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a b s t r a c t
We propose a multichannel eﬃcient method for recovery of three-dimensional (3D) reﬂectivity signal
from 3D seismic data. The algorithm consists of solving convex constrained optimization problems that
promote the sparsity of the solution. It is formulated so that it ﬁts the earth Q model that describes
the attenuation and dispersion propagation effects of reﬂected waves. At the same time, the method
also takes into account the relations between spatially-neighboring traces. These three features together
with low computational cost make the proposed method a reliable solution for the emerging need to
accurately estimate reﬂectivity from large volumes of 3D seismic data. We also derive a theoretical bound
on the recovery error in the case of horizontal layered sub-terrain. We show that the recovery error is
inversely proportional to the number of traces taken into account in the estimation process. Synthetic and
real data examples demonstrate the robustness of the proposed technique compared to single-channel
recovery.
© 2018 Elsevier B.V. All rights reserved.

1. Introduction
Reﬂection seismology aims at estimating the properties of earth
subsurface layers. The seismic data gives insight into the internal
structure of the subsurface. It visualizes geological structures such
as layers, traps and faults. To acquire the data, a source of energy
is used to transmit a short duration acoustic pulse (the wavelet)
into the ground. Then, reﬂected pulses are received by an array of
geophones and further processed into 3D seismic data [1–3]. A 3D
section of seismic data consists of two spatial dimensions referred
to as in-line and cross line. The third dimension is the two-way
time of arrival of reﬂections which corresponds to the reﬂector’s
depth in the ground. By in-line direction we refer to the direction
parallel to the receiver lines, which is the direction in which the
data was acquired. Cross-line direction is the orthogonal direction.
Similarly to other acoustic imaging methods (such as ultrasound [4]), the acoustic energy is reﬂected at discontinuities in
the medium impedance and recorded by an array of geophones on
the ground. Each seismic trace (a column in the seismic 3D data)
is modeled as a weighted superposition of one-dimensional (1D)
pulses degraded by additive noise. The resolution of the given data
is limited since the pulse is band-limited and changes over time.
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Our goals are to recover the earth structure (the reﬂectivity) hidden in the observed seismic data, to increase its resolution and to
overcome loss of information due to noise and due to attenuation
of the reﬂected waves as they travel through the acoustic medium.
It is assumed that the seismic signal is essentially free of multiple
reﬂections (multiples are events that have undergone more than
one reﬂection [1]).
In previous works it is often the case that the seismic inversion problem is solved by simply breaking the data into independent vertical 1D deconvolution problems. Each reﬂectivity channel
is recovered from the corresponding inline trace or cross line trace
of a vertical cross section of the seismic data. The core assumption is that a reﬂectivity channel is a sparse spike train [2,5–12].
This approach enables the use of 1 minimization problem solving
to ﬁnd stable reﬂectivity solutions [7–11,13,14]. Similar methods,
which decompose a signal into its building blocks (atoms) [15],
are studied in many other applications in signal processing and
machine learning, such as image processing [16] and compressed
sensing [17]. For further details we refer the reader to [4,18–26].
Multichannel seismic deconvolution methods [27–36] promote
horizontal continuity of the seismic reﬂectivity. These methods
take into account more than one trace in each channel estimation. Heimer and Cohen [32] propose a method based on MarkovBernoulli random-ﬁeld (MBRF) modeling. They apply the Viterbi
algorithm [37] to conduct a search of the most likely sequences
of reﬂectors connected by legal transitions. Ram et al. [34] also
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propose two multichannel blind deconvolution algorithms for twodimensional (2D) seismic data. Assuming a Markov-BernoulliGaussian (MBG) reﬂectivity model, each reﬂectivity channel is estimated from the corresponding observed seismic trace, considering an estimate of the previous reﬂectivity channel or estimates of
both the previous and subsequent channels.
Most inversion methods depend on a time-invariant model.
Namely, the traveling wavelet is modeled as a 1D time-invariant
signal in both horizontal and vertical directions. Despite the fact
that the typical seismic wavelet is time-variant, time-depth variations in the waveform are often ignored. Seismic inverse Q-ﬁltering
[38–41] is a process targeted at inverting phase and amplitude distortions of the propagating and reﬂected acoustic waves. Ideally,
the process of inverse Q ﬁltering improves the resolution and increases the signal-to-noise ratio (SNR). However, it is often impractical and computationally costly.
Nonstationary deconvolution methods perform deconvolution
of the seismic data that also compensates for waves attenuation.
Among these methods are the Gabor deconvolution algorithm proposed by Margrave et al. [42], nonstationary sparse reﬂectivity inversion (NSRI) method suggested by Chai et al. [43], nonstationary deconvolution algorithm based on spectral modeling [44], and
variable-step-sampling (VSS) hyperbolic smoothing developed by Li
et al. [45].
Nowadays seismic techniques concentrate more on 3D data.
Thus recovering a 3D reﬂectivity function that represents the
earth’s impulse response [1]. Application of 1D methods to 3D data
is clearly suboptimal, yet, due to practical convenience many seismic algorithms are 1D trace-by-trace algorithms. In [36] Ghoalami
and Sacchi introduce a fast 3D blind seismic deconvolution algorithm. The algorithm considers the seismic wave ﬁeld as a 3D signal and alternates between two stages: 3D reﬂectivity estimation,
which promotes temporal continuity, and source estimation.
In a previous work [46] we have shown that the recovery of
the seismic reﬂectivity can be achieved eﬃciently based on earth
Q model by solving a simple convex optimization problem. We derived theoretical bounds on the recovery error, and on the localization error. It is proved that recovered reﬂectors in the estimated
reﬂectivity are in close proximity to reﬂectors in the true reﬂectivity signal.
This paper presents a novel robust method for recovery of 3D
reﬂectivity signal from 3D seismic data. We show that the solution of a convex optimization problem, which takes into consideration a time-variant signal model, results in a stable recovery. The
problem is formulated so that the relations between spatially close
traces are also taken into account. The algorithm is applied to synthetic and real seismic data, demonstrating that the proposed algorithm restores reﬂectors amplitudes and locations with high precision. Our work may also be applicable to other imaging data, such
as ultrasound imaging and radar.
The paper is organized as follows. In Section 2, we brieﬂy review the seismic inversion problem formulation. In Section 3, we
describe the 3D recovery method. Section 4 focuses on numerical
experiments and real data results. Finally, in Section 5, we summarize and explore further research options.

2. Signal model
2.1. Reﬂectivity model
We assume an unknown 3D reﬂectivity signal. Each 1D channel (column) in the reﬂectivity is formulated as a superposition of
point sources. In the discrete setting, assuming a sampling rate Fs ,
and that the set of delays T = {tm } lies on a grid k/Fs , k ∈ Z, i.e.,

tm = km /Fs , the reﬂectivity is given by

x[k] =



cm δ [k − km ],

k ∈ Z,

cm ∈ R

(1)

m

where δ [k] denotes the Kronecker delta function (see [47]), and
 m |cm | < ∞. K = {km } is the set of discrete delays corresponding
to the spikes locations.
Each inline or crossline seismic discrete trace in the observed
seismic 3D data is of the form

y[k] =



x[n]gσ ,n [k − n] + w[k],

n∈Z

(2)

n

where {gσ , n } is a known set of kernels (pulses) corresponding to
a possible set of time delays. σ > 0 is a known scaling parameter,
and w[k] is additive noise. In [46] we discuss speciﬁc requirements
for {gσ , n }. Our purpose is to reveal the true support K = {km } and
the spikes’ amplitudes {cm } hidden in each of the seismic traces.
Note that the conventional convolution model assumes a timeinvariant wavelet, meaning that all kernels are identical (gσ ,n [k] =
gσ [k] ∀n) [4,26]. Unfortunately, this assumption is often not satisﬁed. As in [46], we suggest to take into consideration a set of different kernels {gσ , n }. Each pulse in the set is determined according to the time (depth) tn it corresponds to, in accordance with the
earth Q model [38,46,48,49].
In a previous work [46] we presented a 1D algorithm that recovers the seismic reﬂectivity based on earth Q model. We also
presented theoretical bounds on the recovery error, and on the localization error. In this paper we expand these results to 3D setting. We propose a way to improve the results by taking advantage
of the ability to assess the relation between a point in the data
and adjacent points, using discontinuity measures [50,51]. This approach enables the use of multiple traces in the seismic data for
the estimation of each channel to overcome noisy environments
and highly attenuating media.
To this end, we recall interrelated fundamental properties
reviewed in [46]. For further details we refer the reader to
[4,23,26,46].
2.2. Earth Q model
Let us consider an initial source waveform s(t) deﬁned as the
real-valued Ricker wavelet



s(t ) = 1 −



1 2 2
ω t exp
2 0



−



1 2 2
ωt .
4 0

(3)

ω0 is the most energetic (dominant) radial frequency [48]. Hence,
in this setting, the scaling parameter is σ = ω0−1 . Following the

earth Q-model [49], given Q - the medium quality factor [38] - a
reﬂected wave at travel time tn , is

un (t − tn ) = Re

1 
π

∞
0



S(ω ) exp[ j (ωt − κ r (ω ))]dω ,

(4)

where S(ω) is the Fourier transform of the source waveform s(t),


 
j  ω −γ
κ r (ω )  1 −
  ωt n ,
2Q ω0
 1 
1
2
γ  tan−1
≈
,
π
2Q
πQ

(5)

(6)

Q was also deﬁned by Kjartansson [38] as the portion of energy
lost during each cycle or wavelength. In this manner, in the frequency domain, two exponential operators represent velocity dispersion (phase changes) and energy absorption (amplitude attenuation) of the traveling pulses
Un (ω ) exp− jωtn = S (ω ) exp



 −γ

  ω −γ ωt 
ω
 
n
ωtn exp −  
.

ω0
ω0
2Q

− j

(7)
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Fig. 1. Synthetic reﬂectivity and seismic data: (a) Synthetic 2D reﬂectivity section; (b) 2D seismic data (SNR = 5 dB).

Hence, the time-domain seismic pulse reﬂected at two-way travel
time (depth) tn is

un (t − tn ) =

1
2π



Un (ω ) exp[ jω (t − tn )]dω.

(8)

Q is assumed to be known. Consequently, the known set of kernels
(pulses) {gσ , n } is deﬁned as

gσ ,n (t − tn ) = u(t − tn )|σ =ω−1 .

It is shown in [46] that single-channel recovery of the seismic
reﬂectivity could be performed by solving the optimization problem
xˆ∈1 (Z )



xˆ[n]gσ ,n [k − n]1 ≤ d,

(10)

n

where xˆ1 = k |xˆ[k]|.
To this end, we consider 3D seismic data and develop a 3D recovery method based on convex optimization. We do not assume
horizontal continuous layers or any other speciﬁc geological structure.
Assume an inline or a crossline seismic trace yi, j and N − 1
spatially neighboring traces {yi+u, j+v }, where (u, v) ∈ such that
⊆ {(u, v ) ∈ Z2 , (u, v ) = (0, 0 )} and | | = N − 1. Denote some local discontinuity measure as a column vector ai, j . Each element
ai, j [k] is associated with a distinguished point in some analysis
cube, generically represented here by (i, j, k). We choose a measure such that 0 ≤ ai, j [k] ≤ 1. For maximum discontinuity ai, j [k] =
0, whereas for minimum discontinuity ai, j [k] = 1. The value ai, j [k]
describes the likelihood that a given point lies on a fault surface.
In a sense, each element in ai, j is a measure of the resemblance of
the corresponding element in yi, j to points in neighboring traces
{yi+u, j+v }.
Assume G is an operator matrix such that (G )k,n = gσ ,n [k − n].
Then, we can write

yi, j = Gxi, j + wi, j ,

xˆ i, j 1
f (xˆ i, j ) ≤

(12)

,

where

f (xˆ i, j ) = yi, j − Gxˆ i, j 2 +



Ai, j Ai+u, j+v (yi+u, j+v − Gxˆ i, j )2 ,

(u,v )∈

(13)

3. Seismic 3D recovery

xˆ1 subject to y[k] −

min
subject to

(9)

0

min

Then, the estimated reﬂectivity column xˆ i, j is the solution of
the optimization problem

(11)

where xi, j is the corresponding reﬂectivity column and wi, j is additive noise.

where Ai, j = diag(ai, j ), and Ai+u, j+v = diag(ai+u, j+v ). Since Ai, j and
Ai+u, j+v describe the similarity between one spike (or null) location to close locations in a small volume, multiplying the residual
error of neighboring traces by Ai, j Ai+u, j+v enables the use of the
available information about a group of channels, for the estimation of the true reﬂectivity value in each location in the volume.
Wherever there is discontinuity in the volume, there is no dependency between one pixel to another in the deﬁned volume, and
then the estimation of this speciﬁc point will not rely on other
close points. This process helps us overcome noise artifacts and
attenuation, rather than always assume similarity between points
with a certain distance, as in [52].
We assume noise signals with bounded mean energy
2
E wi, j 22 = E yi, j − Gxi, j 22 ≤ Sw

∀i, j

2
where w2 
k w [k], and E denotes mathematical expectation. Since the noise signals are uncorrelated by assumption, we
can choose

= NSw
A brief review of two suitable discontinuity measures and their
use in implementing the above method can be found in Appendix
C.
3.1. Recovery-error bound for horizontal layers
Theorem 1. Assume N seismic traces that correspond to N identical
reﬂectivity channels. Namely,

yi [k] =


n

x[n]gσ ,n [k − n] + wi [k],

2
E wi 22 ≤ Sw
,

i = 1, 2 . . . N,
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Fig. 2. Synthetic 2D recovery results: (a) Single-channel; (b) Multichannel.

Fig. 3. Synthetic reﬂectivity and seismic data: (a) Synthetic 2D reﬂectivity section; (b) 2D seismic data (SNR = 5 dB).

Fig. 4. Synthetic 2D recovery results: (a) MC-II, ρ = 0.74; (b) Single-channel, ρ = 0.85; (c) Multichannel, ρ = 0.9.
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The recovery error is proportional to the noise power. Flat kernels
(small values of β ) tend to result in larger errors. The SNR is increased by a factor that is equal to the number of traces.
γ
In the time-variant setting most cases comply with ε 20 <

(Fs σ )2 α0 .
Then, the recovery error is bounded by
E xˆ − x22 ≤ 64

Lr (Fs σ )4

β2

 α 2 S 2
0
w
.
γ0 N

Similarly to the time-invariant case, the error is linear with respect
2 . Moreover, since we know that small Q values
to the noise level Sw
α
correspond to higher γ 0 ratios and smaller β values, the bound
0
veriﬁes that the error increases as Q gets smaller. In addition, since
β measures the ﬂatness of the kernel near the origin, we can see
that ﬂat kernels result in more false detections. In all cases, the
error is inversely proportional to the number of channels, N.
4. Experimental results
Fig. 5. Recovery error log(xˆ − x22 ) as a function of number of traces N for Q =
500.

In this section, we use synthetic and real data examples to
demonstrate the performance of the proposed technique. We used
CVX [53], to solve the 1 minimization in (10) and (12).

(14)
where {gσ , n } is a set of admissible kernels sharing two common parameters ε , β > 0 (see [46, Deﬁnition 2.1], Appendix B). The parameters ε and β measure the concavity of a pulse near its midpoint. In
N consists of N smeared versions of N identiother words, the set {yi }ii=
=1
cal reﬂectivity columns, corrupted by N different noise realizations. We
assume the support K is suﬃciently separated, meaning that it obeys
the minimal separation condition (see [46, Deﬁnition 2.2], Appendix
B), with a separation constant ν . Then, for
Fs > 0, the solution xˆ of

xˆ 1

min
subject to

N
i=1

yi − Gxˆ 2 , ≤ NSw ,

(15)

satisﬁes
2
64Lr ρ 2 Sw
.
2
2
β γ0 N

E xˆ − x22 ≤

(16)

where Lr is the length of the estimated signal,

ρ  max

γ
ε

0
,
2

(Fs σ )2 α0



α0 = max gσ ,n (0 ), γ0 = min
gσ ,n (0 ).
n
n

Proof. see Appendix A.



This bound ensures that in the case of perfectly horizontal layers, given N traces, under the separation condition, a signal of
the form (2), can be recovered by solving the optimization problem formulated in (15). Furthermore, it guarantees that the mean
squared error of the recovery is bounded. The error depends on
the noise level and on the attenuation of the reﬂected waves. Most
importantly the theoretical bound, aﬃrmed by experimental results, demonstrates that given N realizations of the same reﬂectivity channel (as we have for horizontal reﬂectors), we can reduce noise power at least by a factor of N. In the noise-free case
where Sw = 0, whether the spikes amplitudes are small or large,
the restoration of the reﬂectivity is exact.
When γ0 = α0 (time-invariant case)

E xˆ − x22 ≤ 64

Lr

β2

max

1
 2
4 Sw
,
(
F
σ
)
.
s
N
ε4

4.1. Synthetic data
We constructed a synthetic data set, simulating 2D reﬂectivity
with two apparent faults. The reﬂectivity consists of 30 traces, each
of 128 samples, with sampling interval of Ts = 4 ms. The reﬂectivity
is depicted in Fig. 1(a). We created the seismic data as described
in (2) using the Q model, with Q=200. The initial wavelet was a
Ricker wavelet with ω0 = 50 π , i.e., 25 Hz. To further degrade the
signal and evaluate the recovery in noisy environment we added
white Gaussian noise. The SNR is 5 dB. The seismic data is shown
in Fig. 1(b).
The estimated reﬂectivities, obtained by single-channel and
by the proposed multichannel recovery method are shown in
Figs. 2(a) and (b), respectively. To implement the single-channel
recovery we estimate all possible kernels as described above and
solve (10). In this example, for the multichannel recovery we set
N = 3, i.e., the optimization is performed by considering each seismic trace and both the preceding and subsequent traces. As a measure of discontinuity we use a binary version of the Local Structural Entropy (LSE) (see [50], Appendix C) using a threshold of
τ = 0.02. The correlation coeﬃcient, between the original reﬂectivity and the estimated reﬂectivity, achieved by single-channel deconvolution is ρ = 0.86. Whereas, the correlation coeﬃcient with
our method, is ρ = 0.95. Visually comparing the results, it can be
seen that the multichannel solution is much more accurate. The
single-channel solution fails to recover parts of the layer boundaries and tends to annihilate weak spikes.
Another synthetic example is presented in Figs. 3 and 4. We
generated a synthetic reﬂectivity of size 76 × 100 with an apparent
fault (see Fig. 3(a)). Sampling interval is Ts = 4 ms. We create the
seismic data depicted in Fig. 3(b), using Q = ∞ (no attenuation)
and an initial Ricker wavelet with ω0 = 80 π . We compare our results for N = 2 to the single channel deconvolution (Eq. 10) and to
the multichannel time-invariant deconvolution algorithm described
in [34] (MC-II). The estimated reﬂectivity sections, for the seismic
data with SNR of 5 dB, are shown in Fig. 4(a)–(c). The multichannel
method was implemented using the LSE measure. For this example, the correlation coeﬃcient between the original reﬂectivity and
the estimated reﬂectivity, with our method, are ρ = 0.9. Whereas
the correlation coeﬃcient achieved by single-channel deconvolution is ρ = 0.85, and ρ = 0.74 for MC-II.
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Fig. 6. Vertical cross-section at y = 1.3 km through: (a) seismic data (b) skeletonized LFE volume.

Fig. 7. Real data inversion results: (a) Estimated reﬂectivity - single-channel (c) Estimated reﬂectivity - multichannel.

The implementation of the above method entails low computational complexity. Solving the 1 minimization in (14) using CVX
[53], the processing time of the seismic data set in Fig. 3(b), of
size 102 × 100, on Intel(R)Core(TM)i7-7820HQ@2.90 GHz is 32.0 s
(average of 320 ms per trace). The processing time for the singlechannel implementation is 35.4 s, and 60.0 s for MC-II. Generally
speaking, the average processing time of the single-channel and
multichannel implementation is approximately the same. The algorithm is fast and therefore applicable to large volumes of data.
To conﬁrm the bound we deduced in Section 3.1, we examined
2 and
the recovery error xˆ − x22 as a function of the noise level Sw
as a function of the number of traces N for different horizontal reﬂectivity realizations. Fig. 5 presents one example of the recovery
error xˆ − x22 as a function of the number of traces 1 ≤ N ≤ 30 for
Q = 500 and SNR = 5 dB, Ts = 4 ms and Lr = 176. As in Fig. 1, the
reﬂectivity is modeled as a zero-mean Bernoulli-Gaussian process.
The minimum distance between two spikes satisﬁes the minimal
separation condition. The initial wavelet was a Ricker wavelet with
ω0 = 100π , i.e., 50 Hz. As can be seen in Fig. 5 the error is inversely proportional to the number of traces, according to what
we derived in Theorem 1.
4.2. Real data
We applied the proposed method, to real seismic data from a
small land 3D survey (courtesy of GeoEnergy Inc., TX). The time interval is 4 ms; inline and cross line trace spacing is 25 m. A small
subvolume with inline and crossline distances of 10 km (401 × 401
traces) is used for demonstration. Each trace is 4 s in duration

(1001 samples). Fig. 6(a) shows a vertical cross section through
the seismic data. As a measure of discontinuity we used the skeletonized local-fault-extraction (LFE) presented in [51]. The seismic
data through the LFE is presented in Fig. 6(b). We can assume the
given seismic data is noise-free.
Assuming an initial Ricker wavelet with ω0 = 50 π (25 Hz), we
estimated Q = 200 as described in [54]. Then, as a single-channel
solution, we solved (15) for N = 1. A cross-section of the recovered
reﬂectivity section by single-channel method is shown in Fig. 7(a).
The seismic data reconstructed from the estimated reﬂectivity using the known sequence {gσ , n (t)}, is shown in Fig. 8(a). Using the
skeletonized LFE measure we computed the recovered reﬂectivity and its reconstructed seismic data. Fig. 7(b) shows the recovered reﬂectivity cross-section of a 3-channel implementation (i.e.,
N = 3). Each reﬂectivity column is recovered by taking into consideration its resemblance to two neighboring traces - one in the
same vertical cross section and one in the adjacent cross-section.
Fig. 9 shows a zoom into the reﬂectivity sections in offset range
2–10 km and time range 2.5-4 s.
The algorithm could be implemented for any number of neighboring traces. The user can determine the number of traces taken
into account by the type of geological features that is of interest
to the interpreter, and the required resolution. The sensitivity to
noise and to small-scale discontinuities increases as the number of
neighboring traces taken into consideration is smaller.
Visually examining these reﬂectivity sections, it can be seen
that the layer boundaries in the estimates are distinct. Both structural features (such as faults) and stratigraphic features (such as
channels) can be observed in the images. Also, the reconstructed
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Fig. 8. Reconstructed seismic data: (a) Single-channel, ρy,yˆ = 0.88 (b) Multichannel, ρy,yˆ = 0.90.

Fig. 9. A zoom into Fig. 8: (a) Estimated reﬂectivity - single-channel (c) Estimated reﬂectivity - multichannel.

seismic data seems to ﬁt to the original given observation. Since
the ground truth is unknown, we measure the accuracy in the location and amplitude of the recovered reﬂectivity spikes by the
correlation coeﬃcient between the reconstructed data to the given
seismic data. A trace in the reconstructed data is yˆ = Gxˆ , where
xˆ is the estimated reﬂectivity. The correlation is calculated with
respect to the noise-free seismic data. In this example we have
ρy,yˆ = 0.90 for the multichannel result, which indicates that the
reﬂectivity is estimated with high precision. For single-channel recovery we have ρy,yˆ = 0.88. Looking closely at the estimated reﬂectivities the differences are visible, despite only a few percent gain
in correlation. The multichannel results look more continuous and
more detailed, especially in deeper areas and near faults. In addition, some curves collapse into one curve in the single-channel estimated reﬂectivity and separate into two adjacent curves (layers)
in the multichannel estimation.
5. Conclusions
Acquired 3D seismic data requires development of 3D processing algorithms. The recovery of 3D reﬂectivity is essential to the
visualization of subterranean features. In recent years, there has
been progress in the estimation of the reﬂectivity and the source
wavelet function. Yet, existing methods have limited precision and
are highly complex.
We have presented a 3D adaptive seismic recovery algorithm
based on a time-variant model. The algorithm promotes sparsity
of the solution. It also considers the attenuation and dispersion
effects resulting in shape distortion of the wavelet. Furthermore,

the recovery takes into account the relations between consecutive
traces in the 3D volume. These properties are all expressed in a
simple convex optimization problem, making the algorithm suitable for large volumes of data. We have introduced practical results with synthetic and real data in highly attenuating noisy environment.
Future research can adapt the algorithm to other applications
such as medical imaging. In exploration seismology the algorithm
can also be modiﬁed to non-constant Q layers model. In addition,
other discontinuity measures and sets of kernels could be investigated.
Acknowledgment
The authors thank the associate editor and the anonymous reviewers for their constructive comments and useful suggestions.
Appendix A



Proof of Theorem 1. Denote gm (t )  gσ ,m (t )
. In [46], we
σ =1
showed that there exists a function of the form

q(t ) =



am gm (t − tm ) + bm g(m1) (t − tm ),

m

that satisﬁes

|q(tk )| = 1 ∀tk ∈ T ,
q(1) (tk ) = 0 ∀tk ∈ T ,
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where T{tm } is a set of delays obeying the separation condition
(see [46, Deﬁnition 2.2], Appendix B). Notice that q(t) is built such
that < q, x > q(t )x(t )dt = m |cm |. Also, |q(t)| reaches a local
maximum on the true support. This way, we can decouple the estimation error on the true support of the reﬂectivity {tm }, from the
amplitude of the rest of the estimated spikes.
To prove Theorem 1 we recall the following proposition and
two lemmas (see [46, Appendix A] for a rigorous proof).
Proposition 2. Assume a set of delays T{tm } that satisﬁes the separation condition (see [46, Deﬁnition 2.2], Appendix B), and let {gm } be
a set of admissible kernels (see [46, Deﬁnition 2.1], Appendix B). Then,
there exist coeﬃcients {am } and {bm } such that

q(t ) =



am gm (t − tm ) + bm g(m1) (t − tm ),

(17)

m

|q(tk )| = 1 ∀tk ∈ T ,

(18)

and

q(1) (tk ) = 0

∀tk ∈ T .

(19)

The coeﬃcients are bounded by

a∞ ≤
b∞ ≤

1)
(1 )
Denote g(m,
σ [k]  gm,σ

3γ0 ν 2 − 2π 2C˜0

,

(20)

3π 2C˜1 ν 2

(3γ2 ν − π
2

2C˜
2

)(3γ0 ν − 2π
2

2C˜
0

)

,

(21)

where a{am }, b{bm } are coeﬃcient vectors and

. We can observe that






 



1)

E qσ [k]h[k] = E 
am gm,σ [k − km ] + bm g(m,
[
k
−
k
]
h
[
k
]
m
σ

2
2
km ∈K




 

  (1)

≤ a∞ E 
gm,σ [k − km ]h[k] + b∞ E 
gm,σ [k − km ]h[k] , (24)
m

m

2

2

where we have used the Cauchy–Schwartz inequality. We can also
infer that,




 


E 
gm,σ [k − km ]h[k]
m
2


 


= E 
gm,σ [k − km ]xˆ[k] −
gm,σ [k − km ]x[k]
m
2
 m

= E Gxˆ − Gx
2
 N
 N


 1 
1
= E 
yi − Gx −
yi − Gxˆ 
N
N
i=1
i=1
2
 N

 N

 1 

 1 

≤ E 
yi − Gx + E 
yi − Gxˆ 
N
N
i=1

3ν 2

k
Fs

i=1

2

2

2Sw
≤ √ ,
N
where we have used

 N

 1 

Sw


E 
yi − Gx ≤ √ ,
N
N
i=1

2

C˜l = max Cl,m , l = 0, 1, 2, 3.

because the noise signals are uncorrelated and have bounded mean
2 norm

We also have

E wi 2 = E yi − Gx ≤ Sw .

m

am ≥



2

1

α0 + 2C˜0 P (ν ) +

(2C˜1 P (ν ))2
γ2 −2C˜2 P (ν )

,

(22)

2
where P (ν )  6πν 2 .

Now, assume xˆ is the solution of the optimization problem in
(12). We assume
is large enough so that the solution xˆ obeys
xˆ1 ≤ x1 . Denote the error h[k]  xˆ[k] − x[k]. We separate h[k]
into h[k] = hK [k] + hKC [k], where hK [k]’s support is in the true support K{km }. If hK [k] = 0∀k, then h[k] = 0∀k, because if hK [k] =
0∀k and h[k] = 0 for some k, it would mean that hKC [k] = 0 for
some k, and therefore xˆ1 ≥ x1 .
Under the separation condition, the set T = {tm } satisﬁes ti −
t j ≥ νσ for i = j. We know that according to Proposition 2 [46,
Proposition 3] there exists q(t) of the form (17) such that

k 
m

Fs

= sgn(hK [km ] )

∀km ∈ K.

In addition, q(t) also obeys |q(t)| < 1 for t ∈ T.
We then deﬁne

qσ (t ) = q

t 
σ

So that

qσ [km ]  qσ

=

We also used,

 N

 1 

Sw

yi − Gxˆ  ≤ √ ,
 N
N
i=1

Lemma 3. Under the separation condition with ε < ν /2, q(t) as in
Proposition 2 satisﬁes |q(t)| < 1 for t ∈ T.

q(tm ) = q







am gm,σ t −

m

km
Fs



(23)

2

which is inferred from the constraint on the solution. An estimated
reﬂectivity channel obeys (15). Accordingly,
N 


yi − Gxˆ 2 ≤ NSw2 .
2

i=1

It follows that,
N




 
Gx − Gxˆ + wi 2 ≤ Nwi 2
2

i=1



2

N Gx − Gxˆ  + 2
2

+





km
.
Fs

2

2

N



Gx − Gxˆ 2 + 2
< wi , Gx − Gxˆ > ≤ 0
2

N

i=1

N



Gx − Gxˆ 2 + 2 < 1
wi , Gx − Gxˆ >
2

N

k 
m

Fs

= sgn(hK [km ] )

and

|qσ [k]| < 1 ∀k ∈/ K.

∀km ∈ K,

< wi , Gx − Gxˆ >

i=1

N 

 

wi 2 ≤ Nwi 2
i=1

1)
+ bm g(m,
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N


2
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2
 
2
N
N
 1

 1
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N
N
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N
S2
1  2
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Gx − Gxˆ + N
N
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2

2
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+ 2C˜1 (1 + P (ν ))b∞ E h2 .

which means that,

 N
2
2
 1 


 ≤ Sw .
ˆ
y
−
G
x
i
 N

N

We know from (12) that

The estimated trace Gxˆ , reconstructed from the solution xˆ , is as
close to the averaged trace as the true noise-free signal Gx. The set
of reﬂected pulses {gm } is a set of admissible kernels. Therefore,

which leads us to

i=1

2


 (1 )
  
C1,m
gm,σ [k − km ] = g(m1) k − km  ≤
Fs σ
m
1 + kF−k
sσ

2

.

(25)

In addition, under the separation condition we have |ki − k j | ≥
Fs νσ ∀ki , k j ∈ K. It follows that, for any k




km ∈K

2

1
1+

k−km 2
Fs σ

< 4(1 + P (ν ))2 ,

x1 ≥ xˆ1 = x + h1 = x + hK 1 + hCK 1
≥ x1 − hK 1 + hK C 1 ,
hK 1 ≥ hK C 1 .
It is known that

h2 ≤ h1 ≤

E h2 ≤ E h1 = E hK 1 + E hK C 1

(26)

n=1

1
π2
≤ P (ν ) 
.
2
1 + ( nν )
6ν 2

E h2 ≤

Consequently,


2
  (1 )



˜2
E
gm,σ [k − km ]h[k]
E |h[k]|2
 ≤ C1
m



1

km ∈K

k−km 2 2
Nσ

1+

So we have,



E h2 ≤

< 4C˜12 (1 + P (ν ))2 E h22 .

D2 = 2βπ 4C˜2C˜0 − 4π 4
(27)

On the other hand,









E qσ [k]h[k] = E qσ [k](hK [k] + hKC [k] )
2
2








≥ E qσ [k]hK [k] − E qσ [k]hKC [k]
2

k∈Z \K

(28)

(29)

In the proof of Lemma 3 [46] we have shown that for |k − km | ≤
εFs σ , for some km ∈ K

 

k 
β

|qσ [k]| = qσ
.
≤1−
Fs σ
2α0 (Fs σ )2

We have also shown in [46] that for |k − km | > ε Fs σ for all km ∈ K

 

k 
βε 2

|qσ [k]| = q
≤1−
.

Fs σ
2γ0
To sum up
k∈Z \T

β



where ρ

γ

(30)



 max ε 20 , (Fs σ )2 α0 . Now, Substituting (30) into

(29) we get,




2Sw
β
E hK 2 − 1 −
E hK C 2 ≤ √ a∞
2ρ
N

2
64Lr ρ 2 Sw
.
2
2
β γ0 N

(35)


Admissible Kernels and Separation Constant

2

2Sw
≤ √ a∞
N

+ 2C˜1 (1 + P (ν ))b∞ E h2 .

Lr ρC˜12 .

Appendix B

where we have used that the absolute value of qσ [k] in the support
is one. Combining (27) and (28) we get,

E hK 2 − max |qσ [k]| E hKC 2

E h22 ≤

This completes the proof.

≥ E hK [k]2 − max |qσ [k]| E hKC [k]2,
k∈Z \K

(34)

For suﬃciently large ν we have



2ρ

√
72 Lr ργ2
Sw
√ ,
9βγ0 γ2 − D1 ν −2 + D2 ν −4 N

D1 = 3π 2 (βγ0C˜2 + 2βγ2C˜0 + 8 Lr ρC˜12 ),

2Sw


E qσ [k]h[k] ≤ √ a∞ + 2C˜1 (1 + P (ν ))b∞ E h2 .
2
N

max |qσ [k]| ≤ 1 −

β

≤ 2 E hK 1 ≤ 2 Lr E hK 2
√


8 Lr ρ Sw
≤
√ a∞ + C˜1 (1 + P (ν ))b∞ E h2 . .
β
N
(32)
√
8 Lr ρa∞
Sw
(33)
√ .
√
˜
− 8 Lr ρC1 (1 + P (ν ))b∞ N

Using (20) and (21) we get

k∈Z

2

Lr h2 ,

where Lr is the length of the estimated signal. Combining this with
(31) leads us to

where
∞


(31)

To be able to quantify the waves decay and concavity we recall
two deﬁnitions from previous works [4,26]:
Deﬁnition 2.1. An admissible kernel g is deﬁned by the following
speciﬁcations:
1. g ∈ R is real and even.
2. Global Property: There exist constants Cl > 0, l = 0, 1, 2, 3, such





that g(l ) (t ) ≤ 1+lt 2 , where g(l) (t) denotes the lth derivative of g.
Namely, the kernel and its ﬁrst derivatives attenuate at suﬃcientt rate.
3. Local Property: There exist constants ε , β > 0 such that
(a) g(t) > 0 for all |t| ≤ ε and g(ε ) > g(t) for all |t| ≥ ε .
(b) g(2 ) (t ) < −β for all |t| ≤ ε .
C

The parameters ε and β measure the kernel’s ﬂatness.
In our case, all reﬂected waves gσ , n (t) are to be considered
as admissible kernels. The reﬂected waves gσ , n (t) are ﬂat at the
origin, and all reﬂected waves share two common parameters ε ,
β > 0.
Deﬁnition 2.2. A set of points K ⊂ Z obeys the minimal separation condition if for a kernel dependent separation constant ν > 0,
a given scaling σ > 0 and a sampling interval Ts = 1/Fs > 0

min

ki ,k j ∈K,i= j



ki − k j  ≥ νσ .
Ts

Two distinct spikes can be recovered separately only if the time
interval between them is at least νσ .
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Appendix C

The LFE volume is produced by taking the maximum value of the
directional LFE Lˆp = maxθ ,φ L p (θ , φ ), and further enhanced by 3D
skeletonization and 3D surface separation (see [51] for further details).

Seismic Discontinuity Measures
Seismic discontinuity measures were developed in an effort
to ease seismic data interpretation and locate geological features
within large volumes of data [55,56]. In the experiments presented
in Section 4 we use two measures: local structural entropy (LSE)
presented in [50], and skeletonized local-fault-extraction (LFE) presented in [51].
Local Structural Entropy (LSE). LSE is a discontinuity measure on a
scale from zero to one. To compute the LSE, ﬁrst, we reduce the
mean value of each trace. Then, we choose a relatively small 3D
analysis cube of size 2L1 × 2L2 × Nt . The analysis cube is divided
into four L1 by L2 by Nt quadrants concatenated into column vectors {vi |i = 1, 2, 3, 4}. The LSE measure associated with a distinguished point in the analysis cube (i, j, k) is

Ls (i, j, k ) =

tr
,


where  is the correlation matrix of the analysis cube:

⎛

v1 T v1
1
⎝ ..
=
.
Nt L1 L2
v4 T v1

...
..
.
...

⎞

v1 T v4
.. ⎠.
.
T
v4 v4

Note that the LSE can be deﬁned to associate with a point in its
center by spacing out the four quadrants one trace apart from each
other, using an analysis cube of size (2L1 + 1 ) × (2L2 + 1 ) × Nt .
If Ls (i, j, k ) is the LSE measure as deﬁned, then in our case we
can deﬁne,

ai, j [k] = 1 − Ls (i, j, k ).

(36)

It is also possible to choose a binary measure, such that ai, j [k] ∈ {0,
1}. For example, using LSE



ai, j [k] =

1 Ls (i, j, k ) < τ ,
0

Ls (i, j, k ) > τ .

(37)

where τ is a deﬁned threshold.
Local Fault Extraction (LFE). Computation of the LFE measure is as
follows. First, we divide the 3D seismic data to 3D data analysis
volumes of size L × M × P. The analysis volume is divided into two
subvolumes, which are rotated and tilted around the central analysis point p = (i, j, k ). We rearrange the samples in the subvolumes
into column vectors v1, p (θ , φ ) and v2, p (θ , φ ). Then, we compute
the normalized differential entropy (NDE) of each point p as a normalized version of the Prewitt ﬁlter:

N p (θ , φ ) =

v1,p (θ , φ ) − v2,p (θ , φ )
,
v1,p (θ , φ ) + v2,p (θ , φ )

where  · p is the p norm. Patches of fault surfaces in a presumed
direction are characterized by a local increase in the NDE. Hence,
we apply contrast enhancement to each NDE volume, per postulated orientation, and set negative values to zero. To enhance fault
surfaces that are approximately aligned with the analysis cube
we apply a directional ﬁlter h p (θ + ξ , φ ) to the contrast-enhanced
NDE Nˆ p (θ , φ ):

C p (θ + ξ , φ ) =



h p−p (θ + ξ , φ )Nˆ p (θ , φ ).

p

The summation is over a set of points p close to the point p. We
then threshold the result to produce C˜p (θ + ξ , φ ), and ﬁlter it back
to yield the directional LFE

L p (θ , φ ) =


p ,ξ

h p−p (θ + ξ , φ )C˜p (θ + ξ , φ ).
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