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Incoherent Synthesis of Sparse Arrays for
Frequency-Invariant Beamforming
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Abstract—Frequency-invariant beamformers are used to pre-
vent signal waveform distortions in real world applications like
audio, underwater acoustics, and radar. Most of existing meth-
ods assume uniform arrays, and only few consider sparse designs,
which may lead to higher performance in terms of robustness and
directivity factor. We propose an incoherent approach that first
determines for each frequency bin a sparse set of sensors posi-
tions. Subsequently, by using tools of dimensionality reduction and
clustering, these selections are merged together yielding the op-
timal sensors on a sparse array layout. We present design exam-
ples of sparse linear and planar superdirective array designs. We
show that the proposed incoherent sparse design obtains superior
performance in terms of white noise gain, directivity factor, and
computational load compared to a uniform array design and com-
pared to a coherent sparse approach, where the sensors’ locations
and the beamformer coefficients are optimized simultaneously for
all frequencies.

Index Terms—Frequency-invariant beamformer, sparse design,
superdirective beamformers, differential microphone arrays.

I. INTRODUCTION

D ESIGN of nearly frequency-invariant (FI) broadband
beamformers for several real-world applications like au-

dio, communication, and sonar systems [1]–[3], is important
as such beamformers can recover the signals of interest while
reducing some artifacts caused by beamforming. Classical ap-
proaches of FI beamforming are based on constrained opti-
mization [4]–[10], analytical solutions [11], [12], and coherent
subspace methods [13]–[15]. Another concept is based on differ-
ential microphone arrays (DMAs) [16]–[23] and superdirective
beamformers [24]. In all these former works, it was assumed
that the sensors are located either uniformly or nonuniformly
in a given aperture which can be linear, planar, or arbitrary.
Yet, optimizing the number of sensors and/or their locations
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was not considered, and only the beamformer coefficients were
optimized according to certain design constraints.

The shortcomings of the previous design opens a window
of opportunities for a class of sparse methods which optimize
also the number of sensors and their positions. In sparse arrays,
also termed as aperiodic, random, thinned or space tapered ar-
rays, the nonuniform design of the sensors’ locations enables
to obtain arrays where part of their adjacent sensors have spac-
ing larger than half the wavelength. Yet, the harmful effects of
grating lobes can be completely mitigated. Thus, arrays with
a greater aperture and better robustness to array imperfections,
but with a smaller number of sensors than in the uniform design,
can be designed using the sparse approach. In the context of FI
beamformers, sparsity may lead to more flexibility and better
design in terms of satisfying constraints on a wider range of fre-
quencies. Practically, sparse arrays can be integrated into several
real-world applications where strong limitations are imposed on
the weight, size, and cost of sensors.

While for the narrowband design many advanced techniques
have been presented for the synthesis of sparse arrays [25]–[36],
less work has been done for the sparse design of FI broadband
beamformers. One simple sparse structure of FI beamforming is
based on the concept of harmonic nested arrays [37], [38] where
the total array is composed from several uniform subarrays, each
matched to a different frequency subband. Yet, the locations of
the sensors are set only according to the spatial sampling con-
straint in the relevant subband, and are not optimized according
to some design constraints like robustness to mismatch errors.

Analytical approaches for optimization of the sensors posi-
tions in order to obtain FI beampattern can be found in [39], [40].
However, in these approaches no consideration regarding issues
like robustness to noise has been done. This restricts to some
extent the feasibility of such approaches in cases of small size
arrays. Crocco and Trucco [41] proposed a FI sparse design by
joint-optimization of the sensors positions and the beamformer
coefficients, using simulated annealing optimization, while as-
suming a given a-priori number of sensors on the sparse array.
In [42], a genetic algorithm combined with a gradient-based
method was applied to find a global minimum for the optimiza-
tion of the cost function. A design of FI beampattern for linear
arrays based on the generalized matrix pencil method can be
found in [43].

Recently, both Hawes and Liu [44], and Liu et al. [45] pro-
posed sparse designs for broadband beamformers based on an
iterative weighted �1-norm minimization under multiple convex
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constraints. One of the imposed constraints is a joint-sparsity
constraint [46] aimed to ensure that the chosen sensors are joint
for all frequency bins in the relevant bandwidth. In other words,
the same sensors are used to build the beamformers coefficient
vectors in all frequency bins. As the optimization of sensors
positions and beamformer coefficients is performed simultane-
ously over all frequency bins in the relevant bandwidth, we
may refer to this design approach as a coherent sparse design.
While good results were reported, this method is limited when
the number of candidate sensors is an order of magnitude of
hundreds or more.

In this paper, we propose a new incoherent sparse array de-
sign for nearly FI beamforming. The main idea is to split an
�1-optimization problem with a large number of constraints like
in the coherent approach, into several smaller optimization sub-
problems, each matched to a different frequency bin with a
smaller number of constraints. In the first step, an �1-norm con-
strained optimization problem is solved for each frequency bin
separately, yielding a sparse vector containing the indices of
the optimal sensors. All these sparse vectors are then arranged
in a matrix, on which the principal component analysis (PCA)
algorithm is applied to reduce its dimension. The reduced set of
data is then clustered in the third step which determines the joint
sparse vector containing the dominant sensors positions, i.e., the
chosen sensors are common to all frequency bins in the band-
width of interest. The chosen sensors are used in the synthesis
step to obtain the FI joint sparse beampattern. As the �1-norm
optimization is performed for each frequency bin separately, we
may refer to this approach as the incoherent sparse design. We
also present a modified version of the coherent approach [45],
which is compared to the proposed incoherent design later in
the simulation section. Note that in this paper the terms coherent
and incoherent refer to whether or not we optimize the entire
bandwidth simultaneously, and have no relation to the phases of
the complex frequency-domain beamformer coefficient vectors.

Though the proposed scheme is general, our focus is on su-
perdirective beamformers and DMAs, since we are interested
in FI broadband beamformers which also provide high per-
formance level like directivity factor (DF). These families are
characterized as small size, dense arrays with high directivity.
According to the model of the superdirective beamformers, it
is assumed that the element spacing is much smaller than the
wavelength of the incoming signal in order to achieve supergain
effect [24].

Therefore, in the simulation section, we present two design
examples illustrating the benefits of the proposed incoherent
sparse design with respect to the coherent one and also to the
uniform array design. The first example considers the case of
sparse DMAs design with linear geometry, and the second ex-
ample considers a 2D planar superdirective beamformer. In the
first example, both the coherent and the incoherent sparse design
approaches obtain similar performance levels but the computa-
tion runtime of the incoherent design was shorter by almost
two orders of magnitude than that of the coherent design. Also,
it is shown that the sparse designs constitute a good compro-
mise between robustness to array imperfections and prevention
of grating lobes. For the second example, the coherent design

was infeasible using a standard hardware, while the incoherent
design was still feasible and maintained the aforementioned ad-
vantages with respect to the uniform design approaches. These
results demonstrate that the incoherent sparse design is more
practical for applications involving large arrays with hundreds
of candidate sensors. Moreover, in some applications adaptive
versions of the incoherent sparse design may be also of a great
interest. In such applications, the potential sensors physically
exist on the array but it is desired to adaptively choose a sparse
subset of sensors and preserve some system resources like en-
ergy, processing time, storage, and more.

II. SIGNAL MODEL AND PROBLEM FORMULATION

Consider Bd (ρ), where ρ = (θ, φ) specifies the azimuth θ
and the elevation φ, to be a desired far-field FI beampattern in
the bandwidth of interest Ω.

We are given an array in the q-dimensional space (q = 1, 2, 3
in the case of a linear, planar, or volumetric aperture, respec-
tively) with M possible positions for locating the sensors, where
the mth position is denoted by pm ,m = 1, 2, . . . ,M . In its
general form, the beampattern of such an array for the angular
frequency ω is defined as

B (h(ω)) = hH (ω)d (kω (ρ)) , (1)

where the superscript H denotes the conjugate-transpose oper-
ator,

h(ω) = [H1(ω),H2(ω), . . . , HM (ω)]T (2)

is a vector containing the beamformer complex gains in the fre-
quency ω, and the superscript T denotes the transpose operator.
The vector:

kω (ρ) = −ω

c

⎡
⎢⎣

cos θ sin φ

sin θ sinφ

cos φ

⎤
⎥⎦ (3)

is the wavenumber vector at frequency ω and direction ρ asso-
ciated with the M × 1 steering vector

d (kω (ρ)) =
[
e−jkT

ω (ρ)p0 , e−jkT
ω (ρ)p1 , . . . , e−jkT

ω (ρ)pM

]T
,

(4)

where j =
√−1, and c is the waveform’s speed.

Assume that we select a subset of K � M position can-
didates {pik

}K
k=1 , where {ik}K

k=1 ∈ [1, 2, . . . ,M ] are their in-
dices, which will determine the K spatio-temporal beampatterns
for each frequency ω ∈ Ω, that is,

B (h(ω),Tsc (iK )) = hH (ω)TT
sc (iK )Tsc (iK )d (kω (ρ)) ,

(5)

where iK = [i1 , i2 , . . . , iK ]T and Tsc (iK ) is a K × M FI se-
lection matrix, i.e., containing K rows of an M × M iden-
tity matrix corresponding to the indices {ik}K

k=1 . Note that the
following property is satisfied: Tsc (iM ) = IM where iM =
[1, 2, . . . ,M ]T and IM is the M × M identity matrix.

Our goal is stated as follows: we want to select a set of
K positions out of the M candidate positions such that the
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synthesized beampattern B (h(ω),Tsc (iK )) ,∀ω ∈ Ω will be
FI but at the same time will be as close as possible to the desired
power beampattern, Bd (ρ) (in the mean square error sense),
under some design constraints to be specified below.

III. TYPICAL DESIGN CONSTRAINTS

We now present several design constraints which are sup-
posed to ensure FI broadband beampattern. Given the reference
beampattern Bd (ρ), we can use the LS error constraint to get
the desired FI beampattern, generally defined as

∫

Ω

∫

Θ

∥∥Bd (ρ) − hH (ω)d (kω (ρ))
∥∥2

2 dωdρ ≤ εt , (6)

where Ω and Θ denote the frequency and angle range of interest,
respectively, || · ||2 is the �2-norm, and εt is a small positive
tolerance parameter indicating the total overall allowed error.
Despite its generality, by using (6) directly we cannot take into
consideration that there is a difference in the ability to obtain
FI beampattern in different frequencies and also that there are
spatial regions that are more important than others, e.g., the
mainlobe region is more important than the sidelobe regions.
Therefore, we uniformly discretize both the frequency and angle
spaces and introduce J frequency bins {ωj}J

j=1 ∈ Ω, and P

directions
{
ρp

}P

p=1 ∈ Θ that cover the entire beampattern. We
set L out of the P directions that cover the mainlobe region
Θm , and define Km

j to be the set containing these directions on
frequency ωj , i.e.,

Km
j =

{
kωj

(ρ1),kωj
(ρ2), . . . ,kωj

(ρL )
}

, (7)

where the superscript m stands for mainlobe. Similarly, we de-
fine the set Ks

j containing P − L directions that cover the side-
lobe region Θs as

Ks
j =

{
kωj

(ρL+1),kωj
(ρL+2), . . . ,kωj

(ρP )
}

, (8)

where the superscript s stands for sidelobe.
We can reformulate (6) as
∫

Ω

∫

Θ

∥∥Bd (ρ) − hH (ω)d (kω (ρ))
∥∥2

2 dωdρ

≈ C
∑

ωj ∈Ω

∑
ρp ∈Θm

∥∥Bd (ρ) − hH (ωj )d
(
kωj

(ρp)
)∥∥2

2

+ C
∑

ωj ∈Ω

∑
ρp ∈Θs

∥∥Bd (ρ) − hH (ωj )d
(
kωj

(ρp)
)∥∥2

2 (9)

= C
∑

ωj ∈Ω

∥∥∥(bm
d )T − hH (ωj )TT

s (iK )Ts (iK )D
(
Km

j

)∥∥∥
2

2

+ C
∑

ωj ∈Ω

∥∥∥(bs
d)T − hH (ωj )TT

s (iK )Ts (iK )D
(
Ks

j

)∥∥∥
2

2
,

where C is a positive constant representing the contribution of
the differential dωdρ,

D
(
Km

j

)
=
[
d
(
kωj

(ρ1)
)
,d
(
kωj

(ρ2)
)
, . . . ,d

(
kωj

(ρL )
)]

(10)

is an M × L matrix, and

bm
d = [Bd (ρ1) ,Bd (ρ2) , . . . ,Bd (ρL )]T (11)

is a vector containing the desired beampattern in the directions
covering the mainlobe. The matrix D

(
Ks

j

)
is defined similarly

to D
(
Km

j

)
, and the vector bs

d is defined similarly to bm
d .

As a mainlobe constraint we can decompose the first sum-
mation term of (9) into multiple joint-sparse constraints, that is,
∀ωj ∈ Ω,

C1 :
∥∥∥(bm

d )T −hH (ωj )TT
s (iK )Ts (iK )D

(
Km

j

)∥∥∥
2

2
≤ ε1(ωj ),

(12)

where ε1(ωj ) is a small positive parameter.
Similarly, for the sidelobe constraint we can decompose the

second summation term in (9) into multiple joint-sparse con-
straints, and write ∀ωj ∈ Ω,

C2 :
∥∥∥(bs

d)T − hH (ωj )TT
s (iK )Ts (iK )D

(
Ks

j

)∥∥∥
2

2
≤ ε2(ωj ),

(13)

where ε2(ωj ) is a small positive parameter. Typically, ε1(ωj ) <
ε2(ωj ) since the mainlobe region has more influence on the per-
formance than the sidelobe region. Note that both ε1(ωj ) and
ε2(ωj ) are frequency-varying parameters as the capability to sat-
isfy either C1 or C2 in adequate accuracy depends on frequency.
We can also establish the following relationship:

C
∑

ωj ∈Ω

ε1(ωj ) + C
∑

ωj ∈Ω

ε2(ωj ) ≤ εt . (14)

Clearly, imposing only C1 and C2 does not ensure that the
array responses B (h(ωj ),Ts (iK )) , ωj ∈ Ω will not distort the
signal of interest and especially that they will be robust to ar-
ray calibration and model mismatch errors. Hence, we include
two more constraints. The first is the common distortionless
response, stating that, ∀ωj ∈ Ω,

C3 : hH (ωj )TT
s (iK )Ts (iK )d

(
kωj

(ρs)
)

= 1, (15)

where kωj
(ρs) is the wavenumber of the desired signal at fre-

quency ωj and direction ρs . The second is the limitation of the
white noise output power, given as, ∀ωj ∈ Ω,

C4 : hH (ωj )TT
s (iK )Ts (iK )h (ωj ) ≤ γ(ωj ), (16)

where γ(ωj ) is a parameter expressing the maximal allowed
white noise output power at frequency ωj . Note that due to the
distortionless constraint specified by (15), the formulation of
(16) is equivalent to restricting the white noise gain (WNG) of
the array to be above a certain threshold value [47, ch.6]. The
WNG, given by [17],

W (h(ωj )) =

∣∣hH (ωj )d
(
kωj

(ρ)
)∣∣2

hH (ωj )h (ωj )
, (17)

is a measure indicating the array gain in the presence of uncor-
related white noise. It also indicates the sensitivity of the array
to model mismatch errors [47].
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Combining constraints C1 , C2 , C3 , C4 , we can formulate the
general joint-sparse problem of interest as

minimize {number of active sensors − K}
subject to C1 , C2 , C3 , C4 ,∀ωj ∈ Ω, (18)

whose solution yields the jointly-sparse filters

hK (ωj ) = Ts (iK )h (ωj ) ,∀ωj ∈ Ω. (19)

In this work, we propose two approaches to practically solve
(18). The first approach, referred to as the coherent approach,
is a modified version of what have been presented in [45]. Ac-
cordingly, the joint-sparse filters {hK (ωj )}J

j=1 are obtained
by a direct �1-norm optimization over all frequencies and di-
rections of interest, simultaneously. We propose a second ap-
proach, where the �1-norm optimization is performed for each
frequency bin ωj ∈ Ω separately, and based on these selections
the joint-sparse sensors are determined. We refer to that pro-
posed approach as the incoherent approach. The advantage of
the proposed incoherent approach over the coherent approach
is by its reduced computationally which makes the incoherent
approach more feasible for practical designs, especially where
the number of potential sensors is an order of hundreds.

It is worth noting that both the coherent and the incoher-
ent approaches can be used for either an offline or an online
design. In the offline case, once the K chosen sensors are al-
ready determined, the corresponding array is constructed using
only these sensors. In the online case, all the M candidate sen-
sors physically exist on the array, and a sparse subset of K
sensors are adaptively chosen, which are joint to all the fre-
quencies in the relevant bandwidth. We do not consider here the
case where different subsets of K sensors are adaptively chosen
for each frequency bin. We now describe in details both these
approaches.

IV. COHERENT DESIGN OF FI SPARSE ARRAYS

This approach provides the K sensors by direct optimiza-
tion over all frequencies. Theoretically, sparse solutions can
be obtained by minimizing the �0-norm of the vector, which
is, however, an NP-hard combinatorial optimization problem. A
practical alternative is to solve an �1-norm optimization problem
instead [48]. Our problem is more complicated since another es-
sential constraint should be imposed. This is the joint-sparsity
constraint which insures that all the filters {hK (ωj )}J

j=1 have
the same sparse pattern, i.e., the sensors positions which are
chosen out of all the potential positions are common over all the
frequencies in the signal’s bandwidth of interest Ω. The way to
insert such a constraint is by minimizing the �12-norm instead
of the �1-norm [49]. It is defined as the following: suppose we
have the vectors xi , i = 1, 2, . . . , n, of length M , and define
X = [x1 ,x2 , . . . ,xn ] to be a matrix containing these vectors in
its columns, then the �12-norm of the matrix X is defined as [46]

‖X‖12 �
M∑

m=1

(
n∑

i=1

|X[m, i]|2
) 1

2

, (20)

where X[m, i] being the entry corresponds to the mth row and
the ith column of X. Herein, we present the optimization prob-
lem yielding the required joint-sparse filters. It is a modified
version of what have been presented in [45], that is,

minimize
{h(ωj )}J

j = 1

M∑
m=1

αk
m ηm

subject to ηm ≥ ∥∥h̄m

∥∥
2 ,

and ∀ωj ∈ Ω

hH (ωj )d
(
kωj

(ρs)
)

= 1 (21)

hH (ωj )h (ωj ) ≤ γ(ωj )
∥∥∥(bm

d )T − hH (ωj )D
(
Km

j

)∥∥∥
2

2
≤ ε1(ωj )

∥∥∥(bs
d)T − hH (ωj )D

(
Ks

j

)∥∥∥
2

2
≤ ε2(ωj ),

where

h̄m = [Hm (ω1),Hm (ω2), . . . , Hm (ωJ )]T ,

m = 1, 2, . . . ,M, (22)

αk
m = 1/

(
ηk−1

m + ε
)

for k > 1 and α1
m = 1 , ηk−1

m is the result
obtained from the (k − 1)th iteration, and ε is a regularization
parameter. We run this algorithm iteratively until

Δη
Δ=

∥∥ηk − ηk−1
∥∥

2

‖ηk‖2
≤ εη , (23)

where ηk =
[
ηk

1 , ηk
2 , ..., ηk

M

]T
, and εη is a small positive pa-

rameter. This iterative algorithm yields a sparse solution which
is a good approximation to the �0-norm solution. As the opti-
mization problem in (21) is convex, it can be solved by convex
optimization methods (e.g., CVX toolbox [50]).

Both the vectors ηk and {h(ωj )}J
j=1 are iteratively updated

using (21) until (23) is satisfied. The K sensors corresponding to
the K largest entries of the vector ηk will determine the support
S of the filters {h(ωj )}J

j=1 , from which the desired sparse filters

{hK (ωj )}J
j=1 satisfying C1 , C2 , C3 , C4 are obtained.

V. INCOHERENT DESIGN OF FI SPARSE ARRAYS

In the previous section, the optimization problem in (21) is
solved over the entire bandwidth. It may be very inefficient and
sometimes infeasible when a large number of candidate sensors
is assumed. In this section, we propose a four-step algorithm
which separates between the analysis step of determining the
support S of the filters {h(ωj )}J

j=1 and the synthesis step where

the actual filters, {hK (ωj )}J
j=1 , are calculated. This separation

enables to solve the optimization problem much more efficiently
and also facilitates design of arrays with a large number of
candidate sensors.

Note that the parameter K can be determined in the coherent
design from (23). However, in the incoherent design it is not triv-
ial and less intuitive to determine analytically the value of K. In
this work, we do not address this problem, and solve a slightly
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different problem from what has been defined in (18), assuming
that K is given but satisfies K � M . In the simulations, we
may take the same value obtained by the coherent approach, in
order to concentrate on the comparison between the incoherent
and coherent design. Yet, a method for determining the optimal
parameter K for the incoherent design is an important prob-
lem to be addressed in a future research. Practically, K can be
determined by a line search over this parameter. Later, in the
simulation section we present the performance of the incoherent
design for different values of K. In the following subsections,
we describe each of these steps.

A. Analysis

As a first step, we would like to solve separately ∀ωj ∈ Ω the
following �1-norm optimization problem:

minimize
h(ωj )

M∑
m=1

|Hm (ωj )|

subject to

hH (ωj )d
(
kωj

(ρs)
)

= 1 (24)

hH (ωj )h (ωj ) ≤ γ(ωj )
∥∥∥(bm

d )T − hH (ωj )D
(
Km

j

)∥∥∥
2

2
≤ ε1(ωj )

∥∥∥(bs
d)T − hH (ωj )D

(
Ks

j

)∥∥∥
2

2
≤ ε2(ωj ).

Similarly to the coherent optimization approach, both the objec-
tive function and the constraints in (24) are convex, therefore,
(24) can be solved by convex optimization methods (e.g., using
CVX toolbox [50]).

We solve (24) ∀ωj ∈ Ω separately, and get the sparse vectors,
hA (ωj ) , j = 1, 2, . . . , J of length M , where the subscript A
stands for analysis. Each of these vectors has different support
which influenced by the frequency. Specifically, as the frequency
increases, the support becomes smaller. Let us define the data
matrix HA of size M × J containing the vectors {hA(ωj )}J

j=1
in its columns, i.e.,

HA = [hA(ω1),hA(ω2), . . . ,hA(ωJ )] . (25)

Similarly to the coherent approach where the solution for (21)
yields K sensors jointly used for all the frequencies, we would
like also for the incoherent approach to make an elegant decision
regarding the best choice of K sensors jointly used during the
array synthesis process.

The problem of determining the K most dominant sensors
positions where K is given, can be viewed as a clustering prob-
lem whose solution may yield K clusters of sensors. Therefore,
we treat the matrix HA as a measurements matrix of M obser-
vations, each with J features. In other words, each of the M
potential microphones is represented by a feature vector in CJ .

B. Dimensionality Reduction

As the matrix HA was obtained by an �1-norm optimization,
it consists of the sparse vectors {hA(ωj )}J

j=1 in its columns,

Fig. 1. Absolute values of the elements of the matrix HA on a logarithmic
scale.

and thus effectively a rank-deficient matrix with a decaying
singular values spectrum. Fig. 1 presents a typical example of
the absolute value of HA on a logarithmic scale. The parameters
for this example are specified later in Section VII-A. One can see
that this matrix is sparse: For each frequency five to ten sensors
are required. Furthermore, as the frequency increases, the energy
of the selected sensors is spread over a smaller array aperture.
This structure stems from the fact that in each frequency the
spatial sampling constraint should be satisfied, meaning that the
element spacing should be smaller than half the wavelength at
that frequency.

In order to show that HA is indeed effectively a rank-deficient
matrix, we may look at the sampled correlation matrix of HA :

RA = HH
A HA (26)

of size J × J .
The jth diagonal element of RA is simply the squared-norm

of the filter vector hA(ωj ). As the frequency increases, the coef-
ficient energy of a superdirective beamformer usually decreases,
as can be seen in Fig. 1. Due to the sparseness of the matrix HA
the off-diagonal entries of RA are very close to zero since two
different columns of HA are uncorrelated. These considerations
lead to a conclusion that RA is effectively a rank-deficient ma-
trix as observed from Fig. 2 where the absolute value of RA on
a logarithmic scale is presented.

The effective low rank of the matrix RA , which results in a
decaying eigenvalues spectrum as will be shown later, implies
also the same property for the matrix HA , because of the well-
known relation between the singular values of both matrices:
Let {σi}r

i=1 be the singular values of the matrix HA where r
denotes its rank, then

{
λi = σ2

i

}r

i=1 are the eigenvalues of the
matrix RA .

Therefore, we may assume that the matrix HA contains some
redundancy, as its high dimensional feature vectors are not
spread across the entire space, but rather concentrated on a sig-
nificantly lower dimension. Thus, prior to the clustering step, we
apply a pre-processing step of dimensionality reduction to the
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Fig. 2. Absolute values of the elements of the matrix RA on a logarithmic
scale.

matrix HA . In this work, we use the principal component anal-
ysis (PCA) algorithm [51] commonly used for dimensionally
reduction, which is a linear algorithm. Of course, other linear
and non-linear dimension reduction techniques can be used and
are part of a future research.

The input to the PCA algorithm is the data matrix HA of size
M × J defined above. Define the matrix HA to be a centralized
version of HA , i.e., the sampled mean of each column of HA
has been shifted to zero. The output of the PCA algorithm yields
the compact data representation matrix:

HR = HAU, (27)

where U is a matrix of size J × i contains i eigenvectors corre-
sponding to the i largest eigenvalues, and the subscript R stands
for reduced.

The column dimension i of the matrixU is set according to the
following criteria: let λ1 ≥ λ2 ≥ · · · ≥ λJ be the eigenvalues
of the matrix RA , then we choose the first i � J eigenvalues
which satisfy

Σi �
∑i

j=1 λj∑J
j=1 λj

≤ α, (28)

where typically 0.6 ≤ α ≤ 0.9.

C. Clustering

The next step is to apply a clustering algorithm on the rows
of HR in order to determine the most dominant microphones.
Herein, we use the k-means algorithm [52] to divide all the M
sensors into K clusters. The k-means algorithm is a two-step
iterative algorithm, where in each iteration the first step is to as-
sign each observation to the cluster whose mean yields the least
within-cluster sum of squares. Then, an update step is applied
where updated mean values are calculated to be the centroids of
the observations in the new clusters. The algorithm also includes
an initialization step by choosing a set of K mean values. The
k-means algorithm is heuristic, and convergence to the global
minimum is not assured, meaning that the result may depend

on the initial clusters. Therefore, it is common to run it multiple
times (typically 10–20 times) with different initial conditions,
and choose the best solution, i.e., the one that yields the minimal
within-cluster sums of points-to-centroid distances. Finally,
we choose one representative microphone from each of the K
chosen clusters, which is closest to the corresponding centroid.
We denote by {pik

}K
k=1 the positions of the chosen sensors.

Note that in this work we employ separately a dimensionally
reduction based PCA stage and a clustering k-means based
stage. A different approach that combines both these stages
together is presented in [53]. Considering such an approach for
the selection of the K candidate sensors is a subject for a future
research.

D. Synthesis

In Section V-A the goal is to determine the minimal number
of the active sensors, K, which fulfill the constraints, and con-
sequently, the objective function was the �1-norm of the filters
{h(ωj )}J

j=1 . In the synthesis step, where the K indices {ik}K
k=1

of the sensors used to build the FI beampattern are already de-
termined, there is no need to solve an �1-norm optimization
problem and instead we may solve an optimization problem
whose objective function is related to the four C1 , C2 , C3 , C4
constraints presented in Section III. A reasonable choice is to
minimize the noise output power (i.e., C4), subject to the remain-
ing constraints, C1 , C2 , and C3 . Therefore, we can formulate it
as follows: ∀ωj ∈ Ω, solve

minimize
hK (ωj )

∥∥hH
K (ωj )

∥∥2
2

subject to

hH
K (ωj )dK

(
kωj

(ρs)
)

= 1 (29)
∥∥∥(bm

d )T − hH
K (ωj )DK

(
Km

j

)∥∥∥
2

2
≤ ε1(ωj )

∥∥∥(bs
d)T − hH

K (ωj )DK

(
Ks

j

)∥∥∥
2

2
≤ ε2(ωj ),

where dK

(
kωj

(ρs)
)

= Ts (iK )d
(
kωj

(ρs)
)
, DK

(
Km

j

)
=

Ts (iK )D
(
Km

j

)
, and DK

(
Ks

j

)
= Ts (iK )D

(
Ks

j

)
. The re-

sulting filters {hK (ωj )}J
j=1 correspond to the sensors located in

the indices {pik
}K

k=1 . This fact is important since it means that
we can use only K out of M sensors and still obtain adequate
results as presented later in the simulations section.

VI. PARAMETERS ADJUSTMENT

In both the coherent and incoherent approaches several pa-
rameters must be chosen properly in order to get optimal perfor-
mance. While for the incoherent approach a simple procedure
to initialize these parameters will be offered in the following,
for the coherent approach, searching for the appropriate param-
eters may be a much more exhaustive task as it should be done
over all the frequency bins, simultaneously. Therefore, we may
concentrate on the incoherent design.

The most important parameters to be determined are the
number of active sensors, K, and the tolerance parameters
{ε1(ωj )}J

j=1 , {ε2(ωj )}J
j=1 , and {γ(ωj )}J

j=1 . Other parameters
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like ε and εη are set once, and are not changed with frequency.
We propose the following procedure for the initialization and
adjustment of these parameters.

As noted before, determining the number of active sensors,
K, is an open question, and we assume it is given. In the next
section, an example illustrating the influence of this parameter
on the performance is presented. Practically, a very rough line
search over K will be sufficient to get a reasonable value for this
parameter. In the next section, we use the same value obtained
by the coherent approach for comparison.

In order to determine properly initial values for the toler-
ance parameters {ε1(ωj )}J

j=1 , {ε2(ωj )}J
j=1 , and {γ(ωj )}J

j=1 ,
we may conduct a two-dimensional grid search of ε1(ω1) and
γ(ω1). We set ε2(ω1) = βε1(ω1), where β > 1 is fixed and
not changed at all. We set a uniform grid for possible values
of {ε1(ωj )}J

j=1 and {γ(ωj )}J
j=1 . In some cases, like the one

presented in Section VII-A, {γ(ωj )}J
j=1 can be modeled and

bounded by lower and upper limits corresponding to the worst
case and the best case of output noise power. In these cases, we
may apply a grid of possible values between the worst case and
the best case.

The above two-dimensional search provides the optimal set
of parameters {ε1(ω1), ε2(ω1), γ(ω1)}. We use this set for the
next frequency bins where in each one we adaptively increase
ε1(ωj ) and ε2(ωj ) by a factor of g1 each time the CVX solver do
not yield a feasible solution to (24), meaning that we increase
the maximal allowed tolerance of C1 and C2 . Once we find
appropriate values of ε1(ωj ) and ε2(ωj ), we decrease γ(ωj ) by
a factor of g2 , and solve the optimization problem. If a feasible
solution is accepted, then γ(ωj ) is updated to its new value.

The above parameters initialization and adjustment procedure
is a part of the analysis step. The obtained values for these
parameters may be also suitable for the synthesis step. Yet,
fine-tuning of these parameters may still be required because
in the synthesis step, we are restricted to use only K sensors.
Such a fine-tuning process can be done similarly to the process
described above, used for the analysis step.

VII. NUMERICAL SIMULATIONS

The proposed incoherent approach is demonstrated for two
classes of superdirective beamformers. The first example shows
a sparse design of DMAs with a linear geometry, and the second
example considers a sparse design of a superdirective beam-
former with a planar geometry. The performance of the inco-
herent sparse design is compared to that of the coherent design
presented in Section IV, and also to the performance of a uni-
form array design.

A. One-Dimensional Array Design

We consider a sparse design of linear DMAs, which refer to
arrays that combine closely spaced sensors to respond to the
spatial derivatives of the acoustic pressure field. These small-
size arrays yield nearly FI beampatterns, and include the well-
known superdirective beamformer as a particular case. Due to
the linear geometry, the directivity pattern depends only on
the azimuth θ and we can treat the case of two-dimensional

beampattern where φ = 90◦, i.e., the plane where the array is
laid. For the 2D case, the FI beampattern of an N th-order DMA
is given by [18]

BN (θ) =
N∑

n=0

aN,n cosn θ, (30)

where {aN,n}N
n=0 are real coefficients, and the desired signal

arrives from the endfire direction, i.e., from θ = 0◦. For this
exampleBN (θ) is considered to be the desired beampattern, i.e.,
Bd (ρ) = BN (θ). It is also assumed that the element spacing, δ,
is much smaller than the wavelength of the incoming signal, i.e,

∀ω ∈ Ω : δ � λ =
2πc

ω
⇒ δ � 2πc

ωmax
, (31)

in order to approximate the spatial differential of the pressure
signal, where ωmax is the angular frequency corresponding to
the highest frequency in the bandwidth of interest, Ω, and c =
340 m/sec.

In spite of their benefits, traditional DMAs suffer from noise
amplification, especially at low frequencies. For that, we apply
a sparse approach for designing robust DMAs with relatively
smaller number of sensors.

We compare between four approaches for design of linear
arrays. The first one is our proposed incoherent sparse design
presented in the previous section. The second is the coherent
sparse design presented in Section IV. The third approach is
based on minimum-norm design for N th-order DMAs pre-
sented in [16], where K closely uniformly spaced microphones
were used to obtain a desired directivity pattern. We refer to this
approach as the minimum-norm (MN) approach. The fourth de-
sign is similar to the third, but with the only difference that the
K sensors are spread uniformly over the entire possible aperture
of M sensors. We refer to this approach as the minimum-norm
extended array (MNE) approach.

We apply the four approaches to designing a FI broad-
band beampattern for the range of frequencies between flow =
200 Hz and fhigh = 4480 Hz. Assuming a typical duration of
T = 25 msec for the window analysis used for the correspond-
ing time-domain received signal, the frequency resolution is
Δf = 1/T = 40 Hz. Thus, the number of bins J can be cal-
culated as J = fh ig h −f l ow

Δf = 108. For the sparse approaches, an
initial array of M = 70 potential microphones, with element
spacing of δ = 1 cm � 2πc

ωm a x
≈ 7.6 cm between two adjacent

sensors is assumed.
We design a third-order hypercardioid pattern (i.e., N = 3)

which maximizes the DF, whose theoretical beampattern is
given according to (30) as

BHC
N (θ) = −0.14 − 0.57 cos θ + 0.57 cos2 θ + 1.15 cos3 θ.

(32)

For this case we set ρL = θL = 60◦, i.e., the mainlobe region
in the azimuthal axis is −60◦ ≤ θ ≤ 60◦.

For the MN and MNE approaches, we impose three null
directions at θ1 = 51◦, θ2 = 103◦, and θ3 = 154◦, according to
the theoretical beampattern of a third-order hypercardioid [18],
and distortionless constraint at θ = 0◦.



BUCHRIS et al.: INCOHERENT SYNTHESIS OF SPARSE ARRAYS FOR FREQUENCY-INVARIANT BEAMFORMING 489

Fig. 3. The spectrum λj /λm ax , j = 1, 2, ..., J of the correlation matrix RA
(blue solid line), and the quantity Σi (28) vs. j (red dashed line) for the third-
order asymmetric hypercardioid obtained by the incoherent sparse design.

We set the parameter γ(ωj ) to be

γ(ωj ) = α(ωj )γMN(ωj ) + [1 − α(ωj )] γMNE(ωj ), (33)

where γMN(ωj ) = hH
MN(ωj )hMN(ωj ) is the white noise output

power for the case of the MN approach, which yields the max-
imal white noise output power for the case of K sensors. The
other quantity γMNE(ωj ) = hH

MNE(ωj )hMNE(ωj ) is the white
noise output power of the MNE approach which yields the low-
est white noise output power for the case of K sensors. The
frequency-dependent weighting parameter α(ωj ) is used to get
more flexibility in regions where the noise output power is high.
As explained in Section VI, a two dimensional grid search is
performed in order to find optimal values for ε1(ω1) and γ(ω1).
In this example, we perform a grid of possible values for α(ω1),
instead. We choose a uniform grid between 0 to 1 with a spacing
of 0.1. The meaning of (33) is that we confine the output noise
power of the sparse design to a moderate value between the best
achievable one and the worst-case value.

In order to build the matrices D
(
Km

j

)
and D

(
Ks

j

)
we uni-

formly discretize the angular axis with Δθ = 2◦. We choose
the parameters ε = 10−4 , εη = 5 · 10−3 , β = 4, and g1 = g2 =
1.25. We set a uniform grid between 0.1 to 2 with a spacing of
0.2 for the line search of ε1(ω1).

For the proposed incoherent approach, we run the first step
of analysis presented in Section V-A, with the parameters ad-
justment procedure presented in Section VI. We get the initial
optimal values of ε1(ω1) = 0.3, ε2(ω1) = 1.2, and α(ω1) =
0.2. The final values of these parameters were ε1(ωJ ) ≈ 0.5,
ε2(ωJ ) ≈ 1.8, and α(ωJ ) = 0.4. We get the M × 1 filter vec-
tors hA(ωj ),∀ωj ∈ Ω, which are used to construct the matrix
HA (25) of size M × J , presented in Fig. 1.

We use the matrix HA as an input to the PCA algorithm
described in Section V-B. In Fig. 3 the eigenvalues of RA (26)
are presented in an ascending order (blue solid line), normalized
by the maximal eigenvalue, and also presented is the cumulative
function, Σi (28) (red dashed line). We observe a rapid decay
rate of the eigenvalues which motivates the choice to take a
much smaller number of eigenvalues in order to construct the
matrix HR (27).

The value of α = 0.6 in (28) was chosen yielding i = 3 (i.e.,
the first three dominant eigenvalues where selected), as it obtains
the best results with respect to other choices of the parameter
α. Although non-negligible energy exists also in the remaining
eigenvalues, it is expected that only part of them will obtain the
optimal results since they may carry most of the variability of
the sensors features vectors.

Fig. 4. Array layout for each of the compared design approaches. The black
stars line is for the incoherent design. The red diamond line is for the coherent
design. The green ‘x’ line is for the MN approach, and the blue circles line is
for the MNE approach.

In the next step, we apply the k-means algorithm to the matrix
HR to obtain K clusters, and in the fourth step, the synthesis
was performed using the K sensors according to Section V-D.

We run the coherent approach by solving (21) using the CVX
software [50], where we used the optimal values of the toler-
ance parameters {ε1(ωj )}J

j=1 , {ε2(ωj )}J
j=1 , and {γ(ωj )}J

j=1 ,
obtained by the incoherent design. After 7 iterations, we get
Δη < εη and K = 10 dominant sensors were identified, while
all the rest are close to zero, meaning that both η and the fil-
ters {h(ωj )}J

j=1 are sparse vectors with K = 10 active sensors.
The number of selected elements remains the same even if more
iterations are used. We finally obtain the filters {hK (ωj )}J

j=1
using (19).

Fig. 4 presents the array layout for each of the four ap-
proaches. The incoherent approach yields the sensors marked
by the black stars, while the coherent approach yields the red di-
amond. One can see that both approaches lead to a similar array
layout. Also presented the sensor positions obtained by the MN
and MNE approaches, where for these both approaches, the
sensors positions are set a-priori. The MN approach achieves
the smallest array aperture, yet, it suffers from white noise am-
plification as will be discussed later.

Fig. 5 illustrates the beampattern (1) of a third-order hyper-
cardioid for a specific frequency of f = 2500 Hz, obtained by
each of the four approaches (blue dotted line). Also presented
is the theoretical beampattern (32) of a third-order hypercar-
dioid (black dashed line). One can see that the MN approach
obtains the beampattern which is the most similar to the theo-
retical value while the MNE has much higher sidelobes due to
the spatial aliasing. Both the coherent sparse approach and the
incoherent sparse approach obtain beampatterns with similar
characteristics.

Fig. 6 shows the WNG (17) and the DF (34) as a function of
the frequency obtained by the incoherent sparse design (black
dashed line), the coherent sparse design (red circles line), the
MNE design (blue triangles line), and the MN design (green
diamonds line). Also presented is the theoretical DF of a third-
order hypercardioid (magenta stars line). The DF of the array is
the gain in signal-to-noise ratio (SNR) for the case of a spherical
diffuse noise, i.e., [16]:

D (h(ωj )) =

∣∣hH (ωj )d
(
kωj

(ρ)
)∣∣2

hH (ωj )Γdn (ωj )h (ωj )
, (34)
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Fig. 5. Beampatterns of a third-order hypercardioid (blue dotted line) for
f = 2500 Hz, obtained by various approaches. Also presented is the theoretical
beampattern of a third-order hypercardioid (black dashed line).

Fig. 6. (a) DF and (b) WNG vs. frequency for the incoherent sparse design
(black dashed line), the coherent sparse design (red circles line), the MNE design
(blue triangles line), and the MN design (green diamonds line). Also presented
is the theoretical DF of a third-order hypercardioid (magenta stars line).

where

[Γdn (ωj )]il = sinc
(

ωjδ

c
(l − i)

)
(35)

is an M × M pseudo-coherence matrix of the diffuse noise field.
As expected, both coherent and incoherent sparse approaches

obtain similar results in terms of WNG and DF. The main differ-
ence is the processing time for each approach. Both approaches
were run on an i7-5600U CPU @ 2.6 GHz of INTEL with 12 GB
ram. While the incoherent approach takes about 5 minutes of
running including the adjustment procedure, the coherent ap-
proach run for almost 160 minutes, which is almost two order
of magnitudes more than the incoherent approach. Moreover, as
written before, we used the values of the tolerance parameters
obtained by incoherent approach also for the coherent design.
The consequence of adjusting such parameters directly using the
coherent design is that such design may take much more time
than 160 seconds. Note also that for the coherent approach,
an iterative algorithm is required in order to get adequate ap-
proximation of �0-norm. For the incoherent approach, such an
iterative algorithm is not required at all, and a good approxima-
tion of the �0-norm is obtained by a single iteration. Yet, both
PCA and K-means are iterative algorithms.

The MN obtains nearly FI optimal DF implying on its FI
beampattern, but achieves poor WNG, especially for low fre-
quencies, which is a well-known problem of superdirective
beamformers in general, and of DMAs in particular. On the
contrary, the MNE approach yields superior WNG, but for fre-
quencies above 2000 Hz the DF fluctuates due to the presence of
grating lobes, which may appear when f ≥ c/ (2δMNE), where
δMNE = (M − 1)δ/(K − 1) is the element spacing for the ex-
tended uniform array. Substituting the values in this formula we
get that for f ≥ 2300 Hz grating lobes may appear, in accor-
dance with the results presented in this figure.

The synthesized FI beampatterns versus frequency are shown
in Fig. 7 for the (a) incoherent approach, (b) the coherent ap-
proach, (c) the MN approach, and (d) the MNE approach. This
figure reflects the trends inspected by the DF plot. Specifically,
for both the coherent and incoherent sparse approaches the
beampattern is almost FI, especially in the mainlobe region
and less in the sidelobes regions, as dictated by the constraints
C1 and C2 . The MN approach achieves the clearest and most
perfect FI beampattern, and in the MNE one can see the grating
lobes starting from approximately f = 2000 Hz.

As specified before, it is assumed that for the incoherent de-
sign, K is given. We now present the influence of this parameter
on the performance of the incoherent design. Fig. 8 shows the
WNG (17) and the DF (34) as a function of the frequency ob-
tained by the incoherent sparse design for K = 4, 6, 8, 10, and
12. One can see the influence of a proper choice of K on the
performance, especially on the ability to obtain nearly constant
and superior DF. One can see that K = 10 and K = 12 obtain
similar performances. Thus, a practical procedure to set K is to
design the beamformer for several values of K, and choose the
one that yields the optimal performance. Note that for K = 4
and K = 6, superior WNG for high frequencies was obtained
due to larger tolerance values of ε1 and ε2 , but at the expense of
much lower DF.

Fig. 9 shows the WNG and the DF as a function of fre-
quency obtained by the incoherent sparse design for α =
0.45, 0.6, 0.7, 0.8, and 0.9. One can see that the choice of
α = 0.6 yields a good compromise between the WNG and
the DF.
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Fig. 7. Beampatterns versus frequency for the four examined design
approaches.

B. Sparse Superdirective Planar Array

Let us now consider the problem of synthesizing a sparse
planar array of sensors used for implementation of FI superdi-
rective beamformer. Such a beamformer can be used for several
applications like underwater acoustic sonar arrays. Herein, we
focus only on the proposed incoherent design approach since
for such a high number of potential sensors and frequency bins,

Fig. 8. (a) DF and (b) WNG vs. frequency obtained by the incoherent sparse
design for the case that K = 4 (black dashed line), K = 6 (red circles line),
K = 8 (green diamonds line), K = 10 (blue triangles line), and K = 12 (ma-
genta stars line).

Fig. 9. (a) DF and (b) WNG vs. frequency obtained by the incoherent sparse
design for the case that α = 0.45 (black dashed line), α = 0.6 (red circles line),
α = 0.7 (green diamonds line), α = 0.8 (blue triangles line), and α = 0.9
(magenta stars line).

the coherent processing is infeasible when using standard hard-
ware while the proposed approach still yields results with a
reasonable computational complexity.

We apply the design for the frequency range between
flow = 400 Hz and fhigh = 6000 Hz. Assuming a typical du-
ration of T = 10 msec for the window used for the analysis of
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underwater acoustic signals, the frequency resolution is Δf =
1/T = 100 Hz. Thus, the number of bins J can be calculated
as J = fh ig h −f l ow

Δf = 58. For the incoherent sparse approach, an
initial square array of 16 × 16 potential sensors (i.e., M = 256),
with an element spacing of δ = 1.5 cm � 2πc

ωm a x
≈ 5.5 cm be-

tween two adjacent sensors is assumed.
We uniformly discretize the angular axis and the elevation

axis with Δθ = 4◦ and Δφ = 4◦, respectively. Under the as-
sumption that the plane of the array consolidates with the x-y
plane, the wavenumber is

kωj
(ρ) = −ωj

c
[cos θ sinφ sin θ sin φ]T . (36)

The analytical expression of the superdirective beamformer is
obtained by maximizing the DF (34) subject to the distortionless
constraint in the desired signal direction, ρs , and for a given ωj

is [24]

hSD(ωj ) =
Γ−1

dn,ε(ωj )d
(
kωj

(ρs)
)

dH
(
kωj

(ρs)
)
Γ−1

dn,ε(ωj )d
(
kωj

(ρs)
) , (37)

where Γdn,ε(ωj ) is a regularized version of Γdn(ωj ) (35), i.e.,

Γdn,ε(ωj ) = Γdn(ωj ) + εIM , (38)

with the regularization parameter ε = 10−4 .
We set the frequency f0 = 400 Hz to be the reference fre-

quency of the desired beampattern, i.e.,

Bd (ρ) = B (h(ω0)) = hH (ω0)d (kω0 (ρ)) , (39)

where ω0 = 2πf0 . Fig. 10 (a) presents in a logarithmic scale,
the three-dimensional desired beampattern, Bd (ρ), matched to
the reference frequency of f0 = 400 Hz . Note that even-though
Bd (ρ) has two mainlobes in opposite directions, practically it
contains only one mainlobe steered towards the broadside while
the opposite direction is blocked by the array plane and there is
a negligible radiation in this direction.

We set empirically the number of sensors for the incoherent
sparse design to be K = 36 sensors, and compare the inco-
herent approach with two uniform design approaches. In the
first one, all the K = 36 sensors are placed in the center of the
allowed aperture with an element spacing of δ = 1.5 cm. Sim-
ilarly to the linear case, very good FI and DF can be obtained
at the expense of poor WNG. Therefore, the beamformer co-
efficients vector for that case was obtained by minimizing C4
(16) subject to C1 , C2 , C3 (12)–(15). We refer to this approach
as the small aperture planar (SAP) array approach. The second
uniform design approach may use the K = 36 sensors spread
over the entire allowable aperture. The trends for this design
are the opposite: high WNG but inferior DF, especially at high
frequencies. Therefore, for this design we minimize C1 (12)
subject to C2 , C3 , C4 (13)-(16). We refer to this approach as the
large aperture planar (LAP) array.

Similarly to the previous example, we apply the parameters
adjustment procedure proposed in Section VI to set the tolerance
parameters. We get the initial values ε1(ω1) = 0.6, ε2(ω1) = 2,
and γ(ω1) ≈ 3, and the final values of ε1(ωJ ) = 1.8, ε2(ωJ ) =
6, and γ(ωJ ) ≈ 0.1.

Fig. 10. Synthesized FI beampatterns for f = 5100 Hz using various ap-
proaches. Also presented is the desired beampattern, Bd (ρ) matched to the
reference frequency of f0 = 400 Hz.

For simplicity, we may concentrate on beampatterns whose
mainbeams are at the broadside, i.e., corresponding to φs =
0◦. Sparse designs of beampatterns steered to other directions
are topics for future research. For this case, it is reasonable to
assume that the beampatterns have symmetry with respect to the
axes x = 0 and y = 0, i.e., all the four quarters combining the
plane of the array are identical. Therefore, after the first analysis
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Fig. 11. The array layout of the planar array obtained by the incoherent
proposed approach (black stars), the SAP uniform approach (green squares),
and the LAP approach (blue circles).

step, we use the PCA algorithm to find only K/4 = 9 sensors
in one of the quarters, and duplicate it to the three remaining
quarters. Fig. 11 presents the array layout of the incoherent
sparse approach (black stars), the SAP uniform design with
small spacing (green squares), and the LAP design approach
(blue circles).

In order to get more intuition regarding the sensors selected
by the incoherent sparse design, we calculate the total energy of
the coefficients of each sensor, that is

Em = ‖HA(m, :)‖2
2 ,m = 1, 2, ...,M, (40)

where HA(m, :) is the mth row of the matrix HA . We define
the log-ratio

Lm = 10 log10
Em

max
m

{Em}M
m=1

, (41)

indicating how much dominant is the m th-sensor with respect
to the other sensors by terms of the total energy it contains across
the bandwidth of interest Ω, and define a threshold parameter T0
such that sensors whose log-ratio satisfy Lm ≤ T0 are ignored.
In Fig. 12 one can see the selected sensors for the choice of (a)
T0 = −5 dB, (b) T0 = −7 dB, (c) T0 = −10 dB, and (d) T0 =
−12 dB. We can see from (a) that the most dominant sensors
lay in the center and in the distant corners. As we decrease T0 ,
more sensors are added as illustrated in (b)–(d).

Fig. 13 shows the WNG (17) and the DF (34) as a function of
the frequency obtained by the incoherent sparse design (black
dashed line), the LAP design (blue triangles line), and the SAP
design (green diamonds line). Also presented is the DF of the
desired beampattern (magenta stars line). Like in the previous
example, the incoherent sparse design is a good solution and
optimal in terms of WNG and DF.

Figures 10(b)–(d) show synthesized FI beampatterns for f =
5100 Hz using the incoherent approach, the SPA approach, and
the LPA approach.

Fig. 12. Sensors chosen for different values of the threshold value T0 .

Fig. 13. (a) DF and (b) WNG vs. frequency obtained by the incoherent sparse
design (black dashed line), the LAP design (blue triangles line), and the SAP de-
sign (green diamonds line). Also presented is the DF of the desired beampattern
(magenta stars line).

The above design examples demonstrate the feasibility and
the advantages of the incoherent approach compared to the
coherent sparse design approach and to the uniform design
approaches.

Note that for both the coherent and incoherent designs, it was
assumed that the direction of the source, ρs , is given and the
design depends on it, meaning that once the source direction is
changed, the design is not valid anymore. A more sophisticated
sparse design for geometries such as circular and concentric
arrays, that can be steered in multiple directions, is currently
under research.
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VIII. CONCLUSION

We have presented an incoherent approach for a sparse de-
sign of FI beamformers, where the sensors positions are sparsely
selected for each frequency bin separately, and subsequently a
fusion mechanism is applied in order to determine the sensors
used jointly for all frequencies in order to synthesize the FI
beamformer. The proposed approach was applied to design ro-
bust superdirective FI beamformers with minimal number of
sensors. It was compared to the coherent approach where op-
timization is performed simultaneously over all directions and
frequencies of interest, and also to uniform design approaches.
Simulations show that the proposed incoherent sparse design is
a good compromise between robustness and directivity and ob-
tains FI beamformer with significantly reduced computational
complexity. Moreover, for scenarios where a large number of
potential sensors and frequency bins is assumed, the coherent
approach is infeasible while the incoherent design provides re-
sults with a reasonable computation time. Future research may
focus on different array geometries, applying nonlinear dimen-
sion reduction techniques, as well as greedy-based algorithms
for sparse design.
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