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Abstract—This article presents a theoretical study of differential
beamforming with uniform linear arrays. By defining a forward
spatial difference operator, any order of the spatial difference of
the observed signals can be represented as a product of a difference
operator matrix and the microphone array observations. Conse-
quently, differential beamforming is implemented in two stages,
where the first one obtains spatial difference of the observations
and the second stage optimizes the beamformer. The major contri-
butions of this article are as follows. First, we propose a new theory
of differential beamforming with uniform linear arrays, which
shows clearly the connection between the conventional differential
beamforming and the null-constrained differential beamforming
methods. This provides some new insight into the design of dif-
ferential beamformers. Second, we deduce some new differential
beamformers, where conventional beamforming may be seen as a
particular case. Specifically, we derive the maximum white noise
gain (MWNG), maximum directivity factor (MDF), parameterized
MDF, and parameterized maximum front-to-back ratio differential
beamformers. Third, we further extend the idea of how to design
optimal differential beamformers by combining both the observed
signals and their spatial differences.

Index Terms—Microphone arrays, uniform linear arrays,
differential beamforming, fixed beamformer, forward spatial
difference operator.

I. INTRODUCTION

M ICROPHONE arrays with proper beamforming tech-
niques are widely used in voice communication and

human-machine speech interface systems to enhance a signal of
interest from its noisy observations [1]–[6]. Among numerous
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beamforming methods developed in the literature, differential
microphone arrays have attracted a significant amount of in-
terest [7]–[12]. Generally, differential microphone arrays refer
to arrays that combine closely spaced sensors to respond to
the spatial derivatives of the acoustic pressure field [13]–[18],
so they are usually small in size and easy to be integrated
into small communication devices such as wearable devices
and intelligent speakers [19]–[21]. Conventionally, differential
microphone arrays are designed in a multistage manner, which
measure the differentials of the acoustic pressure field by com-
bining the outputs of a number of omnidirectional sensors [14],
[22]. Specifically, the output of a first-order differential beam-
former is the difference between the outputs of two adjacent
omnidirectional microphones, and the output of an nth-order
(n ≥ 1) differential beamformer is the difference between the
outputs of two (n− 1)th-order differential beamformers [10],
[22], [23].

However, conventional differential beamformers are very sen-
sitive to sensor noise and array imperfections at low frequencies,
which restricts to a certain degree their practical application [13],
[16], [24]. To overcome this drawback, a method was developed
to form differential beamformers in the short-time Fourier trans-
form (STFT) domain, by solving a linear system constructed
from null constraints [16], [25]. In this approach, the robustness
of the beamformers, which is quantified by the so-called white
noise gain (WNG), can be improved with the minimum-norm
solution by increasing the number of microphones [16]. Alter-
natively, differential beamformers can be designed by finding
the relations between the beamformer’s beampattern and the
desired directivity pattern with some series expansion approx-
imations, such as Maclaurin series and Jacobi-Anger expan-
sion series [26], [27] in the STFT domain. While they are
flexible in forming different directivity patterns and improving
the robustness of differential microphone arrays, these methods
convert the differential beamforming problem into one of linear
system solving or optimization, and the principle of differential
operation becomes less obvious. Furthermore, the white noise
amplification problem still exists at low frequencies even though
it is greatly mitigated by increasing the number of microphones
while fixing the differential microphone array order. As a re-
sult, further studies on differential microphone arrays are still
indispensable.
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In this paper, we present a new theory of differential beam-
forming with uniform linear arrays. We first define a forward
spatial difference operator of the observed signals, where any
order of the spatial difference of the observation signals can
be represented as a product of a difference operator matrix
and the microphone array observations. Differential beamform-
ing is constructed in two main stages, i.e., differential stage
and beamforming stage. In the differential stage, a P th-order
differential beamformer with M omnidirectional microphones
yields M − P spatially differential signals. In the beamforming
stage, a linear filter of length M − P is designed and applied
to the differential signals to obtain the optimal beamforming
performance. We show how to deduce new differential beam-
formers, where conventional beamforming can be viewed as a
particular case. We derive the maximum WNG (MWNG) and
maximum directivity factor (MDF) differential beamformers.
Generally, the MDF beamformer will lead to a high value
of the directivity factor (DF), but at the expense of white
noise amplification, while the MWNG beamformer yields high
WNG, but at the expense of low DF. To compromise between
WNG and DF, we propose a parameterized MDF beamformer,
where DF and WNG can be compromised by changing a pa-
rameter. In a similar way, we propose a parameterized max-
imum front-to-back ratio beamformer that can compromise
among WNG, DF, and front-to-back ratio. Notice that some
methods were developed in the literature to apply subspaces
spanned by generalized eigenvectors of the signal/noise covari-
ance matrices to adaptive beamforming, source separation, and
speech enhancement to improve performance [28]–[31], which
is, however, very much different of what is presented in this
work.

The rest of the paper is organized as follows. In Section II, we
present the signal model, the conventional beamforming, and
some performance measures. In Section III, we present a simple
theory of differential beamforming with ULAs. In Section IV,
we develop a class of optimal differential beamformers. Finally,
we present our simulation results in Section V, followed by some
conclusions in Section VI.

II. SIGNAL MODEL, CONVENTIONAL BEAMFORMING, AND

PERFORMANCE MEASURES

We consider a source signal of interest (plane wave), in the
farfield, that propagates from the azimuth angle, θ, in an anechoic
acoustic environment at the speed of sound, i.e., c = 340 m/s,
and impinges on a uniform linear array consisting of M (with
M ≥ 2) omnidirectional microphones. In this scenario, the cor-
responding steering vector (of length M ) is [32]

dθ (ω) =
[
Dθ,1 (ω) Dθ,2 (ω) · · · Dθ,M (ω)

]T

=
[
1 e−j�θ(ω) · · · e−j(M−1)�θ(ω)

]T
, (1)

where j =
√−1 is the imaginary unit,

�θ (ω) =
ωδ cos θ

c
, (2)

ω = 2πf is the angular frequency, f > 0 is the temporal fre-
quency, δ is the interelement spacing, and the superscript T is
the transpose operator.

Using the steering vector defined in (1), we can express the
frequency-domain observed signal vector of length M as [34]

y (ω) =
[
Y1 (ω) Y2 (ω) · · · YM (ω)

]T

= x (ω) + v (ω)

= dθ (ω)X (ω) + v (ω) , (3)

where Ym(ω) is the mth microphone signal, x(ω) =
dθ(ω)X(ω), X(ω) is the zero-mean desired source signal, and
v(ω) is the zero-mean additive noise signal vector defined
similarly to y(ω). In the rest, in order to simplify the notation,
we drop the dependence on the angular frequency, ω. From (3),
it is clear that the M ×M covariance matrix of y is

Φy = E
(
yyH

)
= φXdθd

H
θ +Φv, (4)

where E(·) denotes mathematical expectation, the superscript
H is the conjugate-transpose operator, φX = E(|X|2) is the
variance of X , and Φv = E(vvH) is the covariance matrix
of v. Assuming that the variance of the noise is the same at
all sensors, i.e., φV = φV1

= φV2
= · · · = φVM

, with φVm
=

E(|Vm|2), m = 1, 2, . . . ,M , we can express (4) as

Φy = φXdθd
H
θ + φV Γv, (5)

where Γv = Φv/φV is the pseudo-coherence matrix of the
noise. In the case of the spherically isotropic (diffuse) noise field,
which will be very often assumed in this work, (5) becomes

Φy = φXdθd
H
θ + φdΓd, (6)

where φd is the variance of the diffuse noise and Γd is the
pseudo-coherence matrix of the diffuse noise, whose (i, j)th
(i, j = 1, 2, . . . ,M ) element is [33]

(Γd)ij = sinc [�0(i− j)] , (7)

with sinc(x) = sinx/x and �0 = ωδ/c.
In order to be in the optimal working conditions of dif-

ferential beamforming, we make the following two assump-
tions [16], [35].

i) The sensor spacing, δ, is much smaller than the acous-
tic wavelength, λ = c/f , i.e., δ � λ (this implies that
ωτ0 � 2π). This assumption is required so that the true
acoustic pressure differentials can be approximated by
finite differences of the microphones’ outputs.

ii) The source signal of interest (also called the desired
source signal) propagates from the angle θ = 0 (endfire
direction). Therefore, (3) becomes

y = d0X + v, (8)

and, at the endfire, the value of the beamformer beampat-
tern should always be equal to 1 (or maximal).

Conventional beamforming is performed by applying a
complex-valued linear filter, h of length M , to the observed

Authorized licensed use limited to: Technion Israel Institute of Technology. Downloaded on April 25,2020 at 09:29:29 UTC from IEEE Xplore.  Restrictions apply. 



HUANG et al.: SIMPLE THEORY AND NEW METHOD OF DIFFERENTIAL BEAMFORMING WITH UNIFORM LINEAR MICROPHONE ARRAYS 1081

signal vector, i.e.,

Z = hHy = Xfd + Vrn, (9)

whereZ is the beamformer output signal (i.e., the estimate ofX),
Xfd = XhHd0 is the filtered desired signal, and Vrn = hHv is
the residual noise. Since the two terms on the right-hand side of
(9) are incoherent, the variance of Z is the sum of two variances:

φZ = hHΦyh = φXfd
+ φVrn

, (10)

whereφXfd
= φX |hHd0|2 andφVrn

= hHΦvh. In our context,
the distortionless constraint is desired, i.e.,

hHd0 = 1. (11)

Next, we give several important performance measures, which
are always used to evaluate all kinds of conventional fixed and
differential beamformers.

From (5), with θ = 0, we can define the input signal-to-noise
ratio (SNR) or the SNR corresponding to y as

iSNR = SNRy =
tr
(
φXd0d

H
0

)

tr (φV Γv)
=

φX

φV
, (12)

where tr(·) denotes the trace of a square matrix. According to
(10), the output SNR can be defined as

oSNR (h) = φX

∣
∣hHd0

∣
∣2

hHΦvh
=

φX

φV
×

∣
∣hHd0

∣
∣2

hHΓvh
. (13)

From the previous definitions of the SNRs, we deduce the array
gain:

G (h) =
oSNR (h)

iSNR
=

∣
∣hHd0

∣
∣2

hHΓvh
. (14)

A common way to evaluate the sensitivity of the array to some
of its imperfections, such as sensors’ self noise (which is white
noise in nature), with a specific beamformer, is via the so-called
white noise gain (WNG), which is defined by taking Γv = IM
in (14), where IM is the M ×M identity matrix, i.e.,

W (h) =

∣
∣hHd0

∣
∣2

hHh
. (15)

The maximization of W(h) gives the conventional delay-and-
sum (DS) beamformer [34]:

hDS =
d0

M
, (16)

with W(hDS) = M . While the DS beamformer maximizes the
WNG, it never amplifies the diffuse noise. However, hDS is
not very directional and its beampattern may be very much
frequency dependent.

Another important measure, which quantifies the ability of
the beamformer to suppress spatial noise from directions other
than the endfire direction is the directivity factor (DF), which is
obtained by replacing Γv with Γd in (14), i.e.,

D (h) =

∣
∣hHd0

∣
∣2

hHΓdh
. (17)

Fig. 1. Schematic diagram of the conventional multistage differential beam-
forming structure, where the time delays, i.e., τ1 and τ2, in each stage are used for
controlling the directions of the nulls and forming a beampattern of interest. The
frequency and level equalization are used to properly compensate the frequency
response of broadband speech signals.

The maximization of D(h) leads to the well-known superdirec-
tive beamformer [35]:

hSD =
Γ−1
d d0

dH
0 Γ−1

d d0

, (18)

with D(hSD) = dH
0 Γ−1

d d0. While hSD maximizes the DF, it
may amplify the white noise, especially at low frequencies,
i.e., W(hSD) ≤ 1. However, hSD is very directional and its
beampattern may be frequency invariant.

Finally, the last measure of interest is the beampattern, which
describes the sensitivity of the beamformer to a plane wave
(source signal) impinging on the array from the direction θ.
Mathematically, it is defined as

Bθ (h) = dH
θ h. (19)

III. DIFFERENTIAL BEAMFORMING THEORY

Differential microphone arrays refer to those microphone
arrays that combine closely spaced sensors to respond to the
spatial derivatives of the acoustic pressure field. Early efforts
in this area have focused on linear arrays, where differential
beamformers are designed in a multistage manner in the time
domain, and the differentials of the acoustic pressure field are
obtained by combining the outputs of a number of omnidirec-
tional sensors [9], [13], [14], [22]. Fig. 1 illustrates how first-
and second-order differential microphone arrays are formed.
The output of a first-order differential microphone array is the
difference between the outputs of two adjacent omnidirectional
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microphones, and the output of a second-order differential mi-
crophone array is the difference between the outputs of two
first-order differential microphone arrays. The time delays in
each stage are used for controlling the directions of the nulls
and forming a beampattern of interest. In such a structure, the
response of an N th-order differential microphone array has a
high-pass filter nature with a slope of 6N dB/octave. So, its
frequency response has to be properly compensated to process
broadband speech signals. Moreover, the frequency response
and level of a differential microphone array are sensitive to the
position and orientation of the arrays relative to the sound source.
Consequently, it is necessary to perform frequency and level
equalization to its response according to the range and incidence
angle of the sound source to obtain the final output [22]. This
kind of method apparently lacks flexibility in forming different
beampatterns. The resulting differential beamformer is very
sensitive to sensor noise and model mismatches, which restricts
its practical application.

A different design method of differential beamformers was
developed in the short-time Fourier transform (STFT) domain,
which involves solving a linear system constructed from null
constraints [16], [17], [25]. In this approach, the robustness of the
beamformers can be improved with the minimum-norm solution
by increasing the number of microphones [16], [27]. However,
with this method, the underlying principle of differential oper-
ation in differential microphone arrays becomes less obvious.
So, in this section, we present a brief theory of differential
beamforming with uniform linear arrays for any order, in which
the conventional differential beamforming can be viewed as a
particular case.

Let us consider the signal model given in (8). We define the
first-order forward spatial difference of y as

ΔYi = Yi+1 − Yi = Y(1),i, i = 1, 2, . . . ,M − 1, (20)

where Δ is the forward spatial difference operator. In a vec-
tor/matrix form, (20) is

Δ(1)y = y(1), (21)

where

Δ(1) =

⎡

⎢
⎢
⎢
⎢
⎣

−1 1 0 · · · 0

0 −1 1 · · · 0
...

...
. . .

. . .
...

0 0 · · · −1 1

⎤

⎥
⎥
⎥
⎥
⎦

(22)

is a matrix of size (M − 1)×M . In the same way, the second-
order forward spatial difference of y is

Δ2Yi = Δ(ΔYi) = ΔYi+1 −ΔYi

= Yi+2 − 2Yi+1 + Yi = Y(2),i, i = 1, 2, . . . ,M − 2,
(23)

which can be rewritten as

Δ(2)y = y(2), (24)

where

Δ(2) =

⎡

⎢
⎢
⎢
⎢
⎣

1 −2 1 0 · · · 0

0 1 −2 1 · · · 0
...

...
. . .

. . .
. . .

...

0 0 · · · 1 −2 1

⎤

⎥
⎥
⎥
⎥
⎦

(25)

is a matrix of size (M − 2)×M . More generally, let p =
0, 1, . . . , P , with 1 ≤ P < M . By definition, we write Δ(0) =
IM . Therefore,

Δ(0)y = IMy = y. (26)

We define the pth-order forward spatial difference of y as

ΔpYi = Δp−1 (ΔYi) = Δp−1Yi+1 −Δp−1Yi

=

p∑

j=0

(−1)p−j

(
p
j

)
Yi+j , i = 1, 2, . . . ,M − p, (27)

where
(
p
j

)
=

p!

j! (p− j)!

is the binomial coefficient. In a vector/matrix form, (27) is

Δ(p)y = y(p), (28)

where

Δ(p) =

⎡

⎢
⎢
⎢
⎢
⎣

cT(p) 0 · · · 0

0 cT(p) · · · 0
...

...
. . .

...

0 0 · · · cT(p)

⎤

⎥
⎥
⎥
⎥
⎦

(29)

is a matrix of size (M − p)×M , with

c(p) =

[
(−1)p

(
p
0

)
(−1)p−1

(
p
1

)

· · · −
(

p
p− 1

)
1

]T
(30)

being a vector of length p+ 1.
Now, substituting (8) into (27), we get

ΔpYi = XΔpD0,i +ΔpVi

= X

p∑

j=0

(−1)p−j

(
p
j

)
D0,i+j +ΔpVi

= τp0D0,iX +ΔpVi, i = 1, 2, . . . ,M − p, (31)

where

τp0 =

p∑

j=0

(−1)p−j

(
p
j

)
D0,j+1

=

p∑

j=0

(−1)p−j

(
p
j

)
e−j�0j

=
(
e−j�0 − 1

)p
. (32)
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In a vector/matrix form, (31) becomes

Δ(p)y = τp0d0,M−pX + v(p) = y(p), (33)

where

d0,M−p =
[
1 e−j�0 · · · e−j(M−p−1)�0

]T
(34)

is the steering vector of length M − p at θ = 0 and v(p) =
Δ(p)v. We deduce that the (M − p)× (M − p) covariance
matrix of y(p) is

Φy(p)
= φX |τ0|2p d0,M−pd

H
0,M−p +Δ(p)ΦvΔ

T
(p)

= φX |τ0|2p d0,M−pd
H
0,M−p + φV Δ(p)ΓvΔ

T
(p). (35)

With diffuse noise, (35) is

Φy(p)
= φX |τ0|2p d0,M−pd

H
0,M−p + φdΔ(p)ΓdΔ

T
(p). (36)

Then, from (35), we find that the SNR corresponding to y(p) is

SNRy(p)
=

tr
(
φX |τ0|2p d0,M−pd

H
0,M−p

)

tr
(
φV Δ(p)ΓvΔ

T
(p)

)

= SNRy × |τ0|2p (M − p)

tr
(
Δ(p)ΓvΔ

T
(p)

) . (37)

Therefore, we deduce that the SNR gain (between y(p) and y)
is

G(p) =
SNRy(p)

SNRy
=

|τ0|2p (M − p)

tr
(
Δ(p)ΓvΔ

T
(p)

) . (38)

For white and diffuse noises, G(p) becomes

W(p) =
|τ0|2p (M − p)

tr
(
Δ(p)Δ

T
(p)

) =
|τ0|2p (M − p)

(M − p)cT(p)c(p)

=
|τ0|2p
cT(p)c(p)

(39)

and

D(p) =
|τ0|2p (M − p)

tr
(
Δ(p)ΓdΔ

T
(p)

) , (40)

respectively, where c(p) is defined in (30) and it is easy to verify
that

cT(p)c(p) =

(
2p
p

)
.

One can check that

W(0) = 1 ≥ W(1) ≥ W(2) ≥ · · · ≥ W(M−1), (41)

D(0) = 1 ≤ D(1) ≤ D(2) ≤ · · · ≤ D(M−1). (42)

We conclude that y(p) may be good to improve diffuse noise but
will certainly amplify white noise. In practice, it is paramount
to find a good compromise between these two types of noises.

Let us assume that we want to design a P th-order differential
beamformer with M omnidirectional microphones, where P <
M . For that, we need to apply a complex-valued linear filter,
h(P ) of length M − P , to the differential observed signal y(P ),
i.e.,

Z(P ) = hH
(P )y(P ) = Xfd,(P ) + Vrn,(P ), (43)

where Z(P ) is the differential beamformer output signal (i.e.,
the estimate of X), Xfd,(P ) = XτP0 hH

(P )d0,M−P is the filtered

desired signal, and Vrn,(P ) = hH
(P )v(P ) is the residual noise. As

a result, the variance of Z(P ) is

φZ(P )
= hH

(P )Φy(P )
h(P ) = φXfd,(P )

+ φVrn,(P )
, (44)

where φXfd,(P )
= φX |τ0|2P |hH

(P )d0,M−P |2 and φVrn,(P )
=

hH
(P )Δ(P )ΦvΔ

T
(P )h(P ). Also, it is clear that the distortionless

constraint is

hH
(P )d0,M−P =

1

τP0
. (45)

Now, let us briefly give the most important performance
measures corresponding to h(P ). The output SNR and the gain
in SNR are, respectively,

oSNR
(
h(P )

)
=

φX

φV
×

|τ0|2P
∣
∣
∣hH

(P )d0,M−P

∣
∣
∣
2

hH
(P )Δ(P )ΓvΔ

T
(P )h(P )

(46)

and

G (
h(P )

)
=

oSNR
(
h(P )

)

iSNR
=

|τ0|2P
∣
∣
∣hH

(P )d0,M−P

∣
∣
∣
2

hH
(P )Δ(P )ΓvΔ

T
(P )h(P )

, (47)

from which we deduce the WNG:

W (
h(P )

)
=

|τ0|2P
∣
∣
∣hH

(P )d0,M−P

∣
∣
∣
2

hH
(P )Δ(P )Δ

T
(P )h(P )

(48)

and the DF:

D (
h(P )

)
=

|τ0|2P
∣
∣
∣hH

(P )d0,M−P

∣
∣
∣
2

hH
(P )Δ(P )ΓdΔ

T
(P )h(P )

. (49)

Finally, the power beampattern is

∣
∣Bθ

(
h(P )

)∣∣2 = |τ0|2P
∣
∣
∣hH

(P )dθ,M−P

∣
∣
∣
2

. (50)

IV. OPTIMAL DIFFERENTIAL BEAMFORMERS

Now, we are ready to develop some obvious and useful
optimal P th-order differential beamformers from the above
proposed theory. The focus is on the derivation of fixed beam-
formers only; but the extension to adaptive beamformers is also
possible.
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A. Maximum WNG/DF Differential Beamformers

The first beamformer is deduced from the maximization of
the WNG in (48), i.e.,

min
h(P )

hH
(P )Δ(P )Δ

T
(P )h(P )

subject to hH
(P )d0,M−P =

1

τP0
. (51)

From the previous minimization, we get theP th-order maximum
WNG (MWNG) differential beamformer:

h(P ),MWNG =

(
Δ(P )Δ

T
(P )

)−1

d0,M−P

(τ ∗0)
P dH

0,M−P

(
Δ(P )Δ

T
(P )

)−1

d0,M−P

,

(52)

where the superscript ∗ is the complex-conjugate operator.
The second beamformer of interest is the one derived from the

maximization of the DF in (49). This maximization is equivalent
to

min
h(P )

hH
(P )Δ(P )ΓdΔ

T
(P )h(P )

subject to hH
(P )d0,M−P =

1

τP0
, (53)

from which we deduce the P th-order maximum DF (MDF)
differential beamformer:

h(P ),MDF =

(
Δ(P )ΓdΔ

T
(P )

)−1

d0,M−P

(τ ∗0)
P dH

0,M−P

(
Δ(P )ΓdΔ

T
(P )

)−1

d0,M−P

.

(54)

B. Parameterized MDF Differential Beamformers

The MDF beamformer will lead to a high value of the DF
but at the expense of some white noise amplification, while the
MWNG beamformer will lead to a large value of the WNG but at
the expense of some low value of the DF. Therefore, in practice, it
is important to be able to compromise between WNG and DF. To
do so, we propose to exploit the joint diagonalization technique
of two Hermitian matrices (different versions of this technique
have been used in many applications, e.g., noise reduction and
beamforming [36]–[38].

The two Hermitian matrices |τ0|2Pd0,M−Pd
H
0,M−P and

Δ(P )ΓdΔ
T
(P ), which appear in the definition of the DF, can

be jointly diagonalized as follows [39]:

|τ0|2P TH
(P )d0,M−Pd

H
0,M−PT(P ) = Λ(P ), (55)

TH
(P )Δ(P )ΓdΔ

T
(P )T(P ) = IM−P , (56)

where

T(P ) =
[
t(P ),1 t(P ),2 · · · t(P ),M−P

]
(57)

is a full-rank square matrix of size (M − P )× (M − P ),

t(P ),1 =
τP0

(
Δ(P )ΓdΔ

T
(P )

)−1

d0,M−P
√

|τ0|2P dH
0,M−P

(
Δ(P )ΓdΔ

T
(P )

)−1

d0,M−P

(58)

is the first eigenvector of the matrix |τ0|2P
(Δ(P )ΓdΔ

T
(P ))

−1d0,M−Pd
H
0,M−P ,

Λ(P ) = diag
(
λ(P ),1, 0, . . . , 0

)
(59)

is a diagonal matrix of size (M − P )× (M − P ), IM−P is the
(M − P )× (M − P ) identity matrix, and

λ(P ),1 = |τ0|2P dH
0,M−P

(
Δ(P )ΓdΔ

T
(P )

)−1

d0,M−P (60)

is the only nonnull eigenvalue of |τ0|2P
(Δ(P )ΓdΔ

T
(P ))

−1d0,M−Pd
H
0,M−P , whose corresponding

eigenvector is t(P ),1. It can be checked from (55) that

tH(P ),id0,M−P = 0, i = 2, 3, . . . ,M − P. (61)

Let us define the matrix of size (M − P )×N :

T(P ),1:N =
[
t(P ),1 t(P ),2 · · · t(P ),N

]
, (62)

with 1 ≤ N ≤ M − P . The differential beamformer that we
consider now has the form:

h(P ),1:N = T(P ),1:Nα, (63)

where

α =
[
α1 α2 · · · αN

]T �= 0 (64)

is a vector of length N . Substituting (63) into (43), we find that

Z(P ) = τP0 αHTH
(P ),1:Nd0,M−PX +αHTH

(P ),1:NΔ(P )v

= α∗
1

√
λ(P ),1X +αHTH

(P ),1:NΔ(P )v. (65)

Since the distortionless constraint is desired, it is clear from the
previous expression that we always choose

α1 =
1

√
λ(1),1

. (66)

Now, we need to determine the other elements of α.
Thanks to the nature of the beamformer given in (63), we can

express the WNG and the DF, respectively, as

W (
h(P ),1:N

)
=

|τ0|2P
∣
∣
∣hH

(P ),1:Nd0,M−P

∣
∣
∣
2

hH
(P ),1:NΔ(P )Δ

T
(P )h(P ),1:N

=
|τ0|2P

∣
∣
∣αHTH

(P ),1:Nd0,M−P

∣
∣
∣
2

αHTH
(P ),1:NΔ(P )Δ

T
(P )T(P ),1:Nα

(67)
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and

D (
h(P ),1:N

)
=

|τ0|2P
∣
∣
∣hH

(P ),1:Nd0,M−P

∣
∣
∣
2

hH
(P ),1:NΔ(P )ΓdΔ

T
(P )h(P ),1:N

=
|τ0|2P

∣
∣
∣αHTH

(P ),1:Nd0,M−P

∣
∣
∣
2

αHTH
(P ),1:NΔ(P )ΓdΔ

T
(P )T(P ),1:Nα

=
|τ0|2P

∣
∣
∣αHTH

(P ),1:Nd0,M−P

∣
∣
∣
2

αHα
. (68)

Consequently, if we want to compromise between WNG and
DF, we need to maximize the WNG given above, i.e.,

min
α

αHTH
(P ),1:NΔ(P )Δ

T
(P )T(P ),1:Nα

subject to αHTH
(P ),1:Nd0,M−P =

1

τP0
. (69)

Substituting the obtainedα from (69) into (63), we easily deduce
the parameterized MDF beamformer:

h(P ),1:N =
PT(P ),1:N

d0,M−P

(τ ∗0)
P dH

0,M−PPT(P ),1:N
d0,M−P

, (70)

where

PT(P ),1:N
=

T(P ),1:N

(
TH

(P ),1:NΔ(P )Δ
T
(P )T(P ),1:N

)−1

TH
(P ),1:N . (71)

For N = 1, we get

h(P ),1:1 =
t(P ),1

(τ ∗0)
P dH

0,M−P t(P ),1

= h(P ),MDF, (72)

which is the P th-order MDF differential beamformer, and for
N = M − P , we obtain

h(P ),1:M−P =

(
Δ(P )Δ

T
(P )

)−1

d0,M−P

(τ ∗0)
P dH

0,M−P

(
Δ(P )Δ

T
(P )

)−1

d0,M−P

= h(P ),MWNG, (73)

which is the P th-order MWNG differential beamformer. There-
fore, by adjusting the positive integer N , we can obtain different
beamformers whose performances are in between the perfor-
mances of h(P ),MDF and h(P ),MWNG. Note that there are some
other ways to derive parameterized beamformers, e.g, via linear
interpolation, whose performance is a tradeoff between those
two beamformers [40].

C. Parameterized Maximum Front-to-Back Ratio Differential
Beamformers

Another important performance measure that we have not
discussed so far but is useful in the context of uniform linear
arrays is the front-to-back ratio [41], which is defined as the ratio
of the power of the output of the array to signals propagating
from the front-half plane to the output power for signals arriving

from the rear-half plane. In the conventional beamforming case,
it is given by

F (h) =

∫ π/2

0

|Bθ (h)|2 sin θdθ
∫ π

π/2

|Bθ (h)|2 sin θdθ
=

hHΓfh

hHΓbh
, (74)

where

Γf =

∫ π/2

0

dθd
H
θ sin θdθ, (75)

Γb =

∫ π

π/2

dθd
H
θ sin θdθ. (76)

Therefore, the front-to-back ratio of the P th-order differential
beamformer is

F (
h(P )

)
=

∫ π/2

0

∣
∣Bθ

(
h(P )

)∣∣2 sin θdθ
∫ π

π/2

∣
∣Bθ

(
h(P )

)∣∣2 sin θdθ

=
hH
(P )Δ(P )ΓfΔ

T
(P )h(P )

hH
(P )Δ(P )ΓbΔ

T
(P )h(P )

. (77)

Let us denote by t̃(P ),1 the eigenvector corre-
sponding to the maximum eigenvalue of the matrix
(Δ(P )ΓbΔ

T
(P ))

−1Δ(P )ΓfΔ
T
(P ). Taking into account the

distortionless constraint, we easily get the P th-order maximum
front-to-back ratio differential beamformer:

h(P ),MFBR =
t̃(P ),1

dH
0 ΔT

(P )t̃(P ),1

, (78)

where we recall that Δ(P )d0 = τP0 d0,M−P . While this beam-
former maximizes the front-to-back ratio in (77), it will likely
amplify the white noise.

In order to better compromise between front-to-back ratio
and WNG, we propose to jointly diagonalize the two Hermitian
matrices Δ(P )ΓfΔ

T
(P ) and Δ(P )ΓbΔ

T
(P ) that appear in the

front-to-back ratio. We have [39]

T̃H
(P )Δ(P )ΓfΔ

T
(P )T̃(P ) = Λ̃(P ), (79)

T̃H
(P )Δ(P )ΓbΔ

T
(P )T̃(P ) = IM−P , (80)

where

T̃(P ) =
[
t̃(P ),1 t̃(P ),2 · · · t̃(P ),M−P

]
(81)

is a full-rank square matrix [of size (M − P )× (M − P )] and

Λ̃(P ) = diag
(
λ̃(P ),1, λ̃(P ),2, . . . , λ̃(P ),M−P

)
(82)

is a diagonal matrix whose main elements are real
and nonnegative. Furthermore, Λ̃(P ) and T̃(P ) are the
eigenvalue and eigenvector matrices, respectively, of
(Δ(P )ΓbΔ

T
(P ))

−1Δ(P )ΓfΔ
T
(P ), i.e.,

(
Δ(P )ΓbΔ

T
(P )

)−1

Δ(P )ΓfΔ
T
(P )T̃(P ) = T̃(P )Λ̃(P ). (83)
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It is assumed that the eigenvalues of (Δ(P )ΓbΔ
T
(P ))

−1

Δ(P )ΓfΔ
T
(P ) are ordered as λ̃(P ),1 ≥ λ̃(P ),2 ≥ · · · ≥

λ̃(P ),M−P ≥ 0. Therefore, the corresponding eigenvectors
are t̃(P ),1, t̃(P ),2, . . . , t̃(P ),M−P .

Let us define the matrix of size (M − P )×N :

T̃(P ),1:N =
[
t̃(P ),1 t̃(P ),2 · · · t̃(P ),N

]
, (84)

with 1 ≤ N ≤ M − P . We consider the differential beam-
former whose form is

h̃(P ),1:N = T̃(P ),1:N α̃, (85)

where

α̃ =
[
α̃1 α̃2 · · · α̃N

]T �= 0 (86)

is a vector of length N .
Now, we propose to optimize the criterion:

min
α̃

α̃HT̃H
(P ),1:NΔ(P )Δ

T
(P )T̃(P ),1:N α̃

subject to α̃HT̃H
(P ),1:Nd0,M−P =

1

τP0
. (87)

Substituting the obtained α̃ from (87) into (85) gives the param-
eterized maximum front-to-back ratio beamformer:

h̃(P ),1:N =
P

˜T(P ),1:N
d0,M−P

(τ ∗0)
P dH

0,M−PP˜T(P ),1:N
d0,M−P

, (88)

where

P
˜T(P ),1:N

=

T̃(P ),1:N

(
T̃H

(P ),1:NΔ(P )Δ
T
(P )T̃(P ),1:N

)−1

T̃H
(P ),1:N . (89)

For N = 1, we get

h̃(P ),1:1 =
t̃(P ),1

(τ ∗0)
P dH

0,M−P t̃(P ),1

= h(P ),MFBR, (90)

which is theP th-order maximum front-to-back ratio differential
beamformer, and for N = M − P , we obtain

h̃(P ),1:M−P =

(
Δ(P )Δ

T
(P )

)−1

d0,M−P

(τ ∗0)
P dH

0,M−P

(
Δ(P )Δ

T
(P )

)−1

d0,M−P

= h(P ),MWNG, (91)

which is the P th-order MWNG differential beamformer. There-
fore, by adjusting the positive integer N , we can obtain different
beamformers whose performances are in between the perfor-
mances of h(P ),MFBR and h(P ),MWNG.

D. Null-Constraint Differential Beamformers

In practice, in order to give a desired shape to the pattern
beamformer, a null constraint in the direction θ0 ∈ [π/2, π] may

be needed. Considering also the distortionless constraint, we can
build the constraint equation as

CHΔT
(P )h(P ) =

[
1
0

]
, (92)

where

C =
[
d0 dθ0

]
(93)

is the constraint matrix of size M × 2 whose columns are
linearly independent. We recall that we have

Δ(P )C =
[
τP0 d0,M−P τPθ0dθ0,M−P

]
.

Therefore, by maximizing the WNG, we obtain the P th-order
null-constraint MWNG (NCMWNG) differential beamformer:

h(P ),NCMWNG =
(
Δ(P )Δ

T
(P )

)−1

Δ(P )C

×
[
CHΔT

(P )

(
Δ(P )Δ

T
(P )

)−1

Δ(P )C

]−1 [
1
0

]
(94)

and by maximizing the DF, we obtain the P th-order null-
constraint MDF (NCMDF) differential beamformer:

h(P ),NCMDF =
(
Δ(P )ΓdΔ

T
(P )

)−1

Δ(P )C

×
[
CHΔT

(P )

(
Δ(P )ΓdΔ

T
(P )

)−1

Δ(P )C

]−1 [
1
0

]
.

(95)

E. Combined Differential Beamformers

Now, let us briefly discuss another interesting perspective.
Since M microphones are available, the number of degrees of
freedom is also equal to M . However, the dimension of y(P ) is
only equal to M − P . Therefore, we can add P more observa-
tions to y(P ). For example, by taking the first P components of
y, we may consider the observed signal of length M :

−→y =
[
Y1 Y2 · · · YP yT

(P )

]T

=
[
yT
P yT

(P )

]T

=
−→
d 0X +−→v , (96)

which is a combination of pressure and difference pressure
observations, where

−→
d 0 =

[
dT
0,P τP0 dT

0,M−P

]T

and −→v is defined similarly to −→y . Consequently, the proposed
beamformer output is

Z−→
h
=

−→
hH−→y , (97)

where
−→
h is a beamformer of lengthM . Obviously, many optimal

beamformers can be derived with this approach as suggested
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above. For examples, we easily derive the MWNG beamformer:

−→
hMWNG =

(−→
Δ(P )

−→
ΔT

(P )

)−1 −→
d 0

−→
dH

0

(−→
Δ(P )

−→
ΔT

(P )

)−1 −→
d 0

(98)

and the MDF beamformer:

−→
hMDF =

(−→
Δ(P )Γd

−→
ΔT

(P )

)−1 −→
d 0

−→
dH

0

(−→
Δ(P )Γd

−→
ΔT

(P )

)−1 −→
d 0

, (99)

where

−→
Δ(P ) =

[
IP 0

Δ(P )

]

, (100)

with IP being the P × P identity matrix.
While we deduced the differential beamforming in two steps,

they can easily be combined into a single one as

h = ΔT
(p)h(P ), (101)

since

Z(P ) = hH
(P )y(P ) = hH

(P )Δ(p)y = (ΔT
(p)h(P ))

Hy

= hHy. (102)

V. SIMULATIONS

A. Performance Study

In this section, we study the performance of the developed
differential beamformers in terms of the beampattern, WNG,
and directivity index (DI), where the DI is the DF expressed
in decibels [9], i.e., DI(h) = 10 log10 D(h). We consider a
uniform linear array with an interelement spacing of 1.0 cm.
The desired source signal propagates from the endfire direction,
i.e., θ = 0◦.

We first study the performance of the basic forward spatial
differential operator, where the WNG and DF are computed
according to (39) and (40), respectively. Fig. 2 shows plots of the
DI and the WNG of this operator for p = 1, 2, 3, as a function
of frequency, f . It is clearly seen that this operator achieves
significant directivity gains and the DIs are frequency invariant.
We see that the DI increases while the WNG decreases as p
increases. The WNG is considerably less than 0 dB, which indi-
cates that the forward spatial differential operator suffers from
significant white noise amplification. This operator serves as the
first stage of the beamforming process, so its high directional
and frequency-invariant properties also delineate the essence
and advantage of differential beamforming.

Fig. 3 plots the DI and the WNG of the parameterized MDF
differential beamformer withM = 6 andP = 1, as a function of
frequency, f , for different values ofN . In this simulation, we use
six microphones to design a first-order differential beamformer,
so that N = 1, 2, 3, 5. As seen from Fig. 3, the DI decreases
while the WNG increases with N . Clearly, we can choose a
proper value of N to design a differential beamformer that
achieves a good compromise between a large value of the DI
and white noise amplification.

Fig. 2. Performance of the forward spatial differential operator as a function of
frequency for different orders, p: (a) DI and (b) WNG. Conditions of simulation:
M = 4 and δ = 1.0 cm.

Fig. 3. Performance of the parameterized MDF differential beamformer as a
function of frequency for different values ofN : (a) DI and (b) WNG. Conditions
of simulation: M = 6, δ = 1.0 cm, and P = 1.

Fig. 4 plots the DI and the WNG of the parameterized max-
imum front-to-back ratio (MFBR) beamformer with M = 6
and P = 1, as a function of frequency, f , for different values
of N . Similarly, it is clearly seen the DI decreases while the
WNG increases with N , and a proper value of N can make the
differential beamformer achieve a good compromise among the
DI, FBR, and WNG.
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Fig. 4. Performance of the parameterized MFBR differential beamformer as a
function of frequency for different values ofN : (a) DI and (b) WNG. Conditions
of simulation: M = 6, δ = 1.0 cm, and P = 1.

Fig. 5. Beampatterns of the NCMWNG differential beamformer for different
numbers of microphones: (a)M = 4, f = 1000Hz, (b)M = 4, f = 3000Hz,
(c) M = 6, f = 1000 Hz, and (d) M = 6, f = 3000 Hz. Conditions: δ =
1.0 cm and P = 2.

We then study the performance of the NCMWNG differen-
tial beamformers. In this simulation, we design a second-order
differential beamformer, i.e., P = 2, and add a null constraint at
120◦. Fig. 5 shows plots of the beampatterns of the NCMWNG
beamformer at different frequencies for M = 4, 6, 8, 12. It can

Fig. 6. Performance of the NCMWNG differential beamformer as a function
of frequency for different numbers of microphones: (a) DI and (b) WNG.
Conditions of simulation: δ = 1.0 cm and P = 2.

be observed that the designed beampatterns are almost frequency
invariant and have a unique null in the desired direction. Fig. 6
plots the DI and the WNG of the NCMWNG beamformer as
a function of frequency, f . As seen, this beamformer designed
with M = 12 achieves a much higher value of WNG and keeps
almost the same DI, which shows the superiority of using more
microphones than required to improve robustness.

Finally, we study the differential beamformer that combines
both the pressure and difference pressure observations, which
is called combined differential beamformer. Fig. 7 plots the DF
and the WNG of this beamformer with M = 4 and P = 2, as
a function of frequency, f . For comparison, we also show plots
of the basic forward spatial differential operator and the MDF
differential beamformer. It is clearly seen that the combined
MDF beamformer can further improve the DI without much
sacrifice of the WNG. More importantly, the combined differ-
ential beamformer increases the number of degrees of freedom,
so it is possible to add more constraints and can be very useful
in practice.

B. Performance in Simulated Reverberant Environments

In this subsection, we assess the performance of the proposed
differential beamformers in simulated reverberated environ-
ments. We consider a room of size 4 m × 5 m × 4 m, where
a linear array of 6 omnidirectional microphones are located,
respectively, at (x, 2.0, 2.0), where x = 1.5335 : 0.023 : 1.64.
A desired point source is placed at (2.5, 2.0, 1.5) (endfire di-
rection) and plays back a speech signal prerecorded from a
female speaker in a quiet office room. An interference point
source is placed at (1.58, 3.5, 1.5) (90◦ direction) and also plays
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Fig. 7. Performance of the combined MDF differential beamformer as a
function of frequency: (a) DI and (b) WNG. Conditions of simulation: M = 4
and δ = 1.0 cm.

back a speech signal prerecorded from a male speaker in a quiet
office room. The acoustic channel impulse responses from the
source to the microphones are generated with the image model
method [42]. Then, the microphone observed signals are gen-
erated by convolving the source signal with the corresponding
impulse responses and adding some noise. In our experiments,
we consider two types of noise: white and diffuse. The white
noise is a computer generated white Gaussian random process,
the diffuse noise has an energy flow of equal probability in
all directions [43]. All the signals are sampled at 16 kHz. The
overall length of the signal was approximately 10 seconds. The
reflection coefficients of all the six walls are are assumed to be
identical and frequency independent and they are set to 0, 0.2,
0.4, 0.5, 0.6, 0.8, and 0.9, respectively, and the corresponding
reverberation time, T60, are approximately 0 ms, 60 ms, 90 ms,
120 ms, 160 ms, 330 ms, and 625 ms.

For a better study of the beamforming performance, we de-
compose the observed reverberated desired signal as the direct
path signal, which contains the arrival of the direct sound, early
reverberation, which contains several strong reflections, and late
reverberation, which contains a series of numerous indistin-
guishable reflections [44]. An example of the acoustic impulse
response and the corresponding direct path, early reverberation
(the first 40 ms), and late reverberation is shown in Fig. 8. In
this case, the microphone observed signal can be written as

ym(t) = gs,m(t) ∗ s(t) + gi,m(t) ∗ i(t) + vd,m(t) + vw,m(t)

= xm(t) + xi,m(t) + vd,m(t) + vw,m(t)

= xd,m(t) + xe,m(t) + xr,m(t)

+ xi,m(t) + vd,m(t) + vw,m(t), (103)

Fig. 8. Acoustic impulse response from the desired source to the first micro-
phone. The reverberation time, T60, is approximately 625 ms, and the sampling
rate is 16 kHz.

with m = 1, 2, . . . ,M , where ∗ stands for linear convolution,
gs,m(t) is the acoustic impulse response from the position of
the desired source to the mth microphone, s(t) is the desired
source signal, gi,m(t) is the acoustic impulse response from the
position of the interference source to themth microphone, i(t) is
the interference signal, xm(t) = gs,m(t) ∗ s(t) is the convolved
desired signal at the mth sensor, xi,m(t) = gi,m(t) ∗ i(t) is the
convolved interference signal at the mth sensor, and xd,m(t),
xe,m(t), and xr,m(t) are the direct path, early reverberation,
and late reverberation of the convolved desired signal, respec-
tively. All signals are partitioned into overlapping frames with
a frame size of K = 128 and an overlapping factor of 75%.
A Kaiser window is then applied to each frame and the win-
dowed frame signal is subsequently transformed into the STFT
domain using a 128-point FFT. The beamforming filters are
then implemented in the STFT domain. Finally, the inverse FFT
(with overlap add technique) is used to obtain the time-domain
clean speech estimate. Assume the direct path signal, early
reverberation, late reverberation, interference, diffuse noise,
and white noise after beamforming are expressed as xfd(t),
xfe(t), xfr(t), xfi(t), vfdn(t), and vfwn(t), respectively. In our
implementation, we set P = 1, the matrix Γd is regularized
by adding to it the small number 10−3. We study the MDF,
MWNG, NCMDF, NCMWNG, parameterized MDF (N = 4),
parameterized MFBR (N = 4), and combined MDF differential
beamformers. For comparison, we also implemented the widely
used delay-and-sum (DS) and superdirective (SD) beamformers.
Note that the SD beamformer is a particular case of conventional
differential beamformers (when the microphone array size is
very small, the superdirective beamformer corresponds to the
hypercardioid [16]). We use the fullband time-domain signal to
evaluate the overall performance.

We first study the influence of early reverberation on perfor-
mance, we define the early reverberation reduction (ERR) factor:

ERR =
E
[
x2
fe(t)

]

E
[
x2
e,m(t)

] . (104)

In our implementation, the first microphone is chosen as the
reference, i.e., m = 1. Fig. 9 plots the ERR for different re-
verberation conditions. It is clearly seen that the ERR is very
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Fig. 9. ERR of the different kinds of differential beamformers for different
reverberation conditions.

Fig. 10. LRR of the different kinds of differential beamformers for different
reverberation conditions.

small in light reverberation conditions with small reverberation
time. As the reverberation time increases, the reduction on early
reverberation becomes more significant. The DS beamformer
has the smallest ERR in all conditions, which is due to the large
beamwidth of the DS beamformer. Note that, as shown in the
literature, early reverberation does not affect much the speech
quality. So, the amount of reduction in early reverberation may
not affect much speech quality.

To evaluate the reduction on late reverberation, we define a
late reverberation reduction (LRR) factor:

LRR =
E
[
x2
fr(t)

]

E
[
x2
r,m(t)

] . (105)

The results for LRR for different reverberation conditions
are plotted in Fig. 10. Except the DS beamformer, significant
late reverberation reduction is observed in all the studied
reverberation conditions. The SD beamformer achieves similar
performance as the MDF beamformer. This is understandable
as both of them maximize the DF. In comparison, the MWNG,
parameterized MDF, and parameterized MFBR beamformers

Fig. 11. IR of the different kinds of differential beamformers for different
reverberation conditions.

have the lowest LRR, which shows their effectiveness in sup-
pressing late reverberation. The NCMDF and NCMWNG differ-
ential beamformers have higher LRR than other beamformers.
This is due to the fact that the null-constrained differential
beamformers have a very low gain at the null positions, which
weakens the effectiveness of the beamformer on other directions;
but the reverberation is formed by reflections from all directions.

Similarly, we define the interference reduction (IR) factor for
the interference signal:

IR =
E
[
x2
fi(t)

]

E
[
x2
i,m(t)

] . (106)

Fig. 11 plots the IR for different reverberation conditions. As
seen, all beamformers achieve a good suppression on the in-
terference except for the DS beamformer. The MDF differential
beamformer has the overall best performance. The NCMDF and
NCMWNG differential beamformers have good performance
in light reverberation but slightly worse performance in strong
reverberation conditions. The MDF beamformer yields a better
performance than the SD beamformer. The underlying reason is
that the MDF beamformer has a null at the interference direction.
As expected, the IR of all the beamformers increases with the
reverberation time, which indicates that higher reverberation
will decrease interference suppression ability of beamformers.

We also assess the performance of recovering the desired
signal. For that, we define the desired signal reduction (DSR):

DSR =
E
[
x2
fd(t)

]

E
[
x2
d,m(t)

] . (107)

For the diffuse noise and white noise, we define the diffuse noise
reduction (DNR) factor and white noise reduction (WNR) factor,
respectively, as

DNR =
E
[
x2
fdn(t)

]

E
[
v2d,m(t)

] , (108)
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TABLE I
DSR, DNR, AND WNR OF THE DIFFERENT KINDS OF

DIFFERENTIAL BEAMFORMERS

WNR =
E
[
x2
fwn(t)

]

E
[
v2w,m(t)

] . (109)

The results are presented in Table I. It is clearly seen that the
DSR almost equal to 0 dB for all beamformers while there
are subtle differences. That is not surprising since all beam-
formers are signal independent fixed beamformers in which the
distortionless constraint should always be satisfied regardless
of the degree of reverberation. The slight differences mainly
come from the error of matrix inversion and decomposition
calculation. As seen, the SD, MDF, NCMDF, and combined
MDF differential beamformers have the lowest DNR while the
DS beamformer has the highest DNR but lowest WNR. This
is understandable as the DNR and WNR are directly related
to the DF and WNG. The SD, MDF, NCMDF, and combined
MDF maximize the DF and, as a result, they has the lowest
DNR. In comparison, the DS maximizes the WNG. So, it has
the lowest WNR. Note that the diffuse noise and white noise are
independent with reverberation; so, the DNR and WNG do not
change with the reverberation conditions.

In summary, the following conclusions can be drawn. The
DS beamformer has the best robustness performance but not
effective in dealing with reverberation, interference, and dif-
fuse noise. The SD, MDF, NCMDF, combined MDF, and SD
beamformers have the best performance in suppressing diffuse
noise but with poor performance in white noise. The MDF
differential beamformer has the best performance in suppressing
interference and the parameterized MDF, parameterized MFBR,
and MWNG differential beamformers have the best performance
in suppressing reverberation. In practical systems, it is impor-
tant for beamformers to have good performance in suppressing
reverberation and interference. From this perspective, the MDF,
MWNG, parameterized MDF, and parameterized MFBR differ-
ential beamformers are superior. They also achieve reasonable
performance in diffuse and white noise.

VI. CONCLUSIONS

Differential beamforming is attractive for many acoustic and
speech applications with small-size microphone arrays due to
its high directional gains and frequency-invariant beampatterns.
In this paper, we presented a new theory and some new methods

of differential beamforming with uniform linear arrays. We
defined a forward spatial difference operator such that any
order of the differential observed signal can be represented as
a product between a differential matrix and the microphone
array observations. The differential beamforming in our method
consists of the differential stage, which obtains the differen-
tial observed signals, and the filtering stage, which optimizes
the beamforming performance. The proposed theory shows the
connection between the conventional differential beamforming
and null-constrained differential beamforming methods. We de-
duced new fixed differential beamformers, demonstrated their
performance, and presented new insights into the design of
differential beamformers. The new differential beamformers can
achieve not only tradeoffs between WNG and DF, but also
better performance in reverberant acoustic environments. This
approach can be further extended to the design of other kinds of
differential beamformers.
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