23) has infinite solutions. Among them, the class of sparse
solutions with few nonzero elements is of a great interest because
it means that practically small number of sensors is required to
construct the desired beampattern.
Mathematically, the solution with the fewest nonzero elements can be found by solving the NP-hard 0 -norm problem:
min huc (ωj )

0

subject to Dj huc (ωj ) = bd (θs ),

(25)

where x 0 is the number of nonzero elements in the vector x.
One way to solve (25) is by modifying it to the 1 -norm optimization problem [48]:
min huc (ωj )

1

subject to Dj huc (ωj ) = bd (θs ).

(26)

Instead of solving (25) by an 1 optimization like in [41], it
can be solved using the OMP algorithm which finds huc (ωj )
element by element in the step-by-step iterative greedy manner.
In other words, we would like to find greedily an approximation
to the P length vector bd (θs ) using as small as possible number
of atoms from the dictionary matrix, Dj . In order to solve (25)
using OMP, it is useful to consider the mutual coherence of the
matrix, Dj , defined as [49]
μ(Dj ) = max
k=l

|dH
jl d jk |
d jl 2 d jk

,

(27)

2

where djl is the lth column of the matrix Dj . The following
theorem indicates whether a sparse signal can be recovered
uniquely by the OMP algorithm.
Theorem: Let x ∈ Cn being a k-sparse vector, meaning that
it has up to k nonzero elements. For the model Ax = b, where
m are given, x can be recovered
b ∈ Cm , A ∈ Cm×n , n
uniquely by the OMP algorithm if A and x satisfy [50]
μ(A) <

1
.
2k − 1

(28)
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Equivalently, if

following term:
1
k<
2



1
μ(A)


+1 ,

= argmax
mNB
l

(29)

then x can be recovered uniquely from a given A and b using
the OMP algorithm.
In the Appendix we derive the mutual coherence of the matrix
Dj to be
 ⎛
⎞





ωj2 
T
2
2

μ(Dj ) = max I0 ⎝ − 2 r (pl ) + r (pk ) − pl pk ⎠ ,
k=l 
c


m=1,2,...,M

r(0) (ωj ) = bd (θs )

(31)

of length P to be a residual vector which supposed to approach
iteratively to a zero vector, and initialize the sparse vector
b(0)
g (ωj ) = 0P ,

(32)

which stores the desired beampattern after the iterative algorithm
converges, where 0P is a zeros vector of length P . We also
(0)
initialize the vector iK  which stores the indices of the selected
sensors in each iteration.
2) Iterative Greedy Algorithm: Initialize the M  × M  diagonal weighting matrix W(0) = IM  , used to assign a low
weighting to sensors already chosen in previous iteration and
to their neighbors by multiplying the corresponding indices by
a mask vector, m, of length Lm .
In each iteration of a standard OMP algorithm, it is desired
to find the next atom which has the most contribution in the
(l)
reconstruction of the desired vectors, bg (ωj ), ωj ∈ Ω. It is
done by projecting the residual signals, r(l) (ωj ), ωj ∈ Ω, over
all the remaining atoms in the current iteration. For the narrowband case the atom with the most contribution maximizes the

(l)
|DH
(ωj ) |
j r


m

,

(33)

where [x]i denotes the ith element of the vector x, and the
superscript NB stands for narrowband. As we are interested to
obtain a sparse array layout which is joint ∀ωj ∈ Ω, we have to
take it into consideration when we are searching for the sensors
that have the largest contribution in the lth iteration. One way to
do so, is to sum the contributions over all the frequencies, i.e.,
to solve the following joint sparse problem [45]–[47], [53]:
⎡
⎤
= argmax ⎣
mBB
l

(30)
where r(pm ) denotes the radius the mth sensor located at pm ,
and I0 (·) is the modified Bessel function of the first kind.
Substituting typical values to the parameters that appear in (30)
like those presented later in Section V, one may see that (29)
does not hold for k > 0, meaning that the matrix Dj does
not satisfy the above theorem. This can be explained since in
our setup the desired beampattern is indeed not a pure sparse
vector but an approximated one, which has a non-unique sparse
representation. Therefore, our dictionary has high mutual coherence implying that it has some redundancy which will be
exploited to obtain higher performance. In the following we
may obtain an approximated sparse version of the beampattern.
In the literature, very few previous works considered sparse
algorithms with coherent and redundant dictionaries [51], [52].
Yet, they consider the simple narrowband sparse case rather than
the joint-sparse one. In order to mitigate the influence of the high
mutual coherence, herein, we employ a mask in order to reduce
the possibility to chose different atoms with high similarity.
The joint-sparse OMP algorithm contains the following steps.
1) Initialization: Initialize, ∀ωj ∈ Ω, the vectors:



m=1,2,...,M

J

(l)
|DH
(ωj ) |⎦ ,
j r

j=1

(34)

m

where the superscript BB stands for broadband. The dimension
of the inner product in the last equations is a vector of length
M , where each entry contains a positive value which express
the contribution of the corresponding sensor to the residual
signal. As discussed before, it is desired to obtain a symmetric
solution with respect to the endfire direction, therefore, for the
lth iteration we may find the symmetric pair of sensors out of
M  that maximizes the function:
⎡
⎤
mJSBB
= argmax ⎣W(l−1) S
l
m=1,2,...,M 

J

(l)
|DH
(ωj ) |⎦ ,
j r

j=1

m

(35)
where the superscript JSBB stands for joint symmetric broad
band, and the matrix S of size M  × M , is defined similarly like
in (17). The meaning of (35) is that we find the pair of symmetric
sensors with the largest projection over the desired beampattern
across the entire bandwidth.
3) Update: Update the following L(l) × 1 vector:

T 
T T
(l)
(l−1)
i(mJSBB
)
,
(36)
iK  = iK 
l
where i(mJSBB
) contains the indexes of the sensors whose
l
entries are not equal to zero in the corresponding rows of the
matrix S.
(l)
Let Dj (iK  ) be a matrix of size L(l) × P containing only the
(l)
rows of Dj whose indices are specified by iK  , i.e.,
 
(l)
(l)
(37)
Dj (iK  ) = Ts iK  Dj ,
(l)

where Ts (iK  ) is an L(l) × M selection matrix.
We can calculate, ∀ωj ∈ Ω, the projection vector of size
L(l) × 1 of the desired beampattern over the chosen atoms up to
the lth iteration as

−1
(l)
(l)
H (l)
huc
(ω
)
=
D
(i
)D
(i
)
DH
(38)


(l)
j
j K
j
j (iK  )bd (θs ),
K
L
which is used to update the following vectors ∀ωj ∈ Ω:
H
uc
b(l)
g (ωj ) = Dj (iK  )hL(l) (ωj )

(39)

r(l) (ωj ) = r(l−1) (ωj ) − b(l)
g (ωj ) .

(40)

(l)

and
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Finally, we update the masking matrix, W(l) , to be


W(l) = W(l−1) diag [1TL1 mT 1TL2 ]T ,

(41)

where diag[x] is a diagonal matrix whose nonzero elements are
the entries of the vector x. The vectors 1L1 and 1L2 are vectors
of ones of length L1 (l) and L2 (l), respectively, where
L1 (l) = mJSBB
−
l

(42)

Lm − 1
,
2

(43)

while Lm is assumed to be odd.
4) Check Compliance to the Constraints: As a stopping criteria, we check whether or not the chosen sensors up to the lth
iteration comply the constraints specified in the previous section.
To do so, we may solve the following optimization problem,
∀ωj ∈ Ω, separately:
hL(l) (ωj )

hL(l) (ωj )

2
2

subject to
hH
L(l) (ωj ) dL(l) (ωj , θs ) = 1

2
 m

(bd (θs ))T − hH(l) (ωj , ) D
(ωj )
L

 ≤ 1 (ωj )
L(l) ,Θm
2


2

 s
(bd (θs ))T − hH(l) (ωj ) D

(ω
)
j  ≤ 2 (ωj ), (44)
L

L(l) ,Θs
2

where

dL(l) (ωj , θs ) =

Ts (iK  )DH
(l)

M,Θm

(l)
Ts (iK  )d(ωj , θs ),

DL(l) ,Θ (ωj ) =
m

(ωj ), DL(l) ,Θ (ωj ) = Ts (iK  )DH
(l)

s

As it is assumed that QK   M , it is feasible to optimize
G and K for all the relevant bandwidth simultaneously. Moreover, we can save some hardware resources by decimating the
number of frequencies by a factor of Jd , i.e., the following
optimization may be performed over the J  = J/Jd frequencies

{ωj }Jj=1 = {ωj | j mod Jd = 0} ∈ Ω, since the main purpose
of this step is to determine the final array layout. Note that a much
larger decimation factor may lead to larger deviations in the
range between two point. Therefore, in the Simulations section
we choose Jd = 5, which leads to a smoothed beampattern as
illustrated in Fig. 6.
Similarly to the joint-sparse constraint in the greedy part optimization problem (35), a similar constraint should be embedded
also to the 1 optimization problem of that step, ensuring that
all the filters {hK (ωj )}Jj=1 have the same sparse pattern, i.e.,
the sensors positions which are chosen out of all the candidate
positions are common over all the frequencies in the signal’s
bandwidth of interest Ω. The way to insert such a constraint is
by minimizing the 12 -norm instead of the 1 -norm [55]. It is
defined as the following: suppose we have the vectors xi , i =
1, 2, . . . , n, of length M , and define X = [x1 , x2 , . . . , xn ] to
be a matrix containing these vectors in its columns, then the
12 -norm of the matrix X is defined as [56]
!$
%
M "
" n
#
X

|X(m, i)|2 ,
(45)


and

minimize

Thus, the next step may apply an optimization in order to obtain
a sparse array both in the number of rings, G , and in the total
number of sensors, K. Note that, we can use this algorithm also
for cases where only a range of angles is desired and not all the
azimuthal directions.
C. Optimizing the Number of Rings

Lm − 1
2

L2 (l) = M  − mJSBB
−
l
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M,Θs

(ωj ), and

the vector hL(l) (ωj ) is a constrained version of the vector
(ωj ). If we get a valid solution to (44) and also
huc
L(l)
hL(l) (ωj ) 22 ≤ γ(ωj ), ∀ωj ∈ Ω, then we finish, otherwise,
we may go back to the second step to choose additional
symmetric pair of sensors. As both the objective function and
the constraints in (44) are convex, (44) can be solved by convex
optimization methods (e.g., using CVX toolbox [54]).
B. Duplicating the Array Layout


The previous step yields the K  ≤ K indices {ik }K
k=1 of
sensors that can be used to construct the sparse array layout of
a concentric array steered to the endfire direction, i.e., θs = 0◦ .
Yet, the main motivation to consider concentric array instead
of a more simple geometry like the linear one was due to the
rotationally-invariant attribute of concentric arrays. Therefore,
we add two more steps to the design. We first duplicate the
obtained array layout to Q − 1 additional directions, meaning that we add a rotated version of the array layout in the
2π
2π
following directions: 2π
Q , 2 Q , . . . , (Q − 1) Q . We now have

Z ≤ QK sensors in the array layout, whose indices are denoted
by {iz }Z
z=1 ∈ iZ . This step produces redundancy in both the
number of required sensors and the number of required rings.

12

m=1

i=1

where X(m, i) being the entry corresponds to the mth row and
the ith column of the matrix X.
Define hZ (ωj ) = [Hi1 (ωj ), Hi2 (ωj ), . . . , HiZ (ωj )]T , ωj ∈
Ω to be vectors of length Z. The entries of each vector are
mapped to one of the Z sensors of the original vector h(ωj ) (8)
whose indices are specified by the vector iZ . Define h̄g , g =
1, . . . , G as vectors containing all the entries of hZ (ωj ) located
on the gth ring ∀ωj ∈ Ω as
&'
+
(
)Z *J 

Hiz (ωj ) z=1
∈ gth ring , g = 1, 2, . . . , G.
h̄g =
j=1

(46)
Let ηg be an upper limit of the 2 -norm of h̄g , and employing
the concept of the 12 -norm introduced by (45), we may define
the following iterative optimization problem, which is solved,
∀ωj ∈ Ω, simultaneously:
G

minimize

{hZ (ωj )}

αg(k) ηg
g=1

 
subject to ηg ≥ h̄g 2 ,
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and ∀ωj ∈ Ω
 
  
hH
Z ω j d LZ ω j , θ s = 1
 
 

hH
Z ωj hZ ωj ≤ γ(ωj )

 m
 
(bd (θs ))T − hH
Z ωj DL


TABLE I
USER SPECIFIED PARAMETERS FOR THE PROPOSED ALGORITHM


  2

ωj 
 ≤ 1 (ωj )


Z ,Θm

2



 s
 
  2


(bd (θs ))T − hH
Z ωj DL ,Θ ωj  ≤ 2 (ωj ),

Z
s

(47)

2

(k)

(k−1)

(1)

where αm = 1/(ηm
+ ) for k > 1 and αm = 1,
(k−1)
ηm
is the result obtained from the (k − 1)th iteration,  is a regularization parameter, dLZ (ωj , θs ) =
Ts (iZ )d(ωj , θs ), DL ,Θ (ωj ) = Ts (iZ )DM,Θ (ωj ), and
Z

DL


Z ,Θs

m

m

(ωj ) = Ts (iZ )DM,Θ (ωj ). The last equation can
s

be interpreted as a weighted 1 -optimization of the vector
(k) (k)
(k)
η (k) = [η1 , η2 , . . . , ηP ]T , whose gth entry contains the
energy of all the selected sensors located on the gth ring, thus, a
sparse solution both in the rings and in the sensors is obtained.
π
,
The optimization is performed for directions θs = θs + Q
π
π


Θm = Θm + Q , and Θs = Θs + Q , meaning that the steering
direction θs is exactly between the direction used by the
greedy algorithm of the first step, and the direction of the
first duplication of the array layout obtained by the greedy
algorithm. Thus, this direction is considered to be the worst
case scenario, as it has the largest deviation from the directions
used to determine the array layout. Therefore, it ensures that
steering to other directions would be also of a high quality.
We run this algorithm iteratively until
 (k)


− η (k−1) 2
Δ η


≤ η ,
(48)
Δη =
η (k) 
2

where η is a small positive parameter. Both the vectors η (k)

and {hZ (ωj )}Jj=1 are iteratively updated using (47) until (48) is
satisfied. The dominant entries of the vector η (k) (i.e., non-zero
elements) determine the G active rings to be used during the
synthesis process. The sensors belong to these rings are the K
sensors used to construct the desired sparse filters {hK (ωj )}Jj=1
satisfying C1 , C2 , C3 , C4 , C5 , and C6 . The outcome of this iterative
algorithm is a joint sparse array layout, both in the number of
selected rings, G , and in the total number of selected sensors,
K.
D. Synthesis
The goal of the previous steps was to determine the minimal number of the active sensors, K, in a minimal number
of rings, G , which fulfill the constraints, using greedy search
and 12 -norm optimization tools. In the synthesis step, where
the K indices {ik }K
k=1 of the sensors used to build the FI
beampattern were already determined, there is no need to solve
an 1 -norm optimization problem and instead we may solve
an optimization problem whose objective function is related
to constraints C1 , C2 , C3 , C4 , C5 , C6 presented in Section III. A

reasonable choice is to minimize the noise output power (i.e.,
C4 ), subject to the constraints, C1 , C2 , and C3 . Constraints C5 and
C6 are already embedded in the previous steps. Therefore, we
can formulate it as follows: ∀ωj ∈ Ω, solve
2


minimize hH
K (ωj ) 2
hK (ωj )

subject to
hH
K (ωj ) dK (ωj , θs ) = 1

2
 m

(bd (θs ))T − hH

K (ωj ) DK,Θ (ωj ) ≤ 1 (ωj )

m
2


2

 s

(bd (θs ))T − hH
K (ωj ) DK,Θ (ωj ) ≤ 2 (ωj ),

s

(49)

2

where

dK (ωj , θs ) = Ts (iK )d(ωj , θs ),

DK,Θ (ωj ) =
m

Ts (iK )DΘm (ωj ), and DK,Θ (ωj ) = Ts (iK )DΘs (ωj ). The
s

resulting filters {hK (ωj )}Jj=1 contain the sensors located in
the indices {pik }K
k=1 . This fact is important since it means that
we can use only K out of M sensors and still obtain adequate
results as presented later in Section V.
The proposed design involves the adjustment of several design
and tolerance parameters. In [41], we established a procedure
for initialization and adjustment of these parameters, which is
also relevant to the proposed design. Table I summarizes the
user specified parameters. It shows that a much smaller set of
parameters should be specified by the user, while most of them
are set algorithmically.
Note that the proposed design focuses on the two-dimensional
(2D) scenario meaning that it takes into consideration the beampattern in the plane where the array is laid and not across the
entire 3D space. Such scenario may lead to simpler solutions
with higher performance. Yet, extension of the derivations presented in this work for the 3D scenario is a subject to a future
research.
V. NUMERICAL SIMULATIONS
We consider a sparse design of concentric differential microphone arrays (CCDMAs) [6], originally designed with a linear
geometry, which combines closely spaced sensors to respond
to the spatial derivatives of the acoustic pressure field. These
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small-size arrays yield nearly FI beampatterns, and include the
well-known superdirective beamformer as a particular case [20].
In spite of their benefits, traditional differential microphone
arrays (DMAs) suffer from white noise amplification, especially at low frequencies, and also confined to steering at the
endfire direction for linear geometries. For that, we apply a
sparse approach for designing robust DMAs with concentric
geometries, relatively small numbers of sensors, and nearly
rotationally-invariant beampatterns.
As discussed before, we confine ourselves to the case of a 2D
beampattern where φ = 90◦ , i.e., the plane where the array is
laid. For that case, the general theoretical expression for the FI
beampattern of an N th-order DMA is given by [44]
Bdθs

N

(θ) = BN (θs − θ) =
n=0

aN,n cosn (θs − θ),

(50)

where {aN,n }N
n=0 are real coefficients, and the desired signal
arrives from the direction θs . For this example BN (θs − θ) is
considered to be the desired beampattern. It is assumed that the
element spacing, δ, is much smaller than the wavelength of the
incoming signal, i.e,
πc
πc
⇒δ
,
(51)
∀ω ∈ Ω : δ  λ/2 =
ω
ωmax
in order to approximate the spatial differential of the pressure
signal, where ωmax is the angular frequency corresponding to
the highest frequency in the bandwidth of interest, Ω, and c =
340 m/sec.
We assume an initial array geometry consisting of G = 15
rings, where the radius of the gth ring is rg = (g − 1)δ, g =
1, 2, . . . , G. We choose uniformly the number of candidate
sensors on the gth ring to be
⎧
 , g = 2, . . . , G
π√
⎨
g−1δ
arcsin
2r
g
,
(52)
Mg =
⎩
1,
g=1
meaning that the element
spacing between two adjacent sensors
√
in the gth ring is g − 1δ. Such a choice of sensor positions
leads to a lower density of sensors as the radii of the ring is increased, which is reasonable because sensors from inner rings
may contribute to the higher frequencies, while the contribution
of sensors from the outer rings is mainly for the lower frequencies, obtaining higher WNG and robustness for the overall FI
beampattern. The
total number of candidate sensors according
to (52) is M = G
g=1 Mg = 234.
We compare between four design approaches. The first one
is our proposed greedy sparse design presented in the previous
section. The second approach is a uniform one, where K closely
uniformly spaced microphones are used to obtain a desired
directivity pattern by solving (49). We refer to this approach
as the small aperture concentric (SAC) array approach. The
third design approach is similar to the second, but with the only
difference that the K sensors are spread uniformly over the entire
possible concentric aperture of the M candidate sensors. We
refer to this approach as the large aperture concentric (LAC)
approach. The fourth approach is a random approach, i.e., we
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choose randomly the K sensors out of M candidate sensors,
and solve (49). For that approach, we may average over 100
realizations in order to get a more representative performance
level.
We apply the four approaches to designing a FI broadband beampattern for the range of frequencies between flow =
200 Hz and fhigh = 8200 Hz. Assuming a typical duration of
T = 25 msec for the window analysis used for the corresponding time-domain received signal, the frequency resolution is
Δf = 1/T = 40 Hz. Thus, the number of bins can be calcuf
−f
lated as J = highΔf low = 202. Note that for such a high number of candidate sensors and frequencies, the proposed greedy
sparse design is much more feasible than coherent based sparse
design [57], where optimization is performed simultaneously
over all frequencies. We choose the element spacing to be
≈ 4.3 cm.
δ = 1 cm  ω2πc
max
We design a third-order hypercardioid pattern (i.e., N = 3)
which maximizes the directivity factor (DF), whose theoretical
beampattern is given according to (50) as [17]
HC
(θ) = −0.14 − 0.57 cos θ + 0.57 cos2 θ + 1.15 cos3 θ,
BN
(53)

while we assume that θs = 0◦ . In order to build the matrices
DM,Θ (ωj ) and DM,Θ (ωj ), we uniformly discretize the angular
m

s

axis with Δθ = 2◦ . For that case we set θP  = 60◦ , i.e., the
mainlobe region in the azimuthal axis is −60◦ ≤ θ ≤ 60◦ .
We set initial values for the tolerance parameters
{1 (ωj )}Jj=1 , {2 (ωj )}Jj=1 , and {γ(ωj )}Jj=1 , by applying the
parameters adjustment procedure introduced in [41]. We also
choose the parameters  = 10−4 , and η = 5 · 10−3 .
For the proposed incoherent greedy sparse approach, we
choose the following mask vector, m, of length Lm = 5:
m = [0.9, 0.75, 0, 0.75, 0.9]T ,

(54)

which ensures that already selected sensors will not be chosen
again, while their neighboring sensors will get lower priority, as
this mask is used to update the weighting matrix, W(l) , in its
suitable entries according to (41) .
We run the first step of the greedy search in order to find
a sparse array layout which yields the desired FI beampattern,
while complying the constraints specified in Section III according to the algorithm presented in Section IV-A for the case
of steering from the endfire. The array layout obtained by the
greedy search, consists of K  = 26 sensors, spread over most of
the rings, is presented in Fig 2.
The next step is to duplicate the array layout presented in Fig. 2
by a factor of Q = 3, meaning that we get a reflected image of
4π
the array layout in two more additional directions: 2π
Q and Q .
Fig. 3 presents the duplicated array layout which is composed
of Z = 72 sensors.
On that step much more sensors were selected while part of
them is unnecessary. Therefore, we apply an 12 -norm optimization as presented in Section IV-C, using the CVX software [54].
We set the decimation parameter to be Jd = 5. After 5 iterations,
we get Δη < η and K = 33 dominant sensors over G = 4
rings were identified, while all the rest are close to zero, meaning
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Fig. 2. The array layout obtained by the greedy search. It consists of K  = 26
sensors, spread over most of the rings. The blue circles are all the candidate
sensors, while the red stars are the selected sensors.

Fig. 3. The array layout after duplication. It consists of Z = 72 sensors, spread
over most of the rings. The blue circles are all the candidate sensors, the red stars
are the selected sensors after duplication, and the pink circles are the sensors
obtained by the greedy algorithm of the previous step.

Fig. 4. The array layout of the CCDMAs obtained by the ring optimization
procedure presented on Section IV-C. It consists of K = 33 sensors, spread over
G = 4 rings. The blue circles are all the candidate sensors, while the red stars
are the selected sensors.

Fig. 5. The array layout of the CCDMAs obtained by uniform and random
designs. The black squares are the array layout of the LAC approach, while the
pink pentagrams are the array layout obtained by the SAC design. One realization
of a random design is presented by the green diamonds.



that both η and the filters {hZ (ωj )}Jj=1 are sparse vectors with
K = 33 active elements, concentrated in G = 4 rings. The
number of selected elements remains the same even if more
iterations are used. This iterative optimization problem yields
the final array layout presented in Fig. 4. We finally obtain the
filters {hK (ωj )}Jj=1 by solving (49), according to Section IV-D.
Fig. 5 presents the array layout for each of the three remaining
approaches. The black squares are the array layout of the LAC

approach, while the pink pentagrams are the array layout obtained by the SAC design. One realization of a random design is
presented by the green diamonds. For these three approaches, the
sensors positions are set a-priori. The SAC approach achieves
the smallest array aperture, yet, it suffers from white noise
amplification as will be discussed later. Note that comparing the
array layout of Fig 4 obtained by the sparse design and the array

Authorized licensed use limited to: Technion Israel Institute of Technology. Downloaded on April 25,2020 at 09:34:25 UTC from IEEE Xplore. Restrictions apply.

BUCHRIS et al.: JOINT SPARSE CONCENTRIC ARRAY DESIGN FOR FREQUENCY AND ROTATIONALLY INVARIANT BEAMPATTERN

Fig. 6. Beampatterns of a third-order hypercardioid for f = 6280 Hz, steered
to θs = 70◦ , obtained by the sparse design (red line), the LAC approach (black
line), the SAC approach (pink line), and the random design (green line). Also
presented is the theoretical beampattern of a third-order hypercardioid (blue
dotted line), steered to θs = 0◦ .

layout obtained by other approaches as presented in Fig. 5, one
can see that the sparse design offers some kind of compromise
between high and low frequencies and panoramic design.
Fig. 6 illustrates the designed beampattern (1) of a third-order
hypercardioid for a specific frequency of f = 6280 Hz, obtained
by each of the four approaches for the case of steering for θs =
70◦ . Also presented is the theoretical beampattern (53) of a thirdorder hypercardioid (blue dotted line) for the case of θs = 0◦ .
One can see that the SAC approach obtains the beampattern
which is the most similar to the theoretical value while the LAC
and the random design have much higher sidelobes due to the
spatial aliasing. The proposed greedy sparse approach obtains
beampattern which is quite similar to the theoretical one.
Fig. 7 shows the beampattern obtained by the proposed sparse
design for different steering angles for the case of f = 4840 Hz
(red solid line). Also presented the theoretical third-order beampattern. One can see that the designed beampattern is rotationalinvariant and can be steered to any azimuthal direction.
Fig. 8 shows the WNG (16), the DF (55), and the SLL (57) as a
function of frequency obtained by the greedy sparse design (red
stars line), the LAC design (black squares line), the SAC design
(pink pentagrams line), the random design (green diamonds
line), and the theoretical DF of a third-order hypercardioid (blue
dashed line). The DF of an array is the gain in signal-to-noise
ratio (SNR) for the case of a spherical diffuse noise, i.e. [2]:
|B (h(ω), θ0 , φ0 )|2
/
/
2π
π
2
1
0 |B (h(ω), θ, φ)| sin φdφdθ
4π 0

 H
h (ωj ) d (ωj , θs )2
,
(55)
= H
h (ωj ) Γdn (ωj ) h (ωj )

D (h(ωj )) =

1153

Fig. 7. Beampatterns of a third-order hypercardioid obtained by the sparse
design (red line) for f = 4840 Hz, steered to different values of θs . Also
presented is the theoretical beampattern of a third-order hypercardioid (blue
dotted line), steered to θs = 0◦ .

where B(h(ω), θ, φ) is the synthesized 3D directivity pattern,
[Γdn (ωj )]il = sinc

ω

j

c


di,j

(56)

is the M × M pseudo-coherence matrix of the diffuse noise
field, and di,j is the distance between the ith sensor and the jth
sensor. As we focus on the 2D scenario and optimize only the
2D directivity pattern, the presented DF is for the case that the
integral in (55) was calculated along the ring of φ = π2 , and not
across the entire sphere.
We also define the SLL as the integral of the square of the
beampattern over the region of the sidelobes, i.e., Θs , that is,
0
S (h(ωj )) =

 
π 2

B h(ωj ), θ, φ =
 dθ.
2
θ∈Θs

(57)

One can see that the greedy sparse design obtains superior
results in terms of WNG, DF, and SLL with respect to the other
approaches. The SAC obtains nearly FI optimal DF implying on
its FI beampattern, but achieves poor WNG, especially for low
frequencies, which is a well-known problem of superdirective
beamformers in general, and of DMAs in particular. The LAC
approach obtains higher level of sidelobes in high frequencies,
which is reasonable because of the effect of grating lobes which
start to appear. Note that the effect of grating lobes in the
concentric geometry is much weaker with respect to the case of
linear or plannar geometry because in the concentric geometry
the sensors in the inner rings are close to each other to prevent
or at least to reduce the effect of grating lobes.
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are related. It was shown there that the minimum-norm solution
filter for the case of concentric arrays can be formulated as [6]

−1
bN+1 ,
(58)
hMN (ωj ) = Ψ(ωj )H Ψ(ωj )Ψ(ωj )H
where
Ψ(ωj ) = [Ψ1 (ωj ) Ψ2 (ωj ) . . . ΨG (ωj )]
is a matrix of size (N + 1) × M, where M =
Mg = Mg /2 + 1,
⎡ ∗ ωj rg T ⎤
J0 ( c )ζ g,0
⎢ ∗ ωj rg T ⎥
⎥
⎢ J1 (
c )ζ g,1 ⎥
⎢
Ψg (ωj )  ⎢
⎥
..
⎥
⎢
.
⎦
⎣
∗

JN (

(59)
G

g=1

Mg ,

(60)

ω j rg
T
c )ζ g,N

is an (N + 1) × Mg matrix, with

T
ζ g,n  1 cos(nψg,2 ) . . . cos(nψg,Mg )
n = 0, 1, 2, . . . , N, g = 1, 2, . . . , G

(61)

and
ωj rg
)=
Jn (
c


The WNG presented in Fig. 8 does not suffer from the
nulls problem as discussed and presented in [6]. This is obtained by using a concentric structure, which prevents spatial aliasing of the received signal. In order to gain more insight about that we may extend the derivation presented in [6]
for the simple case of first-order CCDMAs to the third-order
CCDMAs.
Note that although in our design we consider a convex optimization solution (49), analyzing a minimum-norm solution as
presented in [6] may still provide some insight as both solutions

G

0

G

g=1 (Mg +1)



| J1 (

ωj rg
c

)|

2

2

0
G

g=1

∗

2J1 (

n=0

(62)

n > 0,

where Jn (·) is the nth-order Bessel function of the first kind.
The vector bN+1 of length N + 1 contains the directional constraints.
Similarly to the derivations presented in [6] it can be shown
that the correlation matrix R(ωj ) = Ψ(ωj )Ψ(ωj )H for N = 3
is given by, Eqn. (63) shown at the bottom of this page.
This matrix contains both diagonal and off-diagonal elements.
Substituting the parameters in our simulation, one may observe
that the off-diagonal elements are negligible with respect to the
diagonal elements. Thus, we can approximate this matrix to be a
diagonal matrix whose elements contain summations of Bessel
functions, each have zeros in different locations depending on
the radii of the rings. Substituting our simulation parameters
leading to non overlapping zeros. Thus, this matrix has positive
non-zero elements which is invertible and yields a stable solution
without nulls.
In Fig. 9 the 3D beampatterns for f = 4040 Hz are presented
for the (a) greedy sparse design, (b) the LAC design, (c) the SAC
design, and (d) the random design. One may see the mainbeam
on the right side, and the sidelobes on the other size. The trends
presented in Fig. 8 can be reflected in the figure. While the sparse
design and the SAC approaches have low SLL, both the LAC

Fig. 8. (a) DF, (b) WNG, and (c) SLL vs. frequency for the greedy sparse
design (red circles line), the LAC design (black squares line), the SAC design
(pink pentagrams line), and the random design (green diamonds line). Also
presented is the theoretical DF of a third-order hypercardioid (blue dashed line).

⎡
  ω j rg 2
G


g=1 Mg J0 ( c )
⎢
⎢
0
⎢
R(ωj ) = ⎢
⎢G
∗ ωj rg

⎢ g=1 J0 ( c )J2 ( ωjcrg )
⎣
0

ω j rg
c ),
ω r
n
2j Jn ( jc g ),

Jn (

 ω j rg
ω j rg
c )J3 ( c )

g=1

G

∗

J0 (

 ω j rg
ω j rg
c )J2 ( c )

0

g=1 (Mg +2)

2

0



| J2 (

ωj rg
c

)|

2

⎤

0
G

g=1

G

∗

2J1 (

⎥

 ω j rg ⎥
ω j rg
c )J3 ( c )⎥
⎥

0

g=1 (Mg +2)

|

 ω rg
J3 ( jc

)|

2

⎥
⎥
⎦

2

(63)
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Fig. 9. 3D Beampatterns for f = 4040 Hz for the four examined design
approaches.

Fig. 10. Beampatterns versus frequency for the four examined design
approaches.

and the random approaches suffer from fluctuated and higher
SLL.
The synthesized FI beampatterns versus frequency are shown
in Fig. 10 for the (a) greedy sparse design, (b) the LAC design,
(c) the SAC design, and (d) the random design. This figure
reflects the trends inspected by the DF and the SLL plots.

Specifically, for the greedy sparse approach the beampattern
is almost FI, especially in the mainlobe region and less in the
sidelobes regions, as dictated by the constraints C1 and C2 .
The SAC approach achieves the clearest and most perfect FI
beampattern, and in the LAC and random designs one can see
higher level of sidelobes.
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The above design example demonstrates the feasibility and
advantages of the greedy sparse approach compared to the
uniform and random design approaches.

where
αj

ωj r(pk )
ωj r(pl )
cos(ψ(pl )) − j
cos(ψ(pk ))
c
c

(66)

and

VI. CONCLUSION
A greedy sparse design for FI concentric arrays was derived,
which supports also the rotationally-invariant property, meaning
that almost the same directivity pattern can be designed for
different azimuthal directions of steering using the same sparse
array layout. The proposed design extends our recent work on
incoherent sparse design of FI beamformers where the obtained
sparse array layout was not steerable but designed for a fixed
steering direction. Moreover, the proposed greedy approach
offers more natural and intuitive way to set the number of
required sensors in the sparse array layout, which was one of the
shortcomings of our previous design. The proposed approach
was applied to design a third-order FI robust superdirective
DMA with a minimal number of sensors. It was compared to
a uniform design and to a random design. Simulations show that
the proposed greedy sparse design offers a good compromise
between robustness and directivity and obtains rotationallyinvariant FI beamformer with a reasonable computational complexity. Future research may focus on different array geometries, extension to the 3D scenario, derivation of joint-sparse
versions for multidimensional search algorithms such as genetic
algorithms, more advanced greedy algorithms which support the
case of coherent dictionaries, and test the proposed design in the
presence of some mismatch errors, like gain, phase, and element
spacing errors.

ωj r(pk )
ωj r(pl )
sin(ψ(pl )) − j
sin(ψ(pk )).
c
c
Using the following well-known identity:
0 2π
1
eα cos(θ)+β sin(θ) dθ = 2πI0 ( α2 + β 2 ),
βj

(67)

(68)

0

where I0 (·) is the modified Bessel function of the first kind, (65)
can be reduced to
P

eα cos(θp )+β sin(θp ) ≈
p=1

1
2π
I0 ( α2 + β 2 ),
Δθ

(69)

where Δθ is the resolution of the azimuthal direction, θ.
Therefore,
⎞
⎛
1

ωj2 
I0 ( α2 + β 2 ) = I0 ⎝ − 2 r2 (pl ) + r2 (pk ) − pTl pk ⎠ ,
c
(70)
where pTl pk = r(pl )r(pk ) cos(ψ(pl ) − ψ(pk )). Finally, we
can obtain the following result:
 ⎛
⎞





ωj2 
T
2
2

⎠
⎝
− 2 r (pl ) + r (pk ) − pl pk  .
μ(Dj ) = max I0
k=l 
c

(71)

APPENDIX
CALCULATION OF μ(Dj ) (30)
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ω r(pm )
−j j c
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T

,
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where r(pm ) and ψ(pm ) denote the radius and angle of the mth
sensor located at pm .
We start by developing the numerator of (27) as
P

|dH
jl d jk | =

ej

ωj r(pl )
c

cos(θp −ψ(pl )) −j

e
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c
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ej

=
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