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Preface

This manual provides solutions to the 250 problems in the textbook Fundamentals
of Signal Enhancement and Array Signal Processing (J. Benesty, 1. Cohen, and J.
Chen, Wiley-IEEE Press, Singapore, 2018. ISBN: 978-1-119-29312-5).

The solutions were developed by the most excellent teaching assistant, undergrad-
uate students, and graduate students, while taking the course Spatial Signal Process-
ing (course number 046743) in the spring semester of 2019, which was taught by
Prof. Israel Cohen at the Faculty of Electrical Engineering, Technion—Israel Institute
of Technology.

We thank all of those who have made tremendous work and contributed solutions
to this manual. This includes the outstanding teaching assistant, who developed so-
lutions for three chapters, and managed the solutions by the students in the remain-
ing chapters: Or Yair; the top graduate students: Ronald Gold, Amir Ivry, Yuval
Konforti, Nissim Peretz, Xuehan Wang; the first-class undergraduate students:
Roy Asulin, Yacov Attias, Tamir Bitton, Dror Pezo, Zohar Rimon; and finally
the dedicated postdoctoral research associate: Dr. Rajib Sharma, who checked and
revised the solutions in the manual.

A partial solution manual (solutions to the first five problems in each chapter) is
available on https://israelcohen.com/publications/books/. Lec-
turers who adopt the textbook for teaching can obtain the complete solution manual
for all the 250 problems in the textbook by sending a request to Prof. Israel Cohen
icohen@ee.technion.ac.il.

This work was supported by the Israel Science Foundation (grant no. 576/16) and
the ISF-NSFC joint research program (grant No. 2514/17).

Jacob Benesty
Israel Cohen
Jingdong Chen
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2
Single-Channel Signal Enhancement in the Time
Domain

Problems

2.1. Show that the MSEs, J (h), Jq (h), and J,, (h), are related to the different
performance measures by

, 1
J (h) = o2 |iSNR x vq (h) + AOIR
and
jj EE; = iSNR X &, (h) x vq (h)

= 0SNR (h) x &4 (h) x vq (h).

Solution Recall that
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Starting from the last bullet, we have,

J(h) =E [((h — i) x(t) +hTv (t)ﬂ

(h—i)" Ry (h— i) + h"Ryh
2

= ngd (h) + e (Uh)
2 (. 1
=0 <1SNR -vg (h) + . (h)> :

Again, recall that

Ja(h) = (h—i))" Ry (h — i) = 0204 (h) ,

(h) = 7 .
Jn h)=h th: -
a (h)
Thus,
h 2vq (h
Ja) _ outa (B) _iong g, () - va ()
g (h 9y
&n(h)
||

2.2. Show that taking the gradient of the MSE :
J(h) = 02 — 2h"R,i; + h"Ryh,

with respect to h and equating the result to zero yields the Wiener filter:

hy = R, 'Ryi;.
Solution
Vind (hw) =0
—2Ryi; + 2Ryhyw =0
hy = Ry 'Ryi; .
[ ]

2.3. Show that the Wiener filter can be expressed as

hy = [Ip — p*(v, )Ty 'T ] is.
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Solution Recall that

Ry =Rs+R,.
Hence,
hy = R;leii

=R, (Ry - Ry)i;
= (I -R,'Ry) i

2

o

vp—1 .
=\ 2Ty v

Gy

=1, —p* (v,y) I‘;lI‘v) i .

|
2.4. Prove that zw (t), the estimate of the desired signal with the Wiener filter; sat-
isfies

p2 (13, ZW) < ( )

< T3 oSNR ()’
Solution Note that
P (x,2) = p? (x hTy)
= p? (ifx,h7y)
_ E?[ifx - h'y]

02 - hTRyh
02 hTRyh’
. 2
b aray (iRa)?
P (.I,Ifd) =p (I’,h X) - g% ~hT:R,xh7
T 2
2 2 (V. T T (h Rxh)
= h h = :
p” (za,2) = p ( % y) h”Rxh (h"Ryh)
Thus,
) 2 T 2
2 2 _ (iRgh)”  (h'Rxh)
P~ (z, @) - p” (T1a,2) = 02-hTRyh hTR,h (hTRyh)
_ (iRgh)*
o o2hTRyh

= P2 (z,2) .
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Since p2 < 1 (Cauchy-Schwarz inequality), we have,
p2 (.13, Z) S [)2 (xfd7 Z) .
Now,

_ (W"Ryh)’
h"R,h (h"Ryh)

_ h’R.h

~ h? (R +Ry)h

2
Zfd

2 2
Umfd + UUrn

0SNR (h)
oSNR (h) + 1°

0 (244, 2)

Hence,

9 oSNR (h)
< - 7
P2 S SR )+ 1

and specifically, using the Wiener filter, we have,

2
<
P (@ 2w) < oSNR (hw) + 1

2.5. Prove that with the optimal Wiener filter, the output SNR is always greater than
or equal to the input SNR, i.e., 0SNR (hy) > iSNR.
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Solution Note that

ot o2 iSNR

2 = = == —
p(x,y)—aga; o2 1+iSNR’

hw = R, 'Ryii,
(i Ruhw)”
(i Byhw)”
02 - hii Ryi;

_i’Ryhy

P2 (33, ZW) =

2 )
O—I

P (y, 2w) = p° (y h\Tzvy)
(iiTRth)2
o2 (hiyRyhw)
(i Ryiy)”

o207, Rk
0.4

_ X
o2h] Ry

Hence,

p* (z,y) = p° (z,2w) - (v, 2w) < p* (w, 2w)
iSNR_ _ oSNR (hw)
1 +iSNR — 1+ oSNR (hy)
0SNR (hy) > iSNR.

|
2.6. Show that the MMSE can be expressed as

J (hw) = 02 [1 = p*(z, 2w)]
= 0121 [1 - p2(v,y - ZW)} :
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3
Single-Channel Signal Enhancement in the Frequency
Domain

Problems

3.1. Show that the narrowband MSE is given by
TIH) = L= H() ¢x () + [HF) v (f)-

Solution
() =E[1E ]
=E[|Z(f)-X(/ }
=E[[H ()Y (/)= X ()]
=E[[H(f)(X () +V () - X ()]
=E[[H (/) (X (N)+V () - X ()]
—E[|(H () - +H(f)V(f)\2]
—E[|(H (/) - >|}+E[|H<f>v<f>|2}
=[1-H () E[|X< )+ [H (DPE [V ()]
= 1= H () ox (/) + [H () év (f).

|

3.2. Show that the narrowband MSE is related to the different narrowband perfor-
mance measures by

I = 0 (1) (VR < a U+ gy |-
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Solution Using the previous section,
JIH ()] = 1= H (NI ox (f) + H ()] dv (f)

_ _ 2 &x (f)
—ov () (1= P S+ H(P)

— 6v (f) ( [H ()]  iSNR (/) +

|2
1
én [H(f)]) '

3.3. Show that the narrowband MSEs Jq [H ()] and Jy, [H(f)] are related to the
different narrowband performance measures by

Jd [H(f)} s

TE] - iISNR(f) x & [H(f)] x va [H(f)]
= oSNR [H(f)] x &a [H(f)] x va [H(f)].

Solution

JalH (f)] _ ¢x (f)valH (f)]

o [H ()] it
_ ox (f) v
= En [H (f)]va [H (f)]
=iSNR (f) &, [H (f)]va [H (f)]
=0oSNR (f)&a [H (f)]va [H (f)].

]

3.4. Show that the Wiener gain is given by

_SNR(P)
Hw(f) = TFISNR(f)

Solution Since |L — H (f)| > |1 — |H (f)]|, we have,
Hw (f) = arggl(ij{l)J[H (f)]
= argmin (1= H (D ox (/) + |[H (H)* ov (1))
=arg in (11— [H (DI ox (f) +|H (1) o (1))

=arg min (1= [H (N))"ox (/) +H (1) ov (1)
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Now,
ViagyJ [H (f)] =0
Vi) (1= 1H () éx (F) + |H (f | ov () =0
—2(1— H(f) éx () + 2|H (/) ¢v (f) =0
H(f) (x (f) + ov () = éx (f)
_ dx (f)
HN= 5+ ov ()
Hence,
Ho ()~ OX) __ox(p) _ _ISNR()
ov (f)  ov (N +ox(f)  1+iSNR(f)
]

3.5. Show that the Wiener gain is equal to the MSCF between X (f) and Y (f), i.e.,
2
Hw (f) = p[X (1), Y (NI

Solution

T 1+iSNR(f)
=Hw (f).

3.6. Show that the MMSE can be expressed as

J[Hw ()] =[1 = Hw(f)] ox(f).
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4
Multichannel Signal Enhancement in the Time Domain

Problems

4.1. Show that if two symmetric matrices Rx and R, are jointly diagonalized, i.e.,
T'R.T = A,
T'R,T = Iy,

then A and T are, respectively, the eigenvalue and eigenvector matrices of Ry 1R&
ie.,

R;'R,T=TA.

Solution

-1
Ry'R,T = R'T"T"R,T = TT'R;'T "A =T (T"R,T) A =TA.

4.2. Denote by t|,t,,...,t,,1, the eigenvectors onglRi. Show that

ML
-1 2 : T
RX = EZL
i=1

Solution
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4.3. Show that the MSE can be written as
J(A) =Tr [Ry, —2A T"R,I] + A (A +Tyy) A7)
Solution
J(A) = Tr {E [e (t)e” (t)} }
—Tr {]E [ ATy (1)~ x1 (1)) (ATTy () - 31 (t))T} }

— ATy ()x] (1) + 3 (1) x] (1))}
L) AT — LRy (1) TA” — AT RyI] + Ry, }

L) AT = 2AT Ryd! + Ru |

4.4. Show that the different performance measures are related to the MSEs by

Ja (A)
Jn (A)

=iSNR x &, (A) x vq (A)
= 0SNR (A) x &q (A) x vq (A).

Solution
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49
Hence,
Ja(A)  Tr{Ry, }vq(A)
Jn (A) N Tr{Ry, }
En(A)

=iSNR x &, (A) X vq (A)

= 0SNR(A) x & (A) x vq (A).
[

4.5. Show that the Wiener filtering matrix can be written as

IRZ

Solution

t t7.

Aw =LR, T (A +Iy) "
= LT TTTRLT (A + Tpp) "
=TT "AA+TIy,)""

Hence,
ﬂw = AwlT
=LT "T'TA (A + 1) ' T7
=LR,TA (A +Iyp) o7
LR, Z :
]

4.6. Prove that with the optimal Wiener filtering matrix, the output SNR is always
greater than or equal to the input SNR, i.e., oOSNR (Hyy) > iSNR.
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5
Multichannel Signal Enhancement in the Frequency
Domain

Problems
5.1. Assume that the matrix ®,(f) is nonsingular. Show that

[ (nae|” < [ (@(n(n)] [a% (@ (Has)] .
with equality if and only if h(f) oc ®7(f)d(f).

Solution Remember that inner-product is defined as < x,y >= y*z. Hence,
< ®V2()d(f), @) h(f) >
= (220" ()" (252(1d()
=h"(NH@/2(NHe2(Hd(f) =" (Hd(f).

Using Cauchy Schwarz inequality, we get,

’ 2

< (22(0) " ni). (2Y2(0) "0 > - < (2720) " al), (2,72(0) " d() >
= [W(H@Y2(H®Y2(H)N(f)] [a7 (@I (H@TA(HA(f)]
= b (N@(HR(A)| [d" (BT (HA(S)]-

Obviously, we get an equality if and only if h(f) oc ®1(f)d(f) since both iden-
tities are identical by definition.

5.2. Show that the narrowband output SNR is upper bounded by

oSNR [h(f)] < ¢x, (f) x " (/)@ (f)d(f), Vh(f).
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Solution Recall that

ox,(f) x [0 (Hd()|’

h(f)@y (f)h(f)
Using the inequality from Problem 1, we deduce an upper bound for the narrowband
output SNR.

oSNR [h(f)] =

oSNR [n(f)] < LX) [hH(f) (HR(A)] [dF ()@ (£)d(f)]
- f)

h#(f)®(f)h(f)
= ox, (f) x d" ()@ (£d(f).

|
5.3. Show that
oSNR[i;(f)] < ¢x, (f) x d” (/)@ (f)A(f).

Solution As we show in Problem 2, the upper bound for the narrowband output
SNR is independent of h(f). Hence,

oSNR [ii(f)] < ox, (f) x A" (£) @ (Fd(f).

|
5.4. Show that
ov, (f) x A ()@ ' (Ha(f) > 1,

Solution Using the Cauchy-Schwarz Inequality, we get,

B (d(n)| < W7 (e (b)) [a7 (1@ ()
Applying the identity filter to the above equation, we receive,
ol =1
i ()@ (Hi(f) = ovi (f)-

Hence,

1< v, (f) x A7 ()@, (HA(f).

5.5. Show that the narrowband desired signal distortion index is given by

v (D] = [0 (Dviee(h) — 1|
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Solution The narrowband desired signal distortion index is defined by

E “de(f) - Xl(f)’2:|
va [b(f)] = o)

The filtered desired signal is given by,
Xa(f) = X2 () ()i, (F)-

Hence, we can rewrite the desired signal distortion index as,

, where ¢, (f) = E [|X1(f)]*] .

| (i) -1 0]

va [h(f)] = o () = W (f)vk(f) — 1%

|
5.6. Show that the narrowband MSE can be written as

I [0(f)] = éx, (f) + b7 (F)@y (HR(f) — éx, (BT ())rx,(F)—

Solution Defining the error signal between the estimated and desired signals at
frequency, f, as

E(f) =Z(f) = Xa(f)
= X1 (HM ()7, () + BT (Hv(f) = Xi(f)
= &a(f) + &alf);

where

Ea(f) = [ (Prvi(F) = 1] Xa()
Ea(f) =B (F)v(f).

The MSE is then defined as the variance of the error signal, i.e.,

)= || | = ||| |+

2
&[],
since £4(f) and &, (f) are incoherent. Now,

[ [Ea(h)] | =6, (DB (1175, 175 (B -

O3 (IR (FYieoe(F) — 63, (Y% R DB + 65, ()
B |[e(h)] | = b (@b
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6
An Exhaustive Class of Linear Filters

Problems

6.1. Show that the Wiener filter can be expressed as
hy = (In — ‘i’;l‘i’in) ij.
Solution Recall that Wiener filter minimizes the MSE criteria :
J(h) = ¢, +h’® h - b & i — ;" ®,h.
Calculating the gradient :
Vil (h) = (<I>y + q)yH) h— &, — &, ;.
Recall that @, and P are symmetric, we get,
2®,h — 2®,i; = 0.
Also, @ = &, — P;y,. Therefore,

2&,h — 2 (P, — By)i; = 0
®, h = (P, — ®in) i
h = ‘}y71 (q’y - (I)in) ii

hy = (IM - <I>y*1<1>in) ii.

6.2. Using Woodbury’s identity, show that

-1
oyl = ol - orlQL (AT + QP eplQL)  Qffer!.
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Solution Recall that &, = P + Pj,, and P are diagonalizable :
X, = Ql®i,QL,

where Q is a unitary matrix and X is a diagonal matrix. Using Woodbury’s iden-
tity, we get,

B, = (B, + Bin)
—1
= (QNQE + @un)

— e, -0l QL (N QUe QL) Qe

6.3. Show that the Wiener filter can be expressed as
-1

hw = 9,/ Q% (A + @ erlQ) Qi
Solution The Wiener filter is given by,

hyw = (I]w — ‘I‘;l@in> i;.
Also,

—1

oyl = ol - ollQ (A + Qi erlQ) Qe

Hence,
-1
hy = (IM — (@5 — 2, Q% (A;_l + Q;H‘i’;fQ;) Q;Hi’;ll)‘i‘in) i
—1
= (T .+ 200 (N 4 QU QL) QU ) i

By employing the relation (I’i_nli’in = I, which is true since ®;,, is a correlation
matrix of rank M, we have,

-1
b = (T~ T+ #3005 (A + QU R1Q) Qe T )i
1 r—1 Hg -1 —yH
= o Q. (A erlQL) Qi
|

6.4. Show that the MVDR filter is given by

-1
huvor = 95, Q% (Q7 95,1 QL) Q)i
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Solution We have,

hyivpr = min [Ju(h) + Ji(h)] st Q. =i’ Q,

’

— min [%hHh + hH<I>vh} st h7Q, =i Q.
= min [thnnh} st hQ, =i’ Q..
To obtain this minimal value, let us define the Lagrange multiplier, A, and construct
the following expression to be minimized :
J(h, ) = h" @b + (W7 Q) — Q) A
Assuming that h, h*! are independent, we have,
Vi (5)J (hmvpr, A) = 0
®inhyvpr + QA = 0
QA = —®inhyvpr.
Hence,
VJ(havpr, A) =0
hﬁVDRQx = iiTQx'
hl\l—/IIVDRQxA = i;TQx/\
h{iypr ®imbyvpr = i ®imhyvpr.
Now,
1 Hg—1 -l H 7 T
(‘I’fn Q. (Ql'e,lQL)  Q ii) Q. =i/ Q,

’

TQ (Qe,QL) Qe =17,
il QL =1 Q.
Now,
(#nQ (Qrreyiay) Q;Hii)H o (2,00 (@1 ®;Q)) Qi)
T Q9. QL) QU e ®,Q, (@ 2,1QL) QL
—i7Q (@ el) Qi
Now,

-1
e (2,Q (Qlfe,00)) Q)
-1
=i o (Qfenlay) Qi
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|
6.5. Show that the MVDR filter can be expressed as
-1
hyvor = @' Q) (Q;H‘I’;lQ;) Q.
Solution The solution of MVDR optimization problem is :
-1
hyvor = @, Q) (Q;H‘I’;}Q;) Q.
Recall that
Din = By — B = By — Q2 /QL = By — QL2 QY
Where Q) is unitary. Using Woodbury’s identity, the inverse of ®jy, is :
-1
5! = (@ - Quap'Q)
—1
=2, +0,'Q, (N - Qe lq) Qe
1 -1
-2yt (- 2yQ (- Qe lay) o, )
_ &1
=&, A
Hence,
~1
huvor = ®5'AQ, (QF@;'AQL) Qi
=2, 'AQQ"A 2, Q. Q)i
=&, ' i;
- 2,'Q,Q} ,Q,Q/
-1
- o,'Q, (Q®;'qQ)) Qi

|
6.6. Show that the tradeoff filter is given by

hT,u - (q)x + M(I,in)_l (I’xii
=[Py + (n— 1)‘I’inr1 (®y — Pin) i

where L is a Lagrange multiplier.



Jacob Benesty, Israel Cohen, and Jingdong Chen: Fundamentals of Signal Enhancement and Array Signal
Processing — Chap. 7 — 2019/12/24 — 16:38 — page 145

145

7
Fixed Beamforming

Problems
7.1. Show that the WNG can be written as

W h(f)] = Winax cos? [d (f,cos0q) ,h(f)].

Solution We have,

1

“hf (f)h(f)
1

G
4(|d (f,cosby)][;

" 4ld (£, cos 00) |2 [ (£)]I2
22|d (f, cos fa)||2

T 4ld (f, cos00)| 2 [ ()2

We now use the fact that d (f, cos6q) h =1 =17 = h# (f)d (f,cosfq).

W h(f)]

h (£)d (f,cosbq) +d (f,cosfq) h ?
2{[b (/)] [1d (f, cos Ba)ll,
= [[d (£, cos 0a)|5 cos® [d (£, cos fa) , h(f)]

Wh(f)] = [|d (f,cosbq)|l5

We calculate ||d (f, cos ed)Hg :

I (£, cos0a)||2 = d* (f, cos04) d (f,cos0a)

M-1

— Z 6727Tf'rocos(9die27rf7'o cosOq1
=0
M-1

= 1=M.

.
I
=]
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Hence,
W h(f)] = M? cos® [d (f,cos6a) , h(f)]
= Winax cos> [d (f,cosf4) ,h(f)] .

|
7.2. Using the Cauchy-Schwarz inequality, show that the maximum DF is
Dinax (f: cos0a) = A" (f,cos04) Ty L(f)d (f,cosq)
=tr [I‘({}r(f)d (f,cos0q) dT (f,cos Hd)}

< Mtr [ngr(f)} .

Solution  First, we will prove that T'g - (f) is a positive-definite Hermitian matrix.
It is well-established that 'y - (f) is Hermitian. Now,

1 s
Y'Torf)y = 5 [ y"d(f.costa)a (f.cosb)y sinddd
1 /7 2
_ 7/ [y*d (£, cosa)]|| sin6de.
2 Jo

. . Lo . 2 .
Notice that this expression is greater than zero, since ‘ }yH d (f,cosby) | ‘ and sin 6

. . 2
are by definition non-negative for these 6 values, and for 0 = 7, yHd (f,cosbq) ] ‘
>0 and sin 6 > 0. So we proved that I'g . ( f) is a Hermitian positive-definite matrix.
Now, since I'g - (f) is a Hermitian positive-definite matrix, we can say that there

1
exists a square root to the matrix, marked as F(iw( f). Using the Cauchy-Schwarz
inequality, we have,

07 (£)d (f, cos ) ’
- ‘hH(f)ré,w(f)F(;é (f)d (f,cosbq)

<hA (TS (AT (FR(F)AT (f,co804) Ty 27 (FIT5 2 (£)d (£, cos0)

This inequality is equal when

b ()03 (f) = d¥ (f,cos04) T 27 (1),

‘ 2

1
which is possible since I'g (f) is the square root of a positive-definite matrix, and
as such is invertible. Thus,

Dmax (fa COs ed)

CRH(ATE (AT (HR(HAY (f,cos00) T 2 (£ 2 (£)d (f, cos o)
- b7 (/)To.(/)h(/) '
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Notice that I‘éjﬂ (f)and T 7% (f) are also Hermitian matrices. Therefore,
Do (f,cos ) = W (f)To - (f)h(f)d? (f,cos0a) Tg 1 (f)d (f,cosba)
e BT B (/)T0.x(/)h()
=d" (f,cosfq) I‘a}r(f)d (f,cosb4).

Now we will show this explicitly, when indexing from 0 to M — 1 for the sake of

convenience.
M—1M-1
3 _ j27 f1o cos 0qi ,—j27 f1g cos gk —1
Dmax(f,CObed)— E: }:ey fro 4t =327 fTo d 1-10777(f)i71C
i=0 k=0
M—1M-1

— ]27rf‘rocos€d( k)l—w (f) k-

I
=
ES
I

% 0

On the other hand, if we express tr [I‘g}r(f)d (f,cos6q)dH (f,cos Qd)} explic-
itly, we get,

M-1 M-—1
T340 (fcos6a)| = Z Ty (F)ind (f,c0800), = > Tgh(f)sei2mmocostal
' =0

M—-1
[F&}r(f)d (f7 coS Hd) a7 (f, cos 0d):|l . _ I‘(T:r(f)l le—j2ﬂ'f‘ro cosGdlejZﬂ'f‘ro cos Odk,
’ =0
M—-1
[F&}r(f)d (f7 oS 9d) dH (f7 coS 9d):|z = I‘(I}r(f)l,le_]%rfm cos OdleJQTrfTo cosGdz
T =0
M-1M-1 ) )
tr [T52(F)d (f,cos0a) d (£, cos 6a)] = T4 (f)ige??m o costalizh),
i=0 [=0

But this equals to the same expression as Dyyax (f, cos 64). Therefore,

Dias (f, 0080a) = tr [T L(f)d (f,cos 6a) A" (f, cos0a)] .

Notice that similar to T (f), d (f,cosfq)d (f,cosfy) is a positive semi-
definite matrix. Since T'g . (f) and d (f, cos 04) A (f, cos f4) are both Hermitian
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positive semi-definite matrices, we can say that

tr{[‘ ~(H)d(f,cos6q)d (f,cosﬁd)}

M
< Z )\iﬁr‘ai(f)Ai,d(f,cos 0q)d ™ (f,cos04q)

=1
M

< Z AiraL () D Xjd(F.c0s 64)aH (f,c0564)
j=1
= Z )\i,rﬁ(f)tr {d (f,cosfq) d (f,cos Hd)]

—MZAzF Ly = Mex [T5A ()]

Here we used the fact that all the eigenvalues of a positive semi-definite matrix are
non-negative, and

tr {d (f,cosfq)d (f, cos@d)} =M =d (f,cos64)d (f,cosby).

|
7.3. Show that the DF can be written as

D [B(f)] = Dinax (f, 005 0a) cos? [T /*(£)d (f, cos0a) , T2 (F)(F)] -

Solution Recall that :

Dinax (f,cos04) = d¥ (f,cosby) I‘a}r(f)d (f,cosby).

Ih# (f)d(f, cos b4)|

P = B ()T (/)h(f)

cos [T5x/*(£)d (£, cos6a) , Ty/2(F)h(f)]
_ d"(f,cos0a) h(f) +h"(f)d (f, cos 6a)
2|[ro (s eostn], [[ramnf],
¢ The distortionless constraint,

h (£)d (f,cosbq) = 1.
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We will show that the wanted form is equivalent to the second bullet. Under the
distortionless constraint, we have,
cos [I51/2(£)a (f.cos0) . DY 2(F)0(N)] = L ,
[Tai(na s, costa)|| |6 )]
1
PO = W (T, ()
Dy (f: 08 0a) cos? [T/ *(£)d (f,cos ba) . L5 2 ()h(f)]
B d (f,cosfy) I‘&}T(f)d(f,cosed)
= - A 5
(|[rai(na s cosoa)||, |[rénmn]],)
o da” (f,COSGd) Fa,lr(f)d (f,COSQd)
o 1 H _1 1 H 1
(T02 (A (f,c0500)) T5 2 (A (f,c086a) (T () () To(h(f)

_ d” (f,cos0a) T 1 (f)d (f,cos0a)
d” (f,cos6q) To +(f)d (f,cos6a) b (f)Tox(f)h(f)
1
~ hH(f)To(f)h(f)
=Dh(f)].

7.4. Show that the condition to prevent spatial aliasing is

0 1

< —.
A2
Solution We have,
) _ 1

X cos(0y) — cos(62)

where 01 # 65 and A, J > 0, by definition. Namely, to prevent spatial aliasing, one
must demand :

1) 1 1
0<—< = ,
A cos(01) — cos(B2)  |cos(01) — cos(62)]
where the last inequality holds, again, by definition. Over the unique range of 0 <
01,02 < 7, and specifically where cos(61) — cos(62) > 0, we have,
|cos(61) — cos(f2)] < 2
1 1

> —.
|cos(61) — cos(f2)] — 2
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Hence,

> >
DN | =

7.5. Show that the DS beamformer :

d(f,cosby)

hDS (f7 COSGd) = M )

maximizes the WNG, i.e.,

g}}r)th(f)h(f) subject to hf(f)d (f,cosf4) = 1.

Solution Let us define the Lagrangian, with the Lagrange multiplier, A :

£(0,\) = b (H)h(f) + A (b (f)d (f,cos00) ~ 1).

Now,
oL (h, )
8117[_] (l'lDS7 )\) == O
2hps (f,cosbq) + Ad (f,cosfq) = 0, and
oL (h, A
P s =0

hgs (f> Ccos ad) d (f, COS 9d) =1.
Now, we have,

df (f,cosby) q

hfis (f,cos0q)d (f,cosbq) = i

(f,cosby).

Now,

M M

m=0

M
dH (f,COSQﬂd(f,COS@d) _ 1 Z 67jm27rf7'0cos@ejm27rf7'00059 _ M = 1.

Thus,
hils (f,cos6q)d (f,cos84) = 1.
Now,

2hpg (f,cosbq) + Ad (f,cos0q) =0
2hf (f,cos04) hpg (f, cos4) + Ahilg (f,cos6q)d (f,cos6q) = 0.
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A = —2hf (f,cos04) hps (f, cos ) .
Hence,
hi (f,cos64) hpg (f,cosfq)d (f,cosfy) = hps (f,cosby) .
Again,

d (f,cosbq)
M )

df (f,cosfy) d(f, cos@d)d

7 % (f,cosby) =

d(f,cos64)
M

Thus, it was shown that hpg (f, cos4) = indeed maximizes the WNG.

7.6. Show that with the DS beamformer, the DF is given by

M2
= dF (f,co804) Do (f)d (f,cosbq)

D [hDS (f, COS Gd)]

Solution We have,

_ b (f)d(f,cosba)|?

P = W ()T (B (1)

Hence,

|hHy (f,cos6q)d (f,cosby) |2
Dh ,cos0q)] =
hos (/ 2 hflg (f,cos04) Lo (f) hps (f, cos bq)
S =004 (f, 05 )

N wrom (f) d(fa;i?ﬂ’d)

1

WFO,W (f) w
M2

~ dH (f,co804) To(f)d (f,cosq)’

|
7.7. Show that the DS beamformer never amplifies the diffuse noise, i.e.,

D [hDS (f, COS Gd)] Z 1.
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8
Adaptive Beamforming

Problems
8.1. Show that the narrowband MSE can be expressed as

Jh(f)] = ¢x(f) + b ())@y (/HN(f) — dx (F)hT(f)d (f, cosba) —
ox (f)d? (f,cosbq) h(f).

Solution The error signal between the estimated and desired signals is given by,

E(f) = 2(f) - X(f)
= [0(f)d (f,cos0a) = 1] X(f) + B (f)v(f)
= Ea(f) + &al ),

Sa(f) = [hH(f)d(f,cosed) - 1} X(f), and
Eul(f) = hH(f)V(f)a

are the errors due to the desired signal distortion and residual noise, respectively.
Since £q(f) and &, (f) are assumed to be incoherent, the narrowband MSE of the
error signal becomes the sum of the narrowband MSEs of the desired signal distor-
tion and the residual noise :

Jh(f)] =E[l€a(/)P*] +E [|E ()] -
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As a result,

E [|Ea(f)]?]
=E[&a(f)ES()]

H
=5 [0 (cos00) 1] XX (1) [0 (1) (Frcosa) 1]

= [0 (£)d (f,c080a) = 1] ox(f) [d” (f,cos0a) B(F) —1]
= ox (/B (1) (f,c036a) A7 (£, cos0a) h(f) — ox (/)BT (f)d (£, cos6a)
— ¢x(f)d"™ (f,cosba) h(f) + ¢x (f)

= b (£)@x(f)(f) — 6x(HB (f)d (,cosba)

~ ox (A (f, cos ed> h(f) + x(/),

and

E [|€a(f)]] = E [Ea(f)Es

We finally obtain :

J [h(f)] = " (f)@y(f)h(f) = dx (/)R (f)d (f, cosba)
— ¢x(f)a (f,cosba) h(f) + dx(f)-

8.2. Show that the MSEs are related to the different performance measures by

Ja[h(f)]
Jn [B(f)]

= ISNR(f) x &a [h(f)] x va [h(f)]
= 0SNR [h(f)] x &a [h(f)] x va [h(f)].

Solution Recall that

. _ ox(f)
SN = 5
Recall that the desired-signal and residual noise MSEs are :
Jalh(£)] = 6x () [0 (1) (7, cos0) — 1|
= ¢x (f)valh(f)];
Ju[b(f)] =7 (f)@.(f)h(f)
¢V1 (f)
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Recall that

oSNR[h(f)] _ &[h(f)]
iSNR(f)  &lh(f)]

Hence, we have,

Ja(f)] _ ¢x(fvafh(f)]

(Al 2al

— ISNR(f) x & [0(f)] x va [(f)]
— 0SNR [h(f)] x & [(f)] % va [b(})].

8.3. Show that by minimizing the narrowband MSE, J [h(f)], we obtain the Wiener
beamformer:

hy (f,cos0a) = ox (f)®, " (f)d (f,cosba).
Solution The narrowband MSE is given by,
Jh()] = E[IE(P]
= B[lea()P] + B [|&a(H)I]
= Ja[h(f)] + Ju[h(f)]

= ox(f) + b (£)®y (f)L(f) — ox ()BT (f)d (£, cos ba)
- ¢X(f)dH (f,cosbq)h(f).

Hence, we have,

V() ()] = 0
2(I’y(f)h(f) - ¢X1 (f)d (f7 COS ad) - ¢X1 (f)d (f7 COS ed) =0.

Thus,

hw (f, cos0a) = ¢x, (f)@5" (f)d (f, cosba) .-

8.4. Show that the Wiener beamformer can be written as

iISNR(f)

hy (f,cos6q) = HTNR(f)F;l(f)d (f,cosby).
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Solution Since x(f) and v(f) are incoherent and stationary, form = 1, ..., M,

we have
oy () =E[Y(NIP] =E[|XNIP]+E[IV(HF]
= ¢x(f) + ov(f)-
Additionally, since
_%0)
Ty (f) = ()

we simplify the Wiener filter as

hw (f,cosba) = ¢x (f)®y " (f)d (f,cosbq)

- , ! cos
= S o (19X ) + v (] 251 cosa)

o
- #)HFQI(f)d (f, cos 8a)
ov(f)

iISNR(f)

- Wr;l(ﬁd (f,cosfq) .

8.5. Show that the Wiener beamformer can be expressed as a function of the statis-
tics of the observation and noise signals by

hw (f,cosba) = [T — @37 (f) @y (f)] i

Solution Using the following equality,
d? (f,cosfy)i; =1,
we can rewrite the Wiener filter as,

hyy (f,cos0a) = ox (f)®y ' (f)d (f,cosba)
= ¢x ()@, (f)d (f,cosba) ™ (f,cosba) i;
=& 1 (f)®x(f)ii
= @) [@y(f) — Bv(N]is
= [Ty — @, ()@ ()] s

]
8.6. Using the Woodbury'’s identity, show that the inverse of ®y (f) is given by

ety BN (f,cosb4) A (f,cosba) B(S)
&y () =2 () qb}l(f)+dH(f,cos@d)@Jl(f)d(f,cosed)'
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9
Differential Beamforming

Problems

9.1. Using the definition of the frequency-independent DF of a theoretical Nth-

order DSA (??), show that
T117T
ayllta
D(ay) = gifv’
aNHNaN

where 1 is a vector of ones, and H  is a Hankel matrix.
Solution Recall that

B (an, 1)
2 Jo B2 (an, cosf) sinfdf

Using the definition of B (ay, cos ), we have,
2
{Zgzo aN,ni|
17 [N nal? )
3 fo Ym0 ON,n cOS™ 0| sinOdf

[Zﬁ[—o an n} i

3o [ n= OaNnCOSQn0+Zz ozj 0,ji AN ,iQN,j COSTI 9} sin 0df

D (aN) =

which can be reformulated due to the linearity of the integral and summation opera-
tions :

D (an)
{Zg:() aN,n} ’
2 {ZRNZO Ay, Jo cos™™ fsin Hde} +3 [Ziv:O Z;’V:O’j;éi anian,j [y cos'ti @ sin 9d9}
{Zg:() a“N,n:| ’

("N n aN,ianN,;j ’
Ym0 T+ Yin0 Yo it even e
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Adopting the definitions of the Hankel matrix, and ay, we have,

T41T
ay1llay
D(@aN) = TH ay”
vayay

|
9.2. Show that the coefficients of the Nth-order hypercardioid are given by

H,'1

AN max = “oza 11"
1TH,'1

Solution  According to its definition, ax,max is the right eigenvector correspond-
ing to the maximal eigenvalue of the matrix Hx,lllT. According to eq. (10.62)
in the book "Superdirectional Microphone Arrays", this eigenvalue is equal to
1TH;,1 1. Namely, what we would like to prove is that the following holds :

H]:]ll]-TaN,max = aN,InaxlTH&l]--
By substituting the desired expression in the above, one yields :
-1 -1
Hy1 _ Hy1
1TH'1  1THR'1
-1 -1 -1 -1
Hy'11"Hy'1 - Hy'117Hy'1
1TH,'1 1TH,'1

Hy'117 1"H'1

)

. . . H'1
which validates the assumption that ay max = ﬁ
N

9.3. Using the definition of the frequency-independent FBR of a theoretical N th-
order DSA (??), show that

T yx/

F( )_aNHNaN
anN) = TH/ )

aN NaN

where H'y; and HK, are Hankel matrices.
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Solution We have,
F(an)
B Oﬂ/z B? (ay, cos 0) sin 6d6

[, B% (an, cos 0) sin d6

2
foﬂ/Q [25:0 an,, cos™ 0} sin 0df
™ N 2 .
Jro [ano an,, Cos™ 9} sin 0d6
|:Z£LV:O a?\hn fOﬂ'/Q COSZTL 9 Sin ed0i| + |:ZZJ\LO Z;v:(),jiz a/N,ia/N7j fOﬂ'/z COSi+j 6 sin 9d0:|
{Zi\;o a’%\/,n f:/Q cos2™ @ sin (‘)dg] + {Z?}:O Z;-\;O’j#i an,iaN,; f;r/Q cositi 0 sin OdG}
N N N
{Zn:o G?Vnﬁ] + [Zz‘:o 2j=0,j#i ANiON 5 mﬁ]
N N N -
[ano G?Vnﬁ] + {E:o 2.j=0,ji ON 10N, j %}

Hence, according to the definitions of the Hankel matrices, we have,

AR = /4
(an) ayHyan
N alH an’

NHyan

|
9.4. Show that the beampattern of the N th-order supercardioid is

all . p(cosh)
Bn,sa (cosb) = —/r;w ,
aN,maxp (1)

where aly ... is the eigenvector corresponding to the maximum eigenvalue of
;

1—1gy1
H 'HY,.

Solution  First, we would like to show that H'y; is positive-definite and that H’,
is positive semi-definite. Assuming a non-zero vector, x € RV <! :

N N 1
Hyy/! —_

H — e
HEx =) ) T
=0 j=0

1

N N
:ZZTJJJ/ £ dt

i=0 j=0 t=0

1 N N
- / >ty tadt
t=0 ;=0

Jj=0

1 N o
:/ |> tai|?dt > 0,
t=0 =0
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which proves that H'y, is a positive semi-definite matrix.
Similarly,

(S

NX_ZZ z+j+1

1= ()j 0

fZZx xj/ 7 ¢

1=0 5=0

.0 N

/t > tix; Ztﬂxjdt

=-1,-0 =0
N

0
:/ | thaPdt > 0,
t

=-1 ;=0

which entails that H'y is strictly positive matrix. It should be highlighted that the
latter inequality is true, since for small enough € > 0, the following holds :

N .
|Z:tlxi|2|t:76 |- zpet|? >0,
i=0

where £ is the first non-zero element of x.
Conclusively, the following expression is indeed a Rayleigh quotient.

al H ay
F(a SNCENTE
( N) NHQVaN

Thus, as stated, the vector that maximizes the above expression is equal to eigenvec-

tor corresponding to the maximal eigenvalue of H'y 'H/, which is aly na,- Notice

1T

that the coefficients vector must satisfy eq. (9.8), i.e., a must be normalized to

N,max
/T /T
BN max NV max , where the last equality employs the definitions given
i= OaN max( ) aN max P (1)

in eq. 9.7). Ultimately, this eigenvector can be replaced into eq. (9.7) to yield the
desired outcome :

Bn,sd (cos ) =
wsa (cos6) a’ﬁmxp(l)

9.5. Show that the directivity pattern of the first-order hypercardioid can be ex-
pressed as,

1 3
B1 na (cos ) = 1 + 7 cos 6.
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Solution Let us refer to the general definition of By fr, (cos #) according to eq.
(9.34), with N = 1. Namely :
~ 1THy'p(cosf

B1u, (cos) = By u, (cos0) |N:1 ?11)“':1'
N

Next, we employ the definitions of the Hankel matrix, H, given in eq. (9.32), and
p (cos @), given in (9.7), to obtain :

1 0 1
— L [ } { }
0 3 0
By, (cosf) = cos 1 30056).

I

9.6. Show that the directivity pattern of the first-order supercardioid can be ex-
pressed as

V3-1 3-43
+ (e}

5 5 s6.

B1.sd (cosf) =

Solution Let us refer to the general definition of By g, (cos #) according to eq.
(9.38), with N = 1. Namely :

a?VT,maxp (cos )

B ‘0 :B ‘9 = — .
080 = B 0, = P

Next, we employ the definition of p (cos 6), given in (9.7), to yield :

T T 1
[aN,max(O) aN,max(l)] |:COSQ a;VT.max(O) + aﬁmax(l) cos
B1.sd (cosf) = = :

[a;\T; (O) a;\?; (1)] |:1:| a?VT,max(O) + aGVT,max(l)
,max ,max 1

Next, it remains to find @}, which is now defined as the normalized eigenvector,
T

: AN s . -1
ie. aﬁmax = m, that corresponds to the largest eigenvalue of Hy ' HY;. In
this case :
a1 12 r1o1/2] 74
NN T 120 1/3 1/2 1/3) (12 7|’

from which, a simple eigenvalue decomposition process yields the maximum
eigenvalue A\ &~ 13.92 and its corresponding normalized eigenvector YL =
aN o = 3 [V3—1, 3 —+/3]. Ultimately, we have,

\/§71+(37\/§)cos9_\/§_1+3_\/§
2

B1.gd (cosf) = 5 =" cos 6.




Jacob Benesty, Israel Cohen, and Jingdong Chen: Fundamentals of Signal Enhancement and Array Signal
Processing — Chap. 10 — 2019/12/24 — 16:38 — page 221

221

10
Beampattern Design

Problems

10.1. Show that the minimization of the LSE criterion yields
ey =Mc've (Of ) -

Solution Let us recall the definition of the LSE criterion, given in eq. (10.12) :
LSE(cn) =1 —vE (3f ) en — ehve (9F,) + chMcen,

Next, let us focus on the expressions Vg (]?m) cy and cive (]?m) using the
definition in egs. (10.2, 10.6, 10.12, 10.14), from which we can derive that :

N
- 1 L
vl (3F.) en = EZC”/O 0 o7 990 o5 (i6) dB
=0 =

n=0

| < [N
13 / { 7 cos (n@)} cos (i6) do,
Tizo J6=0

N

1=0

_ 1 L
hve (1F) = Dol [ et cos i0) ao

R L ,
- Z c; /9 [Z Cp, COS (nﬁ)} cos (i6) d#,

0
ovE (3fm)en  OcRve (1fm)
80]\7 301\[ '

The optimal value of ¢y which minimizes the LSE criterion is, therefore :

OLSE(cy)

8CN
(1 - Vg (j?m) CN — C%VC (]f’m) + C%MCCN) =0
—2vc (j?m) 4+ 2Mceny =0
ey =Mg've (of.) -

aCN
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10.2. Show that the elements of the vector v ( j?m) are

[VC (]fm)}n“ = jan (?m) )

where Jy, (2) is the Bessel function of the first kind.

Solution Initially, let us recall the definition of the vector vg ( ]?m) , as introduces
in eq. (10.12). By employing the definition of p¢ (cos#) from eq. (10.6), the
(n +1)" element of v (7f,,) can be formulated as :

— 1 m —
= — jfnl cos 6
[ve (me)}nﬂ p /920 e cos (nd) db,

which is the exact representation in the first line of eq. (10.14). Next, let us use the

definition of the modified Bessel function of the first kind, which according to eq.
(10.16) is given by :

In(z) = I 7<% cos (nf) df, v z € C.
™ Jo=0
Thus,
T 1 jin 7 zcos 6 n T
ve 0fm)l g = e e’ cos (n0) db|_z = 3" Ju(Frn)-
|

10.3. Show that the elements of the matrix M ¢ are
1 /" . .
Mclify jo1 = p / cos (i) cos (j0) d6.
0
Solution Initially, let us recall the definition of M, given in eq. (10.12) :

1 s
Mg = — / pc (cos 0) p& (cos §) db.
T Jo=0
Let us focus on matrix generated by the following vector multiplication, defined as
P:
P = pc (cos ) p& (cos ) — [Pl;1 141 = cos (if) cos (j) .

Thus, we can formulate the (7 4+ 1,5 + l)th element of M as follows :

1 /7 I ) .
Mcliiy 41 = p /9:0 [Plit1,j41d0 = p /9:0 cos (i6) cos (j6) do.
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10.4. Prove the Jacobi-Anger expansion, i.e.,

e?Fm cos? Zyn v (fim) cos (nd),
n=0

where

|1, n=20
In = 2, m=1,2,...,N
Solution First, we recall the definition of e m cos 9 givenineq. (10.11) :

9fmcost _ qs
e = A}gnoo n;o ¢n cos (nh) .
In order to develop this expression, we should further expend the definition of ¢,,,
V0 <n < N. According to eq. (10.13), cy = Malvc (]?m), so by replacing
the definitions of Mc and v (3f,,) from egs. (10.18) and (10.14), respectively,
we can yield the vector cyy :

Jo (1fm) Jo (2f )
391 (3f ) 2201 (2f m)
ey =diag(1,2,...,2) | 2L (3fn) | = | 2202 (0Fm) |

NIn (1Fm) 29N In (3F )
where ¢y = [cg, ¢1, - . ., cn]. Now,
B N
eHfmeos? — Jo () + A}gnoo nz_:l 29" T (f,) cos (nf).

By employing the definition of j,, introduced in eq. (10.19), we have,

e fmeost — fim Z]" n ) cos (nb)

N—o00

Z Indn ) cos (nd) .

10.5. Show that the beampattern can be approximated by

M
By [h(f),cosf] = Z cos (nf) Z Indn (frn) Him(f)

n=0 m=1
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Solution Let us employ the definition of By [h(f),cos 6] from eq. (10.1), and

replace in it the expression for e?/m €059 :

M —
By [h(f),cos0] = Y Hp(f)e?mos?

3
ﬂ‘

I
M:

Z Indn ) cos (nd)

wﬁzh@mﬁMﬂ,

where the last equality is legitimate due to the additivity property. Now, by limiting
n to a finite length, IV, the former expression can be approximated as follows :

M
By [h(f),cosf] = ZCOS nd) {Z Indn (Fm) Hm(f)} .

3
\ |

7

3
Il
=)

10.6. Show that with the nonrobust filter, h\gr(f), the first-order beampattern is
given by

By [h(f),cos0] = Hi(f) + Jo (fo) Ha(f) + 231 (f2) Ha(f) cos .

Solution Using equation (10.22) it can be stated that:

By [h(f),cos ] = Zcos i0) by (f)h(f) =Dbo (f)h(f) + cosdbi (f)h(f).

Using equation (10.23) we find that :
B1 [h(f),cosb]

= 0 [0 (7) qm[§ﬂ+wwmaq) n @D |
(f (

= J0Jo (f1) H1(f) + 300 (f2) H2(f) + cos 011 ) f) +cosOnJy (fy) Ha(f)
=Jo (f1) Hi(f) + Jo (f2) Ha(f) +2j cos0Jy (f1) Hi(f) + 2j cos0.J1 (f5) Ha(f).

Notice that from equation (10.2) it can be seen that f, = 0. Therefore, from equa-
tion (10.16) it can be deduced that :

_ 1 ™ . 1 T
Jo (f1):*/0 eJOCOSQCOS(OG)dGZ—/O 1dh =1,

f 1 " j0cos O 1 g
Ji(f1)=—] e cos0df = — ; cosfdf = 0.

™ m
) )
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11
Beamforming in the Time Domain

Problems
11.1. Show that the MSE can be expressed as

J (h) = 02 — 2h" G (cos f4) Rxi; + h"Ryh.

Solution The error signal between the estimated and desired signals is given by :

e(t) = ealt) + en(t)

T T T
- [g (cos 0q)h — il] x(t — A) +h"v(t),
where
T T
eq(t) = [g (cosfq)h — il] x(t — A),
€n (t) = hT!(t)v

are the errors due to the desired signal distortion and residual noise, respectively.
Since we assume that the desired signal and noise are uncorrelated, the MSE criteri-
on is reduced to the following expression :

J (h)

=E [e3(t)] +E [ex(t)]

—E [[QT(COS f4)h — il}T x(t — A)xT(t — A) [gT(cos f4)h — ilH +E [th(t)gT(t)h}
= h" G(cos0q)Rx G (cos 6g)h — 2h” G(cos 8q)Rui; + if Ryi; + h"Ryh

=h"Ryh — 2h" G(cos 04)Ryd; + 02

|
11.2. Show that the desired signal distortion index can be expressed as

[QT (cosq @) h — il} g Ry [QT (cosq ) h — il}

2
Oy

vq (h) =
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Solution
vg (h) =

E HGT(COS fa)h — il} ! x(t — A)xT(t—A) {QT(COS 64)h — ilH

2
0%

[QT (cosq @) h — il} g Ry [QT (cosq ) h — il]

2
0%

11.3. Show that the MSEs are related to the different performance measures by

i EE; —iSNR x £, (h) x va (h)
— 0SNR (h) x & (h) x vq (h).
Solution

Ja(h) = E [e3(t)] = 07 x va (h),
Ju(h) =E [ei(t)] = hTR!h~

Therefore,
Ja (h) 2 1
= h
ATV R R
2 o2
= -2 xwvq (h) x i
7, W R
= iSNR X vq (h) x &, (h)
2 T
O.OC h Rxh
= X vq (h) x =
v ra ™ W TR
= £a(h) x vq (h) x oSNR (h).
|

11.4. Show that by maximizing the WNG subject to the distortionless constraint, we
obtain the DS beamformer:

hpg (cosby) = G (cosby) IMI
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Solution Maximizing the white noise gain subject to the distortionless constraint
is equivalent to solving the following optimization problem :
arg minh”h s.t. th(cos 0q) = ilT,
h
where
G (cosby)
Gy(cosby)
G(cosby) = .
G (cosby) MLy xL
Note that G(cos f) contains L 1-sparse row vectors which are independent and,
hence, orthogonal to each other. Therefore, we obtain that G” (cos 84)G (cos 0)
is invertible and a diagonal matrix. Define the Lagrangian :
£(h, 1) =h"h — [W"G(cos ) — if | p.
Hence,
Vul =0
2h — G(cosfq)u =0
1
h= iG(cos 04)
VuL=0
G (cosfg)h—i; =0
1
igT(cos 04)G(cosfq)p = 1
-1
n=2 [QT(COS 04)G(cos Qd)] i.
As a result,
-1
hpg (cosfy) = G(cosby) [QT(COS 04)G(cos Hd)} i.
The white noise gain is given by,
W(hpg (cos b))
B 1
hlg (cosfq) hpg (cosf4)
_ 1
= — —
il [QT (cos04q)G(cos Od)} G”(cos 0q)G(cos 04) [QT(COS 04)G(cos Qd)} i

1
T T 71. ’
i [Q (COS@d)g(COSQd)] i
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The column vectors of G (cos 9(1), by definition, contain either ones or zeros and
the number of nonzero elements ranges from 1 to M. Therefore, by choosing i;
to contain a 1 in the position which coincides with the maximal (diagonal) element

—1
in QT(COS 04)G(cos 4), we will minimize ilT [QT(COS 04)G(cos Gd)} i; and,
hence, maximize W (hpg (cos 6q)). In conclusion, we have,

1

{GT(COS 04)G(cos 9d)} o i =—=j
. - M

hpg (cosyq) = G(cos Hd)lﬁl.

|
11.5. Show that the WNG of the DS beamformer, W [hpg (cos 04)), is equal to M.
Solution We saw that the WNG of the DS beamformer is (11.54) :
1

Wihpg(cosbq)] = 1
il [QT(COS 04)G(cos Qd)} i

Since the matrix product G (cos 04) G, (cos ) is a diagonal matrix, in which the

M
elements are 0 or 1. Hence, the matrix G” (cos 04)G(cosfq) = > GT (cos04)G p(cos 0q)
m=1

is also diagonal with elements between 0 and M. We conclude that the position of of
the 1 in i; must coincide with the position of the maximum element of the diagonal
of GT (cos 04)G(cos fy). In this case, we get Whpg(cos04)] = M .

|
11.6. Show that the maximum DF beamformer is given by

h

—max

(cosfq) = sty (cosba),

where t, (cos0q) is the eigenvector corresponding to the maximum eigenvalue of
the matrix Ty G (cos0q) G” (cos 04) and s # 0 is an arbitrary real number.

Solution The directivity factor is defined to be:

hTQ(cos 9d)QT(cos fa)h
D(h) = T
h'T'ro-h
Now,
0=VyD

~ 2G(cos Qd)QT(cos f4)h x hTI‘Tyo,,rh — 27 ,-h x hTQ(COS Hd)QT(cos 64)h

0 2
[hTFT,O,Trh}
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