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Abstract

In this work we consider the case of chirps with harmonic components. That is, the
frequency of each component is an integer multiple of the time-varying frequency of a
fundamental signal. Harmonic signals appear in various applications. Such signals occur
due to propagation through nonlinear media, for example in systems such as radar, sonar
and communication systems and also in speech and music signals and vibrational analysis.
Harmonics can also be used deliberately, to increase detectability, for example in tissue

ultrasound or echolocations calls of bats, whales and dolphins.

The problem of estimating the fundamental frequency of harmonic signals has received
much attention in literature. In all estimation methods, the frequency is assumed to be
constant during the observation time. This assumption limits the possible observation
time to be very short since constant frequency signals are not common. However, by
assuming a model of time-varying frequency, the observation time can be increased and
consequently the estimation accuracy is improved. In this work we assume that in each
observation time, the signals can be modeled as a sum of harmonic linear chirps where
the number of harmonic components is unknown. Under this assumption, we propose
estimation methods for the parameters of such signals, i.e. the initial frequency and
frequency rate of the fundamental chirp. As opposed to parameter estimation of multi-
component chirp signals, in this case the problem involves only the two parameters of the
fundamental chirp. Estimation methods of these two parameters for such model have not

been presented in literature to date.

We consider two types of signal model. In the first part, we assume that the amplitude
of each component is constant during the observation time. We start by presenting sta-
tistical model order selection criteria, based on the maximum likelihood estimator, which
requires a high resolution two-dimensional search. To overcome this problem, we propose

a low-complexity estimator, which we term the harmonic separate-estimate method. We
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show that the proposed method achieves the performance of the maximum likelihood es-
timator in moderate to high signal-to-noise ratio, and can successfully replace it in the
model order selection criteria.

The second signal model is a more general case of time-varying amplitudes. In this case,
each amplitude can be either independent random process, or varying according to some
unknown dynamic. We show that the model order selection criteria and the maximum
likelihood estimator cannot be applied to this model. We develop a computationally
intensive iterative estimator, based on the nonlinear least squares estimator for mono-
component chirp signals with random amplitudes, and show that the number of harmonic
components can be selected using concentration measures of the spectrum of the signal.
We then show how the harmonic separate-estimate method can be extended for random
amplitude harmonic chirps. Simulation results show that the proposed low complexity

method performs well in high signal-to-noise ratio.
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Chapter 1

Introduction

1.1 Motivation

The problem of estimating the fundamental frequency of harmonic time-stationary si-
nusoids has wide applications in speech processing, communication, radar and sonar,
biomedical systems, electrical power, and semiconductor devices [1-11]. The fundamental
frequency is assumed to be constant during the observation segment, and this assumption
sets a constraint on the possible length of the observation segment. Short segments will
ensure that the assumption is valid, but better estimation accuracy is achieved if long
segments are used as the signal-to-noise ratio (SNR) is increased.

In some other applications the signal is more appropriately modeled as a sum of har-
monic components of a non-stationary signal, i.e., a signal that its frequency content is
varied with respect to (w.r.t.) time, also known as a chirp signal [12-14]. For example,
in active transmission used in tissue harmonic imaging in ultrasound [15] or by mammals
[13,14] (e.g., bats, dolphins, whales) the signal is deliberately transmitted as a sum of
harmonic linear frequency modulated (LFM) chirps to increase the detectability of the
source of interest, e.g., an organ in ultrasound or a prey in case of mammals. Such har-
monic signals also occur in other applications due to propagation through a nonlinear
media including rotating machinery in vibrational analysis, music and formants in audio
and speech processing, electrical power systems, and target localization [16,17]. Harmon-
ics of higher orders of frequency modulated chirps, known as polynomial phase signals
(PPS) [18-20], or non-linear frequency modulated chirps (e.g., hyperbolic frequency mod-
ulated signals [13]), are also used in synthetic aperture radar [21], biomedical [22], radio

communications, or marine mammals [13,14].

7
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Estimating the parameters of chirp signals has received much attention in literature and
has a wide variety of applications. It is used, for example, in radar [23], vehicle tracking
[24], sonar [16,17,20] and underwater communication. A common assumption in chirp
analysis methods is that the amplitude of the signal is constant during each observation

time.

Methods for estimating the parameters of a mono-component LFM with a constant
amplitude include using maximum likelihood [25], rank reduction techniques [26,27], am-
biguity function [28], phase unwrapping [29] and the Wigner-Ville distribution [30]. Meth-
ods for estimating the parameters of a multi-component LFM are based on combining a
time-frequency transform, such as the Wigner-Ville transform, with an image processing
technique (e.g., the Hough transform) [31], Monte-Carlo methods such as importance sam-
pling [32] or Markov chain Monte Carlo [33], using time-frequency representations such
as the fractional Fourier transform (FrFT) [34], which is suited to LFM chirps, and the

high-order phase function [35].

An LFM signal is a specific case of the PPS family. Estimating the parameters of
a PPS with a constant amplitude can be done, for example, using the well-known high
order ambiguity function (HAF) [36] based parameters estimation for mono-component
PPS [18,19] and for multi-component signals [23,37-39]. The HAF based estimation is
an iterative process. In each iteration, the highest remaining coefficient of the PPS is
estimated and then subtracted. Therefore, estimation errors propagate to the lower order
coefficients. The product high order ambiguity function (PHAF) method, based on multi-
lag HAF, offers improved performance with a minor increase in computational complexity
[23]. The HAF based estimation methods, and specifically the PHAF, are very popular
as they are simple and relatively low complexity methods. Other methods for estimating
the parameters of a mono-component PPS include the phase unwrapping [40, 41], multi-
linear time-frequency representation [42], iterative methods [43], Wigner-Ville distribution
[44], nonlinear least-squares (NLS) [45], high-order phase function [46-48] and subspace
methods [49]. Solutions for multi-component PPS include the NLS method [50], separation

of the signal components [20] and multi-linear methods [51].

In some applications such as radar, sonar and communication, distortions caused by
scattering, fluctuations or multi-path phenomena result in a signal with time-varying am-
plitude [52-58]. Chirps with random amplitude are also used to model formants in speech

processing applications [59,60], electric currents in induction motor fault analysis [61], and
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Figure 1.1: Examples of animal harmonic chirps. Time domain samples and spectrogram
of (a,b) an echolocation call produced by an E. Nilssonii bat, (c,d) an echolocation call
produced by a G. melas whale and (e,f) a call of a Hippolais icterina bird.

animals sounds (bats, whales, dolphins, birds etc.).

Previous work on the analysis of time-varying amplitude signals can be divided into
two cases. The first case focuses on complex exponential signals (i.e. constant frequency).
Frequency estimation for such signals can be achieved using cyclic moments [52], least-
squares (LS) [53] and nonlinear least-squares estimator (NLSE) [62,63], subspace methods
[64], high-order spectra [65,66] and pulse-pair method [67]. The second case, which re-
ceived significantly less attention, considers the model of a mono-component chirp with
time-varying amplitude. Methods for parameter estimation of such signals include the
cyclic moment approach [54,59], NLSE and HAF based estimation [58], high-order instan-

taneous moments [68] and the Wigner-Ville distribution based methods [69, 70].

It is noteworthy to mention that most parameter estimation algorithms for multi-
component signals assume that the number of components, i.e. the model order, is known
a priori. Otherwise, an order selection rule should be applied. Statistical selection crite-
ria, such as the minimum description length (MDL), Akaike information criterion (AIC)
or maximum a posteriori probability (MAP) [71], has been successfully applied to multi-
components sinusoids [72, 73] and sinusoids with harmonic components [74], both assum-
ing a constant amplitude model. The statistical criteria are not applicable for random-

amplitudes. Therefore, a different approach is required. All multi-component methods
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for time-varying amplitudes mentioned above, assume that the number of components is
known.

Herein, we consider a class of multi-component chirps, where the components satisfy
a harmonic relation. For example, Fig. 1.1 presents three types of calls, produced by E.
Nilssonii bat [75], G. melas whale [76] and Hippolais icterina bird [77], showing harmonic
chirp signals with time-varying amplitude. The frequency of each component is an integer
multiple of the time-varying frequency of a fundamental chirp. We further assume that in
each observation window, the components can be approximated as an LFM chirp signal
and the number of harmonic components is unknown. As opposed to multi-component
signal, the harmonic components problem only involves estimating the parameters of the
fundamental chirp, as we only estimate the initial frequency and frequency rate of the
fundamental chirp. Estimation methods of these two parameters for such model have not
been presented in literature to date, and thus it is the motivation of the current work.

The model of harmonic components of a fundamental LEM chirp can be considered as
a special case of the multi-component chirps estimation problem. Obviously, one can argue
that the parameters of each harmonic component can be estimated using any of the multi-
component estimation method mentioned above. The parameters of the fundamental LFM
can then be determined, e.g. by properly averaging the previous estimates. However, as
we later show, this yields a sub-optimal estimation that does not achieve the Cramer-Rao
lower bound (CRLB), even in high SNR.

The work is divided into two parts. First, we consider the case of constant-amplitude

signals. Then, in the second part we consider signals with time-varying amplitudes.

1.2 Constant Amplitudes

We start by presenting two model order selection criteria, the MDL and AIC. Both of them
are based on the maximum likelihood estimator (MLE). We then derive the computation-
ally intensive MLE and suggest a reduced complexity estimator. Both estimators require
a two-dimensional high resolution search, in the order of N points to achieve the CRLB,
where NN is the number of samples. We present two low complexity suboptimal estimation
methods. The first is a modification of the well-known PHAF method for signals with
harmonic components. We then propose a new estimation method, harmonic separate-

estimate (Harmonic-SEES). It is based on the separate-estimate (SEES) approach, used



1.3. RANDOM AMPLITUDES 11

for estimating the coefficients of a constant modulus signals [20]. The Harmonic-SEES
uses the fast Fourier transform (FFT) to obtain a coarse estimation of the parameters and
separate the harmonic components. Once separated, the parameters are estimated using

a joint LS given the phases of the components.

We show that asymptotically, given a large number of data samples, the Harmonic-
SEES estimator is unbiased, and obtain a closed-form expression for its theoretical co-
variance matrix. We evaluate the computation load of all four estimation methods and
show that the MLE involves an order of N° and N* multiplications per harmonic com-
ponent for the exact and approximated solutions, respectively, and the Harmonic-SEES
only involves an order of N2logN multiplications per harmonic component, which is sub-
stantially smaller computational load. We show through simulations that the proposed
method achieves the CRLB in moderate to high SNR and can be used instead of the MLE

in order to estimate the number of harmonic components.

1.3 Random Amplitudes

We first present an iterative process by extending the NLSE presented in [58] for mono-
component chirp with random amplitude, to the current case of a harmonic LFM sig-
nal with a known number of components, which we term the iterative harmonic-NLSE
(IHNLSE). We then suggest a framework to determine the number of harmonic compo-
nents using peakedness measures evaluated for the spectrum of the residual signal. The
IHNLSE requires exhaustive search in the initial frequency-frequency rate space. We show
that, in order to achieve the optimal accuracy, a search resolution of N3 and N°® is required
for the initial frequency and frequency rate, respectively, where N is the number of sam-
ples. We further propose two low-complexity estimators to avoid such search. The first is
a modification of the HAF based estimation method [58]. The second is a modification of
the Harmonic-SEES method for random amplitude harmonic chirps, which we term the
harmonic random separate-estimate (HRA-SEES). Similarly to the NLSE and HAF based
estimator, in order to use the Harmonic-SEES method on random amplitude chirp, we
use the squared signal. We then modify the Harmonic-SEES steps to suit the transformed

signal.

We show that both methods can be successfully modified for harmonic LFM signals

with unknown number of harmonic components. We evaluate the computational load
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for each method and show that the IHNLSE involves an order of N4 multiplications per
harmonic component while the HAF and the HRA-SEES methods involve an order of N%/2
and N2logN multiplications per harmonic component, respectively. Simulations show that
the IHNLSE achieves its analytic asymptotic accuracy in medium to high SNR and that
both low-complexity methods yield good estimation results for high SNR. Two real-data

examples demonstrate the application of the HRA-SEES method to echolocation calls.

1.4 Problem Statement and Model Assumptions

Consider a discrete-time signal composed of M attenuated harmonic components observed

in the presence of noise,

M
x[n] = Zam[n]sm[n;a]—l—v[n],n:O,...,N—l (1.1)
m=1
where M is unknown, a,,[n] is the unknown amplitude of the mth harmonic, and v[n] is

a zero mean white circularly symmetric Gaussian discrete-time process representing the

2

<, uncorrelated with the amplitudes. We assume

additive noise with an unknown variance o
that the amplitudes can be described as a,,[n] = am,[n]e’¥™, where ¢, is the constant
phase of the m’th component. Generally, a,,[n] is a real time-varying process, where we
do not assume any kind of model for the amplitudes. This is a generalization of the signal
model presented in [58], for multi-component signal. In the constant amplitude model,

am[n] = |an| is a real, constant and positive attenuation. The m’th harmonic component

in discrete-time is
n=0,...,N—1

Smn; 0] = e?¢m[7 (1.2)
m=1,....M

where the phase is defined as ¢,,[n] = 2rm(6in + %927@2) where 0; = Fy/Fs and 0y =
Bo/F? are the normalized initial frequency and normalized frequency rate, where Fj is
the sampling frequency, Fpy is the initial frequency of the fundamental harmonic, and
Bo = B/T is the frequency rate of the fundamental harmonic, where B and T are the
signal bandwidth and duration time of the fundamental harmonic, respectively. Also,
N = TFj} is the total number of data samples. We assume that the length of the observed
signal equals the length of the chirp, which can be obtained by first detecting the presence

of the signal and then determining its start and end times. We further assume that



1.5. THESIS STRUCTURE 13

Fs > 2 - max{MFy, M (Fy + BoT)}, where the first and second arguments correspond to
the case of decreasing and increasing chirp harmonics, respectively. This implies that
|01] < 1/2 and |f2| < 1/(2N). Finally, note that the differences between the initial (or
final) frequencies of the chirps are Fy/Fs (or (Fy + BoT)/Fs) in case of increasing (or
decreasing) chirps. Thus, to ensure that the harmonic components are well separated,
we assume that the min{Fy/Fs, (Fy + foT)/Fs} > 0, where ¢ is a pre-defined frequency
interval. For simplicity, all frequencies mentioned hereafter are assumed to be normalized
by the sampling rate, F§, unless otherwise stated. Thus, the sampling rate is set to Fs = 1.

The problem herein is: Given N samples of the signal x[n], estimate the unknown

parameter vector, @ = [0, 05]7, and the model order, M.

1.5 Thesis Structure

This thesis is organized as follows. In Chapter 2 we briefly review methods for analyzing
chirp signals that are used in this work. In Chapter 3 we consider the case of constant
amplitudes model. We present statistical model order selection criteria, based on the
computationally intensive MLE. We develop a novel low-complexity estimation method,
discuss its strengths and limits, and show that it can successfully replace the MLE in
medium to high SNR. The more general case, of time-varying amplitudes is considered in
Chapter 4. We show that the MLE, and consequently the statistical model order selection
criteria, cannot be applied in that case. We suggest a model order selection framework and
develop the computationally intensive IHNLSE. Next, we extend the estimation method
developed for the constant amplitudes to time-varying amplitudes. Finally, in Chapter 5

we conclude the work and suggest some future research directions.
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Chapter 2

Background

2.1 Introduction

In this chapter we present a brief review of parameter estimation methods that can be
applied to LFM signals. There are countless methods for analyzing chirp signals. Here,
we focus on those who are related to this research and have been the foundation of our
work. We start by presenting the phase unwrapping method for parameter estimation of
mono-component LEM signals in Section 2.2. Next, we present the application of the HAF
for parameter estimation of PPS in Section 2.3. The HAF based methods are perhaps the
most popular when analyzing PPS. We show how the HAF can be used in order to estimate

the parameters of mono-component and multi-component PPS.

2.2 Phase Unwrapping Method

The phase unwrapping method for parameter estimation of mono-component LFM was
introduced by Djuric and Kay [29]. It uses the fact that, for mono-component chirp, the
entire information about the frequency is hidden in the phase of the signal. Consider an
LFM signal given by

2[n] = a - I2r@o+ont30am) 4 o) (2.1)

where v[n] is a circularly symmetric Gaussian additive noise. For high SNR, we can assume

that the signal can be approximated by

zn] =a- eI 27 (Bo-+01n-+502n%) +jeuln] (2.2)

15
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That is, the noise can be considered as a phase noise only. It can also be shown that &, [n]

is a real Gaussian process [29]. Therefore, the phase of the input signal is approximately

é[n] = <27r(6’0 + O+ %92112) +e [n]) mod 2r. (2.3)

In order to estimate the parameters we need to consider the unwrapped phase, ¢[n]. The
phase unwrapping method for LFM signals uses the fact that the second derivative of
the unwrapped phase is constant. Thus, the phase of the signal is also constant, despite
the modulo 27 operator, and therefore and can be easily extracted from the signal. The

second derivative is given by

A*$[n] = ¢ln] —29[n — 1] + [n + 2]
= A’¢[n]
= arg (z[n](z*[n — 1])%z[n — 2])

>~ 2, (2.4)

formn=2,...,N —1. Once A2g5[n] is extracted, the unwrapped phase can be obtained be

integrating twice. The first derivative is obtained as follows

Adln] = A%[n] + Adln — 1] (2.5)

And finally, the unwrapped phase is given by

¢[0] = arg(x[0]) (2.7)
Ag[l] = arg(z[0]2*[1]). (2.8)

The unwrapped phase can be written as a linear model of the parameters

é =2rHO + ¢, (2.9)
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where ¢ = [¢[0],..., 0[N —1]]T , &, = [e,[0],...,e,[N — 1]]7 and H = [1x, hy, hy] with
h; = [0,1,...,N — 1]T, hy = [02/2,12/2,...,(N — 1)2/2]T and 1y is the N x 1 vector

with all elements equal to one. The parameters can then be estimated using LS approach

0 = % (HTH) " H" . (2.10)

The phase unwrapping method is very simple and perform well in high SNR [29].
However, it suffers from a few problems. It requires that the unwrapped phase difference
between two consecutive samples should be less than 7. In addition, large phase unwrap-
ping errors occur if the phase difference, Aqg[n], is close to £m. It was extended for a
general P’th order PPS [40] but is not suitable for multi-component signals. A recursive
implementation of the phase unwrapping with a concurrent coefficients estimation was
suggested in [41]. The integration of the parameter estimation into the phase unwrapping

reduces the unwrapping errors and improve the performance of the method.

2.3 High Order Ambiguity Function

The HAF was first introduced for the parameter estimation of mono-component PPS with
a constant amplitude by Peleg and Porat [18]. It was later extended for PPS with random
or time-varying amplitudes [54,68], and to multi-component PPS [23,37-39]. Applying the
HAF to a multi-component signal introduces polynomial-phase cross-terms. However, they
are usually negligible relative to the auto-terms [39]. The simplicity and low-complexity
of the HAF based estimation, along with its good performance, make it very popular and

a standard method for parameter estimation of PPS.

We now present a short summary of the HAF based estimation for mono-component

PPS. The high-order instantaneous moments of z[n] are define as

xin, 7] = x[n]
xa[n, 7] = x1[n|xi[n — 7;7]
zi[n, 7] = xr_1[n]ri_qi[n—T1;7] (2.11)

where 7 is a delay, in samples. The Kth order ambiguity function of x[n] is define as the
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discrete time Fourier transform (DTFT) of the Kth order instantaneous moment

N-1
Xk(0,7)= Z zxc[n, ]e I, (2.12)
n=0
Consider a Pth order PPS given by
z[n] = e2ml] (2.13)

where ¢[n] = Z;f:o 6,nP. The second order instantaneous moment of x[n| is given by

xo[n, 7| = z[n]z*[n — 7]

_  f2melnl —2mjgln—7]

eI2m(dn]—g[n—7]) (2.14)
The delayed phase, ¢[n — 7], is

P
oln—1] = Y Op(n—1)

p=0
P p D
_ —k _k
- Zep [Z <k> (=7)P""n ]
p=0 k=0
P ~
= > 6Opn”. (2.15)
p=0
where 9~p = kP:_éJ (p;;k) (—T)k p+k. Note that 6p = Op. Therefore, we get that
P—1 )
on] —on—1] = (0 — 6p)nP. (2.16)
p=0

That is, the second order instantaneous moment reduces the degree of the polynomial
phase, which is the basis of all HAF based estimation methods. Furthermore, the highest
remaining coefficient, given by 0p_; — Op_1 = P70p, depends only on 6p and 7. By
repeating the process P — 1 times, it can be shown that the Pth order instantaneous
moment is a complex exponential (i.e. constant frequency signal), with frequency that

depends only on #p and 7. Therefore, fp can be estimated by maximizing the Pth order
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HAF [23]

Op = argénax{|Xp(6’,T)|}. (2.17)

pPlrP-1

Next, we obtain from z[n| a (P — 1)th order PPS as
xao[n] = x[n]e_jépnp (2.18)

and repeat the process to obtain ép_l, and so on. The HAF based method transform a

P-dimensional problem to P one-dimensional problems.

The HAF based method is an iterative process. Every time, the highest remaining
coeflicient is estimated and then subtracted from the signal. It therefore suffers from error
propagation phenomenon. Estimation errors in any of the coefficients propagate to the

lower order coefficients.

As mentioned above, the HAF of multi-component PPS contains cross-terms. That is,
products of each component with delayed replicas of all the other components. The peaks
corresponding to the cross terms are negligible relative to the peaks of the auto-terms in
the HAF [39]. Therefore, the HAF can be considered almost additive, which allows the
extension of HAF based estimation to multi-component PPS, under the assumption that
the highest order coefficients do not coincide [23]. Consider a multi-component Pth order

PPS given by

M
x[n] = Z Ape?2m ™ (2.19)

m=1

where ¢[n] = Z;::o Qém)np , and A,, is the amplitude of the mth component and M is the

number of components. The highest order coefficients of each component, {ng)}M

1, are
estimated by selecting the M highest peaks in
1
Pl P-1 |XP(97T)| (220)
Then, a set of M demodulated signals is obtained as
(m)r 1 _ —j6 ) np _
xy [n] =z[nle”?P " m=1,..., M. (2.21)

Each signal x(Qm) [n] contains a (P — 1)th order PPS, which is the mth component, and

M — 1 other components that are transformed by (2.21) to a different Pth order PPS.

Therefore, the rest of the coefficients of the mth component can be estimated using the
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HAF based method of order (P — 1) on xgm) [n] [23].

2.4 Discussion

In this chapter, we reviewed two methods for parameter estimation of LFM signals that are
relevant to this research. Both methods are very simple, have low computational complex-
ity and perform well in good SNR conditions. The first is the phase unwrapping method,
which is suitable only for mono-component signals. The phase unwrapping method offers
simple and closed form estimator but suffers from high sensitivity when the phase of the
signal approaches =m. The second is the HAF based estimation method, perhaps the most
popular method for estimating the parameters of PPS. This is an order-recursive method
where each time the highest remaining coefficient is estimated and eliminated. There-
fore it suffers from error propagation, where estimation errors in high order coefficients
propagates to the lower order ones. The HAF based estimator was first introduced for

mono-component signals but was successfully applied also to multi-component signals.



Chapter 3

Constant Amplitude Model

3.1 Introduction

In this chapter, we consider the case of harmonic LFM with constant amplitudes. Common
model order criteria select the number of harmonics based on the MLE. In Section 3.3, we
develop exact and approximated MLE of these parameters and the CRLB of the estimator.
To avoid an exhaustive search in the initial frequency-frequency rate space involved by
those estimators, we propose two alternative low-complexity estimation methods. First
we present an extension of the PHAF estimation method developed originally for multi-
component PPS in Section 3.4. Next we propose a novel two-step estimation method in
Section 3.5, which we term the Harmonic-SEES. The first step separates the signal to its
harmonic components. Then, in the second step, the parameters of interest are estimated
using least squares method given the phases of the harmonic components. The method
is compared to the exact and approximated MLE and to the well-known HAF based
method. Finally, in Section 3.6 we present numerical simulations and real data examples
that demonstrate that the proposed low-complexity method can successfully replace the
MLE in the model order criteria at moderate to high SNR. Since the estimates obtained
by the proposed method achieve the CRLB at these SNR values.

3.1.1 Notation

In this chapter we use the following vector form notations. By collecting the N samples

of the received signal in (1.1) we obtain a compact vector-form model given as,

x=Syay+v (3.1)

21
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where we define x = [z[0],...,2[N — 1]]7, Sas = [s1(0), - - ,sp(0)],
sm(0) = [sm[0;0],...,5m[N — 1;0)]T, ap = [a1,...,an]T, and v = [v][0],...,v[N — 1]]T.
The unknown parameter vector of the model is ¥ = [67, al; 02T, where 6 = [0;,02]" is

v

the parameter vector of interest.

3.2 Model Order Selection

When the number of harmonics is unknown, a model order selection criterion should be
used to choose the correct order, M. Two commonly used criteria are the MDL and
AIC [71]. Both have the same form, which includes two terms: 1) the minimum of the
negative log-likelihood function, £(t|m), where 4 is the MLE of % and 2) a penalty
term, a monotonically increasing function w.r.t. the model order designed to prevent over

estimation, p(m). That is

~

M = argmin {mdz)n L(p|m) +p(m)} .

m=1,...,D
~ arguin {e@Im) +p(m) } (3.2)

where D is the highest possible model order.

In the current case, the observation vector in (3.1) is distributed as a complex multi-
variate circularly Gaussian random vector, x ~ Ne(Sp,anm, agl ~N), where Iy is the N x N
identity matrix. The negative log likelihood function of the signal in (3.1) is obtained by
taking the natural logarithm of its probability density function (pdf) conditioned on both
the parameter vector, ¥, and an assumed model order m. The minimum of the negative
log likelihood is given by

1

2
207

U(ep|m) =

. 112 N )
X — SmamH + 5108?(%) + log(K) (3.3)

where K is a constant and (-) denotes the MLE estimate given a number of harmonics.

The penalty terms for each criterion are given by [78]

1(2m + 2)log(N), MDL
p(m) =4 (34)
2m + 2, AIC

where 2m + 2 is the number of unknown parameters. A Bayesian approach can also be
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used to derive a MAP selection criterion. However, the result, for this case, is equivalent

to the MDL criterion [24].

3.3 Maximum Likelihood Estimation

We present an exact MLE for a given number of harmonics, which requires an exhaustive
search in the normalized initial frequency - frequency rate space, and involves a large
number of computations at each candidate point in this space. It is known that chirps
with different time varying frequencies are almost orthogonal. Based on this result and
in order to reduce the computations, we further derive the approximated MLE. We term
this estimator as the Harmochirp-gram since it extends the idea of the Harmogram [7]
used for estimating harmonic sinusoids (see Appendix A). This estimator still requires a
search in the normalized initial frequency-frequency rate space. However, the cost function
obtained requires less computations at each point in this space. Simulation results show
that the orthogonality approximation is reasonable as the estimation performances of both

estimators are similar.

3.3.1 The Exact MLE

As noted above, the MLE of % is found by minimizing (3.3). Assuming some model order,
m, the MLE of a,,, denoted by &,,, is obtained by taking the derivative of (3.3) w.r.t. all,
and equating the derivative to zero. This results in &, = (SZS,,)"!SHx. Substituting

this estimate in (3.3) yields the MLE of 6, denoted by 9$4LE),

(MLE)

0 = arg;nax {Q.(0) = x"Pg, x} (3.5)
where Pg, = S,,(SZS,,)71S is the projection matrix of S,,.

In Fig. 3.1 we present an illustration of the cost function, Q.(6), in the (61, 62) space.
The cost function is composed from a narrow ridge, centered around the location of the true
parameters and several local maximums at normalized initial frequency and normalized
frequency rates that are half, twice, four times etc. the true fundamental normalized initial
frequency and normalized frequency rate, where in high noise scenario, the estimator may
yield false estimates.

Unfortunately, there is no closed-form expression for this estimator. Therefore, a two-

dimensional exhaustive search in the initial frequency-frequency rate is required. Finally,
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Figure 3.1: Illustration of the cost function of the exact MLE.
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taking the derivative w.r.t. o2 and equating to zero yields

v,m

1 .
62, = NXH P x (3.6)
where lf’é-m = Iy — Pg, . Substituting (3.6) into (3.3) results in

(ablm) = 5+ T10g(62,) + los(K) (37)

Substituting (3.7) into (3.2) and discarding all constants yields

~

2
M = argmin {log(&%m) + p(m)} . (3.8)
m=1,...,D ’ N

3.3.2 The Approximated MLE

The basic assumption of the approximated MLE is that for large number of samples,
the cross-product between the ¢th and kth harmonic components (¢ # k) is negligible
w.r.t. N, ie., Zivz_ol sy[n]sk[n] < N. We thus obtain that, for large number of samples,
SHS = NI,;. We can then replace the cost function Q.(8) in (3.5) by Q. (0) = ||Sx||? =
SM s (0)x[2. We further note that

m=1

N—
’ Z xszg)[n]efj%mom 2

n=0

—

Qa(o) =

NE

3
I

702) (mo)|? (3.9)

m

I
P_ﬂ:

where

202)[n] = wn)e I2ramoen’ (3.10)

and 792 (m6,) = SN 202 [p]e=32mmbin s the DTFT of 29 [n] computed at the nor-
malized frequency m#;. We term the cost function in (3.9) as the Harmochirp-gram. In
addition, (3.10) is termed the de-chirping of z[n] since it transforms a chirp with frequency

rate of mfs into a constant frequency signal.

The estimated parameters using (3.9) are not the exact MLE for finite data lengths, but
are asymptotically efficient when the number of samples is large. To obtain these estimates
we actually perform the following steps for each candidate point (01,62): 1) given 6, we

de-chirp the observed signal with a set of normalized frequency rates {mﬂg}%[:l which
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yields the signals {xq(g [n]}M_,: 2) Taking the DTFT of each de-chirped signal, :c5722)[n],

m=1>

at normalized frequency, {m#;})_,, and combining the absolute values of the M DTFT

m=1
at these frequencies (the second step is similar to the Harmogram technique [7] which is

used to estimate the fundamental frequency of harmonic sinusoids).

Observe that by substituting (1.1) into (3.10) and assuming that 62 equals the true

normalized frequency rate, 02, we get that

20 [n] = qpei?mmoLon + 7,0 [1] + vy 1] (3.11)

: . s _jonl 2
where 610 is the true normalized initial frequency , vg,,[n] = v[n]e 92T2m%20m"  and

o1 /1. 2 . . . .
79,00 = Zﬁil ape??m2(k=m)02,0n 0j2mk01n gre the de-chirped noise and the residual term

k#m
due to de-chriping the other harmonic components. That is,

292 [n](mb)) = anD(m(610 — 01)) + Ty o (M) + Vg, o (M) (3.12)

where D(6) = ZnN:_OI e72m0" is the Dirichlet kernel which equals N at §# = 0. Assume
that the noise term in (3.12) is negligible and consider the case where 6; = 6. The
first term then equals a,, /N while the second term is approximately zero according to the
analysis in [79]. Approximately, the value of Q,(€) in (3.9) at the true point is then
Qa(010,020) = N 2 Z%zl |am|? which means that the Harmochirp-gram combines the

energies of all the harmonic components together.

In order to understand how large the number of samples is required to be in order for
the orthogonality assumption to hold, we wish to examine the ratio between the main and

first diagonals of S8

2

N—
N Z —j27( 01n+ 92n) ) (313)

Sg(g)Serl

rON) = | (08, ()

Note that (3.13) is independent of m and thus holds for each m = 1,..., M. For 6, = 0,
we get that 7(0, N) is the magnitude of the DTFT of a rectangular window with length
N. Fig. 3.2 present (0, N) versus N - ¢ for three different values of #5. As it can be seen,
02 has a scaling effect on (6, N). Again, considering the case of 3 = 0, then (6, N)
has a local minimum at N -d =k, k= 1,2, ..., a side-lobe level of —13dB and side-lobes

fall rate of —6dB/octave [80]. Hence, in order to assure more than 20dB attenuation, we
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r(6,N)

Figure 3.2: The ratio between the main and first diagonals of S”S

require that

N > % (3.14)

Note that the scaling, caused by 62, means that (3.14) ensures that the cross product

between two components is sufficiently small for each 65.

3.3.3 The Cramer-Rao Lower Bound

The covariance matrix of any unbiased estimate of 1, denoted by cov(z]z) =F [(12) —1/1)(1;0—
¥)1], is lower bounded by the inverse of the Fisher information matrix (FIM), denoted by

J¢’¢, that is, cov(e) > J;plﬂp, where

Jog Jog. O
_ T
Jpap = | I Jaa O (3.15)

07 07 Jyz.2
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where the sub-matrices of J Wpap Are shown to be given by (see Appendix C)

An? | 2W1 Wy
v WQ W3

Jan = & (878),  (878) (3.17)

’ 7 | ~(s"s); (s"s),
or | 2(U1); 2(Uy),

Jga = (3.18)
7 i (Uz);  (Ug),

Q
SN

where x, = R{x} and x; = I{x} denote the real and imaginary parts of x, respec-
tively. Also, W; = ||QU+D/28Da|?, i = 1,2,3 , U; = a/DTSHQ’S, i = 1,2 with D =
diag(1,2,..., M) and Q = diag(0,1,..., N — 1), where we defined A¥ = diag(a¥, ... ,a’z)
for real k. Using the matrix inversion lemma [78, App. A] we get that the CRLB on 0 is
then given by

cov(9) > (Jg g — J9adandg.) (3.19)

where cov(0) = E[(6 — 0)(0 — 6)7] is the covariance of 6.

The Large-Samples Approximation of the CRLB

Observe that the terms {SHQ“S}ﬁzo appears in the expressions of Jg g and Jg , via the
matrices {W;}3_,, and {U;}2 ;. The (¢, k)th element of {SHQ“S}}_, is given by,

N-1
s/ (0)QVs(6) = > nUe=I2m(t=k)302,0n” o—j2m(E=k)01,0n (3.20)
n=0

The value of S#Q"S along the main diagonal is ij _01 n*, which for N > 1, is approx-

imately N“t1/(u 4 1). We assume that for N > 1, SHQus = M1

u+1

I/, i.e., we neglect

the off-diagonal terms of the matrix. We thus obtain after few simple mathematical steps
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that the different FIM in (3.16)-(3.18) are approximately given as

T2 N3 %aHDQa NaflD?2a

J = 3.21
0.6 oy NaflD2a %aHDQa ( )
2N
Ja,a = 721M (3.22)
O-'U
Jg, = 2rN? | —a/D & D (3.23)
® oy —%aiTD %a;:FD

Substituting (3.21)-(3.23) in (3.19) yields that the large-samples CRLB on the parameter

vector @ is given by,

1 o2 24 B

cov(0) > 7 2 Nl (3.24)
D2 2N3 45 90
aM apr ™ -5 Nz

The large-samples CRLB on the estimation error of the normalized initial frequency and

frequency rate are,

2402 1
Elg?2] > Z—2v _ —
0] = m2 N3 afiD2a

2
1
,E[Hg] > 9007

N5 afDla” (3.25)

Observe that a’D2%a = M m2ja,, 2 < M m? = (M + 1)M(2M + 1)/6, where
the inequality holds for |a,,| < 1. By estimating the normalized initial frequency and
frequency rate using all the M harmonic components, we improve the estimation error
w.r.t. M3. Furthermore, the estimation accuracy of §; and #y decrease as 1/N3/ 2 and
1/N 5/2 respectively, which can be obtained using the DTFT as is being used by the

Harmochirp-gram.

3.3.4 Computational Load

We evaluate the computational complexity of the Harmochirp-gram and the MLE method
by calculating the number of on-line real multiplications involved in each method. Consider
first the Harmochirp-gram in (3.9). Assume that the number of possible values of 6; and
05 are n1 and nso, respectively. At each point, we perform M times de-chirping and DTFT
at a single frequency. The de-chirping and the squared magnitude of the DTFT requires
O(N) multiplications. The total number of real multiplications is O (nyneMN). Using
the fact that |¢1] < 1/2 and |02| < 1/(2N) and the CRLB, n; and ng should be in the order
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of N3/2 in order to achieve the CRLB. Therefore the complexity of the Harmochirp-gram
is O (N*M). The exact MLE involves the calculation of (3.5) at each point. This requires
inversion of an M x M matrix and multiplication of an N x M matrix by M x N matrix.

Assuming N > M, the total complexity of the exact MLE is O (N SM )

3.4 Product High Order Ambiguity Function

The PHAF method for estimating parameters of a multi component PPS was introduced
in [23]. It is a low complexity sub-optimal estimation method that uses multi-lag HAF
[18] to reduce the dimension of the problem to one dimensional search. We now wish to
present the methods and its application to the estimation of the parameters of harmonic
LFM signals.
The second order ambiguity function is defined as [23]
N-1
Xo(0;7) = Z xa[n; T]e_j%en (3.26)
n=0
where z3[n; 7| = x[n]z*[n — 7] and 7 is a delay, in samples. The ambiguity function, when
applied to LFM, transform the signal into a complex sinusoids [23]. That is, x9[n; 7] will be
a sum of M complex sinusoids at the frequencies 6,, = Tm#y. Therefore, X2(0;7) should
have M strong peaks at the expected frequencies. Given a set of L lags, T = [r1,...,7z],

the PHAF is defined as a product of L scaled second order ambiguity functions

L
Xo(0;7) = HXQ(QTg/Tl; ). (3.27)
(=1
The scaling procedure aligns the sinusoids to the same frequency. Hence, X»(0;7) will
have very strong peaks at § = 7109, ...,71M603. Note that (3.26) is constructed using a
DTFT. Thus, a high resolution search is still required. However, as opposed to the MLE,
the problem is now reduced to a one dimensional search. As we showed, the required
resolution in order to achieve the CRLB is 1/N%/2,

Following the estimation procedure for a multi-component signals from [23], the param-
eters are estimated as follows. First, the frequency rates of each component ,éél), e ééM),
are estimated separately by picking the M highest peaks in (3.27). Then, M de-chirped
signals are defined as

Tm[n] = x[n]e*ﬂ“%éémnz. (3.28)
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Each de-chirped signal should be composed of a complex sinusoid in presence of interfering

harmonics. The initial frequency of each component ,égl), . ,égM), are thus estimated as
égm) — arg max z,,[n]e /2"01m, (3.29)
01

We define the estimated parameters vectors é(m) = [é%m),éém)}T, m=1,...,M. We

define a mapping of the components numbers, f : [1,M] — [1, M], such that égf(l)) <

égf(z)) < ... < é%f(M)). Then, the parameters can be estimated by solving the following

LS problem
oA _ arg uin 1AN6 — O] (3.30)
where
Ay = | B 0| (3.31)
Or 8m
0, is the n x 1 vector with all elements equal to zero, gy = [1,..., M]T and 8y =

U QU gy Al an),

1 o, 0 T Solving the above problem yields

- (PHAF)

0 )

M
1 (f(m
— (AT Aw) AT Ox = - mo!! (3.32)
L —

where Cyy = Z%zl m? = 3(M + 1)M(2M +1).

A A
¥) can be substituted in (3.6) instead of the 6™ in order

~ (PH
Once 0 is estimated, 0(
to estimate the conditional negative log-likelihood and select the number of harmonics

according to (3.8).

A major problem with the PHAF based estimation is that the parameters are estimated
separately. Therefore, the estimation error of the frequency rate will propagate to the

estimation of the initial frequency [23].

3.4.1 Accuracy Analysis

For a single LFM component at high SNR, the PHAF method is known to achieve the

CRLB [23]. That is, we assume that the estimated parameters of each component, 9(f(m)),

is given by 9(f(m)) = m@ + &™) where €™ is a zeros-mean Gaussian process with a

covariance given by the CRLB for a single LFM. Therefore, according to (3.24), we assume
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that
1 o2 24 -4
(m)y— =~ “vm N
e = 3.33
cor(e™) = s B | T (3.33)
N N?Z
where o2, accounts for the additive noise and the interference of the other compo-

v,m
nents. We further assume that the errors of any two components are uncorrelated, i.e.
E[(e™)He®)] = 0 for m # k. The estimations of each component actually are corre-
lated but we model that as an interference that contribute more noise. As noted in [23],

analyzing ng is very complicated. We can therefore conclude that

M 2

. 24 mog .,
var(f;) = ’ (3.34)
Cym2N3 mz—l am’2
M 2
~ 90 moy m
var(fh) = Cym2N> Z |t |2 (3.35)
m=1 m

In order to compare the PHAF estimator to the optimal estimator, we examine the ratio

between the variance of the MLE and that of the PHAF method

H(PHAF M
var(O AT S mo ] oM a2
var(é,gMLE) ) Cum o2
M M
S Dm0y /|am[® Yoy mP|am |
2
Cm o
M o0 M
_1m/la
— ZmICM” m| > mPlam|® (3.36)
m=1
1 M
_ Ci(ZmS—I—Zme\ap/amF)
Mom=1 m#p

o Zpam® _3M M+1
Z,Af:lm?_ 2 2M +1
3M M+1  3M

2 2M+2 4

(3.37)

for kK = 1,2. The MLE is asymptotically efficient. Therefore, from the last result, we get
that for M > 2 the PHAF estimator cannot, even in high SNR, achieve the CRLB. As
shown before, the MLE error improves by a factor of M3. From the last result it seems
that the PHAF estimator improves only by a factor of M?2. Generally, since aﬁ,m > 02,

this is not a tight lower bound and the actual error should be even higher.
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3.4.2 Computational Load

The construction of the PHAF in (3.27) involves calculation of a DTFT L times, each
requires O(N) multiplications per frequency. The number of frequency rate candidates
required to achieve the best possible approximation is in the order of N°/2 /N. The total
number of multiplications required to construct (3.27) is therefore O(N°/2L). Next, M
DTFTs, one for each de-chirped signals are required. The number of frequencies in this
step is in the order of N3/2. The complexity of the initial frequencies estimation is therefore
O(N®/2M). The last step, the LS, requires O(M) multiplications which is negligible. To
conclude, the PHAF method involves O(N®?(L 4+ M)) multiplications. Since L should
be a small number, this is substantially less than the complexity of the Harmochirp-gram

estimator.

3.5 The Harmonic Separate-Estimate Method

The use of the DTFT, as demonstrated in the numerical results, makes it possible to
achieve the CRLB. However, it requires large number of computations. This complexity
can be reduced using the discrete Fourier transform (DFT) which is more attractive due
to its efficient implementation, the FFT. However, the frequency resolution of the DFT is
limited proportionally to the inverse of the number of samples, i.e., 1/N. To overcome this
resolution limit but still exploits the low complexity of the DFT, we suggest a suboptimal
estimator, the Harmonic-SEES.

We suggest a two-step method to estimate 61 and 65 of the harmonic chirps (see Fig.
3.3). First, separate the signal to its harmonic components and then jointly estimate the 6;
and 6y from the phases of the signals using an LS approach. The computationally efficient
DFT is used in a separate step to obtain a coarse normalized frequency rate estimate, and
this estimate is further refined within the second step using the LS principle. We show
that asymptotically, that is, given large number of data samples, the Harmonic-SEES
estimator is unbiased, and obtain a closed-form expression for its theoretical covariance
matrix.

The outputs of the separate step are M reconstructed harmonic components of the
original signal. We design M processors where each processor is composed of three blocks
(See Fig. 3.5): 1) de-chirping; 2) frequency filtering; 3) reconstruction. The first block

eliminates the quadratic term of the phase of the mth harmonic component and retains
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Figure 3.3: The Harmonic-SEES estimator.

the linear term of the phase only. The second block transforms the de-chirped signal to the
frequency domain using DFT, and removes interferences from other harmonic components
using a filter which is tuned to the frequency of the mth complex exponential. In the
third block the de-chirped and filtered signal is back transformed to the time domain
using inverse DFT (IDFT), and is multiplied by a chirp with a normalized frequency rate
equals to the de-chirping frequency rate used in the first block of the mth processor. This
processing chain assumes that the de-chirping value is given. Hence, we first perform a
pre-processing step where we select the suitable de-chirping value. We next describe the

separate step in details.

De-chirping selection

We define a set of L de-chirping normalized frequency rates (L > M) denoted by =
{02.1,...,621}. For each 634 € Q, we define a corresponding harmonic de-chirping set,

denoted by Qp = {02,202¢,..., M6} and define the mth de-chirped signal, denoted by

Xem = [Xem[0], ..., e m [N — 1]]7, where m = 1,..., M as
Xem = D(mbag)x (3.38)
D(mby,) = diag(l,...,e I2mamP2e(N-1?%) (3.39)

If 05 ¢ equals the true normalized frequency rate, we get an attenuated complex exponential
in the presence of other interfering harmonic components and noise. We thus compute the
DFT z,,[n] at the kth frequency bin as Zy,, k] = Zf;ol xg’m[n]efj%ﬁk", k=0,...,N—1.

By defining the DFT vector X¢, = [Z0.m[0], - - ., Zem[N — 1] we obtain,

%o = Wxgm Y E WD (mbs,)x (3.40)
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where W is the N x N DFT transformation matrix. If the de-chirping set
Qp ={624,2024,..., M0} equals to the true set of normalized frequency rates of the M
harmonic components, given by {620,262, ..., M6}, then X, is the sampled Dirichlet

function where the value of the peak of Xy, is N|a| (neglecting the noise). By summing

M

—1 lam|?, which is the

the values of all peaks together, we obtain a value equals to N2y
energy of the harmonic signal. Any other hypothesized normalized frequency rate will
result in a smaller value. Hence, we need to define a criterion for selecting the suitable

de-chirping value. One possibility is to select the normalized frequency as,

M
05 = argmax Z |0, [£5259) (85,0)] | (3.41)

GgygEQ m=1

where :zm[qu? ax) (62,0)] is the maximum value of Xy, [k], and the location of the maximum
is,

k(ma%) (6y) = argmax|Zg,, [k]]. (3.42)
k

Another possibility is to use a Harmogram-like criterion that will exploit the relationship

between the expected {k,(;bn ) (A2)}. The normalized frequency is selected as

M

0 = T [ME]|. 4
9 argmaxmkaxz:\x& [mk]| (3.43)

(PWISY m—1

Other possible selection criteria can be based on computing the sparsity of Xy ,,, e.g., its
Kurtosis [81].

As an illustrative example, consider the case of a fundamental LFM where ¢; = 0.1,
6, = 107°, N = 1024. The number of harmonic component is M = 5. By de-chirping
with each candidate, and then calculating the magnitude of the DFT of each de-chirped
signal, we obtain a de-chirping map. An example of the map is presented in Fig. 3.4. The
map contains M = 5 peaks marked on the figure. The peaks are aligned on a straight
line, also marked on the figure. The chirp rate selection in (3.43) can be thought of as
summing M equispaced points along a straight line in the map.

Note that this process, as can be seen from the example, is very similar to the approx-
imated MLE cost function maximization. However, there are two key differences. First,
the number of candidate chirp rate required is very small relative to the MLE since this
is only a coarse estimate. Second, the use of DF'T, rather than the DTFT, reduces the

complexity due to its efficient implementation, the FFT.
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Figure 3.4: De-chriping map of z[n] for M = 5. The 5 peaks are marked in circles
aligned on the straight marked line.

Moreover, this process is also closely related to the FrFT (See Appendix B). Recall
that the FrFT also involves a de-chirping process. Similarly, when the rotation angle of
the FrFT is matched to the frequency rate, the result is a delta function. Therefore the
optimal rotation order, and thus a coarse estimate of the frequency rate, can be obtained
by sweeping through a set of rotation angles and using sparsity measures to select the
optimal. This idea was used to create a high resolution time-frequency representation for
chirps [82,83] and for parameter estimation of multi-component LFM signals [34].

In order to compensate the poor resolution obtained by that process we preform LS
estimation given the phase of each component. But first, the components must be sepa-

rated.

Separating the harmonic components

Given 6y, We filter X¢m in the frequency domain with a bandpass filter of length ¢ (a
pre-defined frequency interval that ensures the harmonic components are well separated)
expressed by the matrix,

T T

T T
(2% (9,)—5 /2 L5, OkaS,‘;l‘“) (52)75/2] ) (3.44)

Y, = diag ([o

where 1,, is the n x 1 vector with all elements equal to one.
As mentioned above, when 0 = 6, then X¢,m is a complex exponential whose DFT,

X¢,m, is a Dirichlet function. However, this is not the case in general. The mth component
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Figure 3.5: Scheme of the separate step.

in x¢,, should be an LFM with a very small bandwidth. Assume that the search grid
{0275}4L:1 is uniformly spaced such that d = 03 11 — 6. Then the bandwidth of the LFM
should be no more than Nd. Therefore, in order to avoid filtering the desired signal, the
length of the filter should satisfy 6 > Nd. However, increasing the filter length introduces

more noise into the filtered signal which can cause poor estimation.

The filtered signal in the frequency domain is,

= _ by (3.40 ~

Sm = YmXem v (3:40) Y,,WD,,,(m#bs)x. (3.45)
Ideally, this process retains an attenuated complex exponential with a frequency equals to
the normalized initial frequency of the mth harmonic component. To obtain the original
harmonic component of the chirp, we perform an IDFT followed by a chirp multiplication,

i.e.,

§,.(8) = D(mbs)"WH3, ™ & G, x (3.46)
where by substituting (3.45) into (3.46) we define
G, = D(mby) "WHY,, WD (m#-). (3.47)
We thus obtain a set of M reconstructed harmonic components, {§1(8),...,8y(0)}, of

the observed signal.

Assume that {8,,(6)}M_, are filtered without interference from other harmonic com-

ponents. We therefore get that,

Sm[n; 0] = \am\ej“pmsm[n; 0] + emn] = \§m(n)|ej‘£m[”] (3.48)
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where [8,,(n)| and bm [n] are the absolute value and phase of §,,[n; 0], respectively, e,,[n] is
the nth element of e,, = G,,v. Assuming that small errors are present, i.e., |e,,[n]| < |am],
m =1,..., M, it can be shown using a first order Taylor series that the magnitude and

phase in (3.48) are approximately,

3mln]| = llam| cos(dm[n] + ¢m) + R{em[n]}

+j(lam|sin(¢m[n] + om) + S{em[n]})]

> ap| + R{em[n]eIFmeIOmnly (3.49)
S et ((S0(0m[n] + em) + S{em[n]}
Om[n] =t <cos(¢)m[n] + om) + ﬂ%{em[n]}>

12

Pm[n] + pm — sin(dm[n] + om)R{em[n]}

+ cos(Pm[n] + om)S{em[n]}

12

Dmn] + ©m + S{em[n]e 7¥meIomnly (3.50)

We assume the magnitude of the filtered signal §,,[n; 0] is approximately |a,,|. The infor-
mation on the normalized initial frequency and frequency rate is hidden in the wrapped
phases {¢nm [n]}ﬁz_o{’é/lzl. However, to estimate the normalized initial frequency and fre-

quency rate, we need to consider the unwrapped phase.

3.5.1 Phase Unwrapping

First, we present parameters estimation given the unwrapped phases of {q&m [n) nN;017 de-

noted by {¢m[n]}V='. In case of LFM signals, the unwrapped phase can be found by

n=0 *

integrating the second derivative of the phase of the signal [29] given by

A2$m[n] = ém[n] - 2(5771[” — 1]+ &m[n — 2]

= arg(8m[n](35,[n — 1])*5m[n — 2]) (3.51)

for n =2,..., N. The motivation is that the second derivative of the phase of an LFM is

constant and as such, can be extracted from the signal. By integrating A2¢,, [n] we obtain

Abpln] = A2¢n[n] + Adp[n — 1] (3.52)
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where we define Ag,,[1] = arg(5,,[0]5%,[1]). And the unwrapped phase is given by

¢m[0] = arg(5,[0])
= ¢m(0) mod 2 (3.53)
dm[n] = Aém[n]+ émn—1], n=1,...,N. (3.54)

We further assume that the noises are small enough such that they do not cause any 7

jumps in the unwrapping procedure. The unwrapped phase at the end of this step is

~ ~

1
Om[n] = dm[n] = om + 2rm(01n + 502712) + em[n] (3.55)
where we define the error term e,,[n] = S{en[n]e 79me79mlM}. Define the vector of
phase measurements obtained from the mth reconstructed harmonic component, §,,(8),
by @, 2 [6m 0], ..., dm[N —1]]T. Collecting all the measurements in (3.55) we obtain an

approximate linear model for 6; and 6, given ¢, [n], i.e.,

G = omln +2rmHO + e, ,m=1,.... M (3.56)

where H = [hy, hy] with hy =[0,1,..., N — 1], and hy = [0%/2,1%/2,...,(N — 1)2/2]T.

Also, €y = [em[0], ..., em[N — 1]]T = 3{e7¥ms* (0) ® e, } where ® is the Hadamard
(dot) product. The unknown parameters {¢,}*_, and the unknown vector @ are esti-

mated using an LS method as follows,

M
« ~T . ~
{emim=1,0 1" = argmin > |, — emly — 2rmHO|? (3.57)
{omIM_,.0 mi—1

Taking the derivative of (3.57) w.r.t. ¢, and equating the result to zero yields that
Gm = (1N (b, — 2rmHO). Substituting @y, into (3.57), taking the derivative

w.r.t. 8 and equating the result to zero yields that the estimate of 0 is,
6 = H"P{H)'HTP|Ww (3.58)

where P{ = Iy — 1y(1%1y) 1%, & = [@[0],...,¥[N - 1]]T = ﬁ M mé,,.

m=1
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3.5.2 Joint Phase Unwrapping and Least Squares

The phase unwrapping process as described above assumes that the unwrapped phase does
not change by more then m between two consecutive samples. That is, we assume that
|Adp[n]| < 7. If | Ay, [n]] is close to 7, the processes becomes very sensitive to noise [41].

To overcome that problem, a joint phase unwrapping and parameters estimation
method was proposed in [41] using a recursive processing. This eliminates the need to
perform phase unwrapping prior to the estimation process. Rather, the unwrapping is
performed sample at a time given the current estimation of the parameters yielding a
more robust process.

Let f[n] = [@T[n], éT[n]]T, where @[n] = [p1[n], ..., o [n]]T, be the estimated pa-
rameters at the nth step of the filter. Then, the unwrapped phase is given by

~

¢[n] = H[n|f[n] + e[n] (3.59)
where
2mn n?
Hn] = | Iy : : (3.60)
2nMn wMn?
én] = [1[n),...,ou[n)]" and e[n] = [e1[n],...,en[n]]T. The phase error of the mth

harmonic component is defined as &, = S{e /¥mdiag(s?,(0))en}.
The algorithm is initialized with an estimate given L > M +2 samples of the unwrapped

phased using a conventional unwrapping algorithm, as suggested above,
~ -1 o
AlL] = (HLHL) Hi¢, (3.61)

where Hy = [HT[0],...,HT[L — 1]]” and ¢, = [¢ [0],....¢ [L — 1]]T. Following the

initialization process, the algorithm iterates through three steps forn =L+1,..., N — 1.

A~

1. Predict: ¢[n+ 1|n] = H[n + 1|9[n]

2. Unwrap: o¢p[n+ 1] = arg (ém [n + 1]e_j‘5"b["+1‘”]) + dm[n + 1|n]

3. Update: n[n+ 1] =nn] + Ky <¢[n +1] - Hn+ 1]ﬁ[n]) where
Kpy1 = (H:£+1Hn+1)71

be computed off-line.

H”[n + 1]. Note that K, is not data dependent and can



3.5. THE HARMONIC SEPARATE-ESTIMATE METHOD 41

~ (SEES
The estimated parameters are obtained from the final step, 0( )

= @[N —1]. The recur-
sive processing used for the parameters estimation is equivalent to a batch LS estimation

given the unwrapped phase [84]. That is,

AL AN -1 = (HH)  H ¢ (3.62)

where H 2 Hy_; and ¢ £ (Q)N_l.

~ (SEES
Again, once 0( ) is estimated, the number of harmonics can be selected by substi-

(ML

tuting the estimate into (3.6) instead of the @ ®) for each possible value of M.

3.5.3 Accuracy Analysis

We evaluate the bias and covariance of the estimate 7) given in (3.62) when it is estimated
in the presence of noise. Since both estimation method are equivalent, the analysis should
hold to the estimate in (3.58). Substituting (3.56) into (3.62) yields that the estimate of
7 is given by

i=n+ (HH) 'He (3.63)

where € = [eT]0],...,eT[N — 1]]T. Note that Ele,] = E[3{e 7%ms%,(0) © ey}] =
S{e IPms¥ (0) ® G, E[v]} = Oy, where we substitute G,,v instead of e,,. This means
that E[e] = Ons and therefore 7) is approximately unbiased.

The covariance of 7, is given by

cov() = (HTH) ' H cov(¢p)H (H'H) '

— (HTH) 'Hcov(e)H (H'H)

(3.64)

The covariance of the noise, cov(e), is a NM x NM block matrix composed of N2 blocks
of M x M matrices of the form cov(e[n]e™[k]). Using the facts that E[S{v}R{v}T] is a
zero matrix, while E[R{v}R{v}T] = B[S3{v}S{v}?] = 02 /21, it can be shown that

2
Elemen] = %%{diag(STn(9))GmGﬁ/diag((Sm'(9))T)} (3.65)

Substituting (3.65) in (3.64) yields the covariance matrix of 6. In the simulation results
we show that the asymptotic covariance in (3.64) coincides with the CRLB. However, this

covariance result only holds for large N and small noise.
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Table 3.1: Comparison of the Four Estimation Methods.
Threshold SNR and Efficiency From Fig. 3.7

Method Complexity Thgf\?gdd Ag?ﬁnclizzzgc
MLE O (N°M) -10dB Yes
Harmochirp-gram @) (N M ) -10dB Yes
PHAF O(NS2(L + M)) 13dB No
Harmonic-SEES 0 (N 2logNM ) 5dB Yes

3.5.4 Computational Load

The first step in the Harmonic-SEES method is to create the vector X, ,, in (3.40). This
is done by multiplying the input with a diagonal matrix D, which requires 2N multi-
plications, and performing DFT (using FFT), which involves O (NlogN) multiplications.
This is done M times for each possible value. The total number of real multiplications
required for the de-chirping selection is O (NlogN - LM). Since the de-chirping process
and the DFT block in the frequency filtering part is already performed in the de-chirping
selection, no more multiplications are required. Next, the vectors §,, are created in (3.45)
by multiplying each harmonic component with a diagonal matrix Y,,, which requires 2NV
multiplications. The reconstruction of each harmonic component is O (Nlog/N') multiplica-
tions, similarly to the de-chirping selection. Therefore, the complexity of the separate step
in total is O (NlogN - (L + M)M). Finally, the estimation of both parameters is done by
the recursive process. Since the gain is not data dependent, it can be computed off-line.
Therefore each iteration requires O (M 2) multiplications. since there are N iterations,
the total complexity of the estimation process is O (N M 2). Combining both steps and
assuming L > M results in a total of O (NlogN - LM ) multiplications. The de-chirping
selection is only a rough estimate of 05, therefore there is no need to search with resolution
that corresponds to the CRLB and L can be in the order of N. In that case, the total
number of real multiplications for the Harmonic-SEES method is therefore O (N 2logNM )
which is substantially less than that of the Harmochirp-gram. A comparison between com-

putational complexity of each method is presented in Table 3.1.

The low computational complexity of the proposed algorithm makes it more suitable for
real-time applications. Furthermore, due to the recursive implementation of the estimation

step, the estimated parameters can be updated on-line.



3.6. NUMERICAL RESULTS 43

(S

i.‘_‘ ------ B35 : 1| =© MLE 1
e Harmochirp—gram |/

Al ‘E= = im-—- L8 =08 - Harmonic—SEES

RMSE

Figure 3.6: RMSE for the exact MLE, approximated MLE and Harmonic-SEES
estimator including the CRLB vs. the number of samples.

3.6 Numerical Results

We present numerical examples that compare the performance of the MLE, Harmochirp-
gram, PHAF and the proposed Harmonic-SEES methods. We start with synthetic simu-

lations and then present real data results.

3.6.1 Simulations

In each simulation we consider M = 3 harmonics. The amplitudes of the harmonic
components are given as a,, = 2\ "™e/¥m m = 1,..., M, where ¢, is a uniformly dis-
tributed phase. The noise power o2 is adjusted to give the desired SNR defined as
SNR = 10log;, (Zmzl lam|?/ UU) [dB]. In each simulation we evaluated the root mean

square error (RMSE) defined as RMSE(6y) \/pr N”P 0;“ —0r)?, k = 1,2 where
91,7; and 0271- are the estimate of ¢; and 6 at the ith trial, respectively and N, = 500
is the number of Monte-Carlo independent trials. The phases of the amplitudes are gen-
erated once for all trials. For comparison, in each simulation we compared the results
with the associated CRLB. First, we wish to examine the orthogonality assumption, pre-
sented in Section 3.3.2. The parameters of the fundamental chirp are given by 6; = 0.05
and 6, = 10~* and the SNR is set to 15dB. The requirement of the number of samples in
(3.14) in this caseis N > 3/ = 3/6; = 60. The filter’s width for the harmonic components
separation was 6 samples. We examine the performance of the exact and approximated

MLE for number of samples ranging from N = 16 up to N = 128. The RMSE for both
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Figure 3.7: RMSE for each estimator including the CRLB vs. SNR.

parameters versus the number of samples is presented in Fig 3.6. It can be seen that
when the number of samples satisfies (3.14), the Harmochirp-gram performs similarly to
the MLE. The Harmonic-SEES method requires more samples and performs well in this
case for V > 96. This is because for smaller number of samples the harmonic components
are not well separated and cannot be properly filtered. The peaks of the PHAF becomes
wider as the number of samples decreases. For the specified number of samples the peaks
were not separable and the PHAF method was unable to detect the three components.
Therefore the results are not presented for this case. Next, we compare the RMSE of the
estimated normalized initial frequency and frequency rate versus the SNR for the MLE,
Harmochirp-gram, PHAF and Harmonic-SEES methods. The parameters of the funda-
mental chirp are given by 6; = 0.1 and 63 = 10~*. The number of samples is N = 512,
far more than the requirement in (3.14). For the PHAF method, L = 4 lags are used with
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T =[50, 100, 150, 200] samples. We consider SNR values from —15[dB] to 21[dB] in steps
of 2[dB]. Those settings are used in the simulations hereafter unless otherwise stated. The
RMSE results are presented in Fig 3.7. The CRLB and the theoretical lower bound of the
PHAF method, according to (3.36), are also plotted for both parameters. The MLE and
Harmochirp-gram perform similarly and achieve the CRLB for both parameters. For SNR
above 5[dB] the Harmonic-SEES method also achieves the CRLB. The PHAF estimator
does not reach its lower bound. This is expected as it is not a tight bound. The error

seems to converge to around 1.5 times the lower bound for SNR of 13[dB] or more.

Fig 3.8 present the scattering of the estimate errors, i.e., 1 = 6, — 01, €0 = 0y — 0o, of
the MLE and Harmonic-SEES methods along with a theoretical and actual 50% confidence
level ellipses for SNR values of -1[dB] and 7[dB]. For the lower SNR value, the Harmonic-
SEES method does not achieve the CRLB and thus the actual confidence level ellipse is
larger than the theoretical one. For the higher SNR the ellipse of the Harmonic-SEES
coincides with that of the CRLB.

We now compare the performance of the model order selection using the MDL and AIC
criteria for the MLE, PHAF and Harmonic-SEES methods. We evaluate the probability
].\E’i“’ 1,,_p; where 1 is

1=

of detecting the correct model order, pg defined as pg = ﬁzp >
the indicator function. The pg versus SNR results are presented in Fig. 3.9. For both
MDL and AIC criteria, the model order estimator that uses the Harmonic-SEES always
estimates correctly for SNR values of 5[dB] or more. Not surprisingly, this is the threshold
SNR for which the CRLB is achieved. The AIC performs slightly better then the MLE
for both MLE and the Harmonic-SEES estimator. The PHAF method achieves perfect

selection at around 11[dB] with both criteria perform equally.

Finally, we evaluate the sensitivity of the Harmonic-SEES method and the MLE to
vibrations in the frequency. The mth harmonic component is simulated with an instanta-
neous frequency given by f,[n] = m(61(1 + d¢ - sin(27 fyn)) + 02n). The SNR is fixed to
10[dB] and we examine different values of both parameters, 65 and f,. The RMSE versus
05 is presented in Fig. 3.10 for both estimated parameters, where each plot shows the error
for different values of f,. The PHAF performed poorly in this case and the results are not
presented. Clearly, the estimator is very sensitive to changes in the assumed frequency
model. The performance of the estimator is better for higher values of f,. For the highest
value of f,, the proposed method performs similarly to the MLE for 6; < 0.3, which is

30% from the initial frequency.
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Figure 3.9: Probability of correct model order selection for each estimator.
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Figure 3.10: RMSE of the Harmonic-SEES estimator and the MLE versus vibrations in
the instantaneous frequency.
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Figure 3.11: Model order selection and parameter estimation of an echolocation call
produced by an E. Nilssonii bat. The diamonds mark peaks detection in the
spectrogram.

3.6.2 Real Data

We demonstrate the model order selection and the parameter estimation of a recording
of an echolocation call produced by an E. nilssonii bat [75]. The signal is about 40ms
long and is sampled at Fy = 250kHz. It is divided into segments of N = 300 samples.
In each segment, the parameter and model order were estimated using the AIC criterion.
A spectrogram of the signal is presented in Fig. 3.11. The signal seems to have four
harmonic components but the last one is very weak and is hardly detected. The estimated
frequencies are plotted in dashes line on top of the spectrogram and the selected model
order, using the AIC criterion, is plotted above. The results for the MDL were very similar
and thus not presented. The markers on the spectrogram corresponds to a peak detection
at each time frame. Clearly, the fundamental chirp is less dominant, yet it is detected the
entire time.

Next, we demonstrate the model order selection and the parameter estimation of a
recording of an echolocation call produced by a G. melas whale [76]. The signal is about
600ms long and is sampled to Fy = 44.1kHz. Again, the signal is divided into segments
of N = 300 samples and the results are presented in Fig. 3.12 in the same format as the
previous example. Once again, the AIC and MDL performed similarly and the latter is
not presented. The fundamental frequency line is always detected. The higher harmonics,
starting from the 5th, are very weak and not detected most of the time. The first part

of the signal contains an interference which is not detected. The interference is relatively
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Figure 3.12: Model order selection and parameter estimation of an echolocation call
produced by a G. melas whale. The diamonds mark peaks detection in the spectrogram.

strong, comparing to each harmonic component, but not strong enough when combining

all the harmonic components together.

3.7 Conclusion

We considered the problem of estimating the parameters of harmonic linear chirps with
constant amplitudes when the number of harmonic components is unknown. We started
by presenting a model order selection criteria based on maximum likelihood, in order
to estimate the number of harmonics. The exact and approximated MLE have large
computation load due to a two-dimensional exhaustive search in the parameter space.
We suggested a two-step estimation method, the Harmonic-SEES, that first separates the
signal to its harmonic components, and then estimates the two parameters of interest
using a joint least squares method given the phases of the harmonic components. The
computational complexity of the proposed estimator is much smaller than that of the
maximum likelihood estimators. We also presented the PHAF method and compared it
to the proposed method. Simulations show that the proposed two-step estimator achieves
the CRLB at moderate or high signal to noise ratio and that the suboptimal estimators

can be used instead of the MLE in order to estimate the number of harmonics.
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Chapter 4

Random Amplitude Model

4.1 Introduction

We now consider the case of harmonic LFM with time-varying amplitudes. We start by
presenting the NLSEfor mono-component LFM with random amplitude in Section 4.2, and
explain in Section 4.3 the difficulty in applying the same idea of nonlinear optimization to
multi-component or harmonic LFM signals. In Section 4.4 we develop the IHNLSE, which
is based on the NLSE and involves large number of computations as it requires high resolu-
tion search in the initial frequency and frequency rate parameter space. As an alternative,
in Section 4.5 we suggest two sub-optimal low-complexity estimators. The first is based on
the HAF, which reduces the problem to a one-dimensional search. The second method ap-
plies the Harmonic-SEES method, which was used for constant amplitude harmonic chirps.
We present modifications of both methods for harmonic chirps with random amplitudes.
We also provide a framework for estimating the number of harmonic components. Finally
in Section 4.6 we present some numerical examples. Simulations show that the proposed
IHNLSE achieves its asymptotic accuracy in medium to high SNR and while both low-
complexity estimators perform well in high SNR. Real data examples demonstrate the

performance of the Harmonic-SEES on random amplitude real-life signals.

4.2 Mono-Component NLSE

We present the NLSE of the parameters of harmonic linear chirp with random amplitudes.
We start by presenting the estimator for a mono-component LFM with a random amplitude

[58]. Next, we show that the maximization involved in the mono-component case cannot

o1
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be solved for a multi-component signal and provide a motivation for the iterative approach

presented in the next section.

To start, consider a single LFM with a constant amplitude

x[n] = as[n; 0] + vin] (4.1)
where s[n; 0] = ¢’ 2m(01nt53020%) and g is a complex constant amplitude. The MLE of 6 is
given by

1= |
é — = 7j27r(91n+792n2)
argénaxN Z: x[nle 2
n=0
£ argmax Q(z, ). (4.2)
0

We see that the MLE is based on considering the maximum of the squared absolute of a
matched filtering process where the signal x[n] is matched to a complex conjugate chirp
with the same model as the original chirp signal. An intuitive explanation of this estimator
can be given be examining the values of Q(z, 8) at its maximum, the point where 0 equals
the true parameters of the signal, 8. In the absence of noise we get, by substituting (1.1)

with M =1 into (4.2), that

N-1

> a

n=0

Q(,6) = % — Na? (4.3)

which is the entire energy of the signal.

We now generalize the previous case and consider a single chirp with random amplitude.
The chirp parameters, 8, and amplitude, a[n], can be estimated using NLS approach by

minimizing the following criterion [58]

N—-1 2
6,a[n] = argmin Z x[n] — a[n]e_jZW(91”+%92”2) . (4.4)

070‘[”} n=0

By taking the derivatives w.r.t. a[n] and 6,and equating to zero, the NLSE for the chirp
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parameters is [58, Appendix A]

1 N-1
— %7 1 2
arg maxﬁ Z ZL‘Q[TL]S j2m 2(91n+292n )
0 n=0

argénax %L(x, 0). (4.5)

D>
|

From (4.5) it is clear that the NLSE for 0 has a similar structure as the MLE in (4.2) with
two modifications: (1) the values of the chirp parameters are twice that of the original
chirp, (2) the chirp is matched to 2[n] instead of x[n] as with the MLE. The value of the

NLSE at its maximum ignoring noise is given by

L(z,0) = ~ B, (4.6)

where FEj is the energy of the signal. When the amplitude is a random process, the squaring
of the signal in the NLSE results in the energy of the signal just as in the MLE. That is,
the NLSE extends the idea of the MLE to signals with random amplitude.

4.3 Harmonic Components NLSE

We now consider the case of harmonic chirp. We start by assuming that the number of
harmonic components, M, is known. Similar to the estimator in (4.4), we define the NLS

criterion, using (1.1), as

0. {am[n]}o—1 =

Z_: <x[n] — Z am[n]smn; 0])
n=0 m=1

2
(4.7)

arg min

0 {am[nl}}_,

Attempting to take the derivatives w.r.t. a,[n] for each n and m and equate the results
to zero yields a set of N equations with M - N unknowns, which is an under-determined
problem. For a single component LFM, on the other hand, taking the derivatives of (4.4)
w.r.t. a[n] yields a set of N equations with N unknowns, which guaranties a solution to
(4.4). Note that if we were to assume a specific model of the amplitudes, with a parameters
vector A, then (4.7) can be optimized w.r.t. A [58].

We therefore wish to adapt the main idea of the NLSE solution for mono-component

chirp, which is based on squaring the signal before the estimation process, in order to
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sum its entire energy. For that purpose, we first explore the form of z2[n] in the multi-

component case,

M
2?In] = ) ax[nlap[n]siln; 6]sy[n; 6]
k,p=1
M
+2 Z am[n)8m[n; O)v[n] + v [n]
2Mm—1
= Z am[n)sm[n; 0]
m=2 y
42 " am[n)smn; OJvln] + v°[n] (4.8)
m=1
where
M
am[n] = Z agnlap[n]litp=m, m =2,3,...,2M (4.9)
k,p=1

and 1 is the indicator function, that equals 1 if k+p = m and 0 otherwise. Since the noise
is a zero mean random process and it is uncorrelated with the amplitudes, the product
between the harmonic components and the noise is regarded as additional noise rather

than a harmonic signal that can be used in the estimation process. We can therefore

define
2’[n] =) m[nsm[n; 0] + 9[n] (4.10)

where @[n] is composed of the squared noise, v%[n], and all the products in (4.8) between
the noise and the harmonic components. Note that in low SNR, by squaring the signal the
noise is actually amplified and we can expect degraded performance. It can be seen that
x2[n] is composed of 2M — 1 LFM components where the first component has parameters
that are twice that of the original fundamental LFM. That is, 2M — 1 harmonic LFM
components with the fundamental chirp absent. Clearly, squaring the signal imposes a
constraint on the possible range for the parameters. In order to avoid aliasing, we assume
that the initial frequency and frequency rate satisfy that fi,q. < 1, where fra. = 2M 6

Or fimaz = 2M (02 + NO3) for decreasing or increasing chirp, respectively.

Example 1: As an illustrative example, consider the case of a fundamental LFM where
61 = 0.1, 85 = 107>, N = 1024. The number of harmonic components is M = 3 and the
amplitudes are generated as an independent Gaussian processes with mean 1 and variance

0.25 each. The NLSE cost function defined in (4.5), L(x, 8), is presented in Fig. 4.1(a).
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Figure 4.1: The NLSE cost function, L(z,8). (a) The entire range of possible
parameters, (b) Enlarged area around the strongest peak.

There are five peaks, marked in circles, corresponding to the five harmonic components
in 22[n]. The peaks are well separated. In a close region around each peak, L(z,0) is
similar to that of a single component signal. Surrounding each peak there are a few minor
peaks. Figure 4.1(b) shows a small area around the strongest peak, surrounding the local
maxima. These peaks can be higher than those belong to the other components, as is the
case with the strong peak in the middle. Due to the presence of these minor peaks, it
is impossible to estimate the parameters by simply locating the 2M — 1 highest peaks in

L(x,0). A possible estimation approach is suggested in the next section.

4.4 Iterative NLSE for Harmonic Chirps

We suggest an iterative approach based on the NLSE for a single component chirp, which
we term for simplicity as the IHNLSE. We start by presenting an estimator and derive
its asymptotic bias and variance under the assuming that the number of components is
known. Next, we show how peakedness measures of the spectrum of the signal can be

used to estimate the number of components when it is unknown.

4.4.1 Known Model Order

Recall that L(z, ) has 2M — 1 peaks corresponding to the harmonic components in z%[n).
At each iteration, the global maximum of L(x, @) is located. Then, the component corre-
sponding to the peak found is filtered from the signal using a de-modulation and filtering

scheme proposed in [85]. Note that standard band-pass linear filtering cannot be applied
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since the harmonic components may overlap in frequency.

More specifically, we use z1[n] = x?[n] and estimate its strongest component using

(1)

(4.5). The estimated parameters are denoted by 6~ = [99,«9&1)]. Next, we wish to

filter the components whose parameters were found from the signal, so that in the next

(1)

iteration, L(z,8) will not have a global maximum at ' . The random amplitude is not

estimated, therefore we cannot reconstruct the component and subtract it from the signal.

N

The estimated parameters, 0( ), are used to construct the normalized chirp

s[n; 29(1)] = 72201 n+3057n?) (4.11)

(1
In order to filter the estimated component, the signal is modulated by s*[n; 29( )], filtered
with a high-pass filter designed to remove frequencies around zero and then modulated

back by s[n; 29(1)]. The resulted signal is given by

1) « hlnl)sfn; 20"

za[n] = ((x1]n]s*[n; 20 (4.12)
where h[n] is the high-pass filter and * denotes convolution. Note that the random ampli-
tudes are not subtracted from the signal, only their chirp modulation. The resulted signal

can be approximated as

x2[n] ~ Z am[n)sm[n; 0] + ap[n] + 0[n] (4.13)
mz#p

where

A(1)]

ayln] = ((@pln]s*n; 26")) = h[n])sln; 26 (4.14)

for some p € {2,...,2M}. We assume that filtering any signal, y[n|, with h[n| yields
y[n] = hin] ~ y[n] — 1/N SV y[n]. Therefore

n=0
ap[n] = ap[n] — pa, (4.15)

where g, = E{ay[n]}. The process is repeated with z3[n] to obtain 0" and so on, with a

~(1 ~(2M—1
total of 2M — 1 times to obtain the set 0( ), ey 0( ). Since the number of components,
M, is assumed to be known, the stopping condition for the iterative process is also known
(i.e. after 2M — 1 iterations). If this assumption does not hold then a stopping condition,

or model order selection rule, is required. This matter is discussed in detail later.
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Each of the 2M — 1 vectors estimated above is a multiple of the parameter vector of
the fundamental chirp, 8. Thus, the parameters of interest can be estimated by properly
averaging the estimated components. But first we have to associate each vector, é(m),
with the right component, as there is no guaranty that it belongs to the m’th component.
In order to do so we sort the set of estimated parameters. We define a mapping, f(m) :
[2,2M] — [1,2M — 1], such that égf(z)) < égf(?’)) <...< égf(ZM)). Then, the parameters

can be estimated by solving the following LS problem

6 = argmin | A0 — 6] (4.16)
0
where
0
Ay — | B M (4.17)
Or 8gMm
where 0,, is the n x 1 vector with all elements equal to zero, gys = [2,...,2M]T and

Oy = [0%?,053}]? Where 05\’? = [é,gf@)),...,é,gf@M))], for k = 1,2. Solving the above

optimization problem yields

2 m))
mo "

=2

6= (AT, Ay) AT, 0, = (4.18)

1
Cwm
m

where Cjy = S2M m?2 = §(M +1)M(2M + 1). The complete process is summarized in
Algorithm 1.

Algorithm 1 Iterative Harmonic-NLSE (IHNLSE)
Input:

z[n] - Input signal

M - Model order
Output:

6 - Estimated parameters

r1[n] « 22[n]
form+1,....2M — 1 do

5(m)

0 <+ argmax L(x,,0)

0
Empi[n] — (@m[n]s*[n:20"™]) * h[n])s[n; 20"

9nd for

0« (AT AM) AT 00 = 52 mb
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4.4.2 Accuracy Analysis

We evaluate the accuracy of the proposed IHNLSE by examining its bias and variance.

At each step the signal of interest can be expressed as

wpln] = dpln]sy[n; 6] + Ty[n]. (4.19)

The noise, Up[n], is composed of the other harmonics as well as the squared noise. Without

loss of generality, we assume that the components are estimated in order, i.e. f(p) = p.

From (4.8) and (4.13) it can be seen that, when estimating é(p), p=2,...,2M, the noise

is given by

p—1 2M

Am[n]+ Y am[n]sm[n; 6]

m=2 m=p+1

M
+2 Z am|n]sm(n; O)v[n] 4+ v2[n). (4.20)

m=1

We start by deriving the asymptotic bias and variance of é(p). Assuming the amplitudes,

am[n], and noise, v[n|, are uncorrelated, it can be shown that

2M
E{x[n]} = > fa, smln; 0. (4.21)

m=p

In order to show that the estimator is asymptotically unbiased, we show that, asymptoti-

cally, L(zp, 0 (p)) /N achieves a global maximum at 0" = pO [58]

) . )
Lol 07) = N%;N\“pv p>\

- Lm — ; (p)}

4.22
N—oo N ( )

Following [58], it can be shown that

lim — 3 E{a2n)}sin; 0] (4.23)
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and therefore we obtain

Loo(z,, é(p))

I
5
| =

“Sm[n; 0]s1[n; é(p)]’ . (4.24)

The cross-product of two chirps with different parameters is negligible w.r.t. N for suffi-

ciently large value of N. Therefore

Loo(2p,0 0 —mO) (4.25)

That is, L(po, )/N has 2M —p+1 peaks at each m@ for m = p,...,2M with a mag-
nitude of ug,,. Since we assume that the components are estimated in order, the last result
implies that pa, > pa, > ... > pay,, and consequently L(z,,p@) > L(x,, m@), Ym > p.

Therefore we conclude that

arg max {Loo(a:p, é(p))} = pl (4.26)
H(P)
0
and thus the estimator is asymptotically unbiased.

Proposition 1: The asymptotic variance of 9(p) s given by

24 tr{R,} o2 +0.50%

Ua'r(égp)) = aNg 2 (4.27)
ap
- 90 tr{R,}o2+0.50.
var(@ép)) = 2 (4.28)

where R, is the M X M cross-correlation matriz of the amplitudes whose elements are
given by
Ra[k, (] = E{ax[n]ag[n]}. (4.29)

PRrROOF: See Appendix D. [ |

Proposition 2: For a single harmonic, i.e. M =1, the results (4.27) and (4.28) con-
verge to the asymptotic variance presented in [58] for the NLSE of a mono-component

LFM.
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ProOF: For M = 1, we get that tr {R,} = R, = E{a?}. In addition, @; = a?[n] and
therefore 2 = E{ai}?. Substituting tr {R,} and pZ into (4.27) and (4.28) yields the
same result as in [58], except for a small difference in the frequency normalization, i.e. a

factor of 2w and 7 for the initial frequency and frequency rate, respectively. |

So far we obtained the asymptotic bias and variance of the estimator in each step of the
THNLSE. In order to evaluate the overall asymptotic bias and variance of the IHNLSE, we
assume that the estimators are approximately uncorrelated. This is not accurate, but can
be assumed since the components are well separated in L(z, ). Since the mono-component
estimator is asymptotically unbiased, it is clear that the IHNLSE is also asymptotically

unbiased. The asymptotic variance is given by

| M
var(fy) = oo Z m? . Var(9§f(m)))
M pm=2

24

. 1 M .
var(f2) = o Z m? - Var(eéf(m)))
M pm=2

90

= ——7 4.31
T2N°C?, M (4:31)

where 7y = (tr {R,} 02 4 0.50%) S2M m?/p2 .
Note that the last result implies that in order to achieve the optimal accuracy, a

search resolution of N3/2 and N®/2 is required for the initial frequency and frequency rate,

respectively.

4.4.3 Computational Load

We evaluate the computational complexity of the IHNLSE by calculating the number of
on-line multiplications. Each iteration of the process involves a two-dimensional search. In
order to achieve the possible accuracy, a search resolution of 1/N3/2 and 1/N°/? is required
for the initial frequency and frequency rate, respectively. That means that there are an
order of N3/2. N?/2 /N = N3 search point. Each point requires the calculation of the cost
function, L(x, @), which can be done using O(N) multiplications. The modulation and
filtering of the signal is also perform using O(N) multiplications. Therefore, the complexity
of each iteration is O(N?). Since there are 2M — 1 iterations, the total computational

complexity of the IHNLSE is O(N*M).
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Figure 4.2: Spectrum of z,, for (a) m =1 (i.e. 22), (b) m =2, (c) m = 3,(d) m =4, (e)
m =75, (f) m =6 (ie. 2M).

4.4.4 Unknown Model Order

As mentioned above, when the number of harmonic components is unknown, a model
order selection criterion is required. Methods such as MDL or AIC are commonly used
and successfully applied to multicomponent and harmonic chirps in the previous chapter.
Both involve the maximum likelihood cost function [78], which requires estimates of the
parameters and amplitudes of each component. Since that the IHNLSE cannot be used to
estimate the amplitudes, these criteria are not useful. We therefore suggest to incorporate

a detection process in the IHNLSE to determine the number of components.

Example 1 (cont.): As an example, to illustrate the idea of this process, Fig. 4.2
presents the spectrum of x,,[n] for each iteration of the IHNLSE, i.e. m = 1,...,2M,
where z[n| is the same signal as in Example 1. Figure 4.2(a) shows the spectrum of
x1[n] = 22[n], with the five harmonic components apparent. After the first iteration, the
strongest component is filtered using the process described in the previous subsection, as
can be seen in Fig. 4.2(b). The process is repeated 2M — 1 times. Finally, when all
harmonic components are filtered, the spectrum, showed in Fig. 4.2(f), has no major

peaks and its power is overall lower than the previous iterations.

We can therefore detect the number of harmonic components by examining a peaked-

ness measure of the spectrum of x,,[n]. Such measures were presented in [81]. Particularly,
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Table 4.1: Definition of Peakedness Measures for X (™) [k]

Measure ‘ Definition ‘
Energy Level S XM [E] |2
. > X E]*

Kurtosis A pgn)l[k](mf[ :

_ 2 XTVIR]]
Hoyer VN - T
Hg > [ X k] log| X ™ [k] |2
Hg > log| X M[k] 12

we examine the Kurtosis, Hoyer, Shannon entropy (Hg) and Gaussian entropy (H¢g) mea-
sures. In addition, we examine the energy level of the signal as a measure. Definitions for
all measures are presented in Table 4.1 for the spectrum of z,,[n], denoted by X (™ [n].
The measures for the signal from Example 1 are presented in Fig 4.3. The measures
are normalized so that they equal 1 at m = 1. All measures reach a certain level at
m = 2M and change very little afterwards, with the exception of the Gaussian entropy
measure which is almost not effected and thus not suitable for our purpose. The number

of harmonic components can estimated as

M = argn?lin {Sp(2m) + p-(2m)} (4.32)

where Sp(m) is a spectrum peakedness measure at the m’th iteration and p, is a mono-
tonically increasing (w.r.t. m) regularization to prevent over estimation. The iterative

harmonic-NLSE with model order selection (IHNLSE-MO) is summarized in Algorithm 2.

4.5 Low Complexity Estimators

In order to avoid the high resolution, two-dimensional search required for the IHNLSE, We
present two low complexity estimators. The first is a modification of the HAF estimator
[58] for a single component LFM with a random amplitude. The second is a modification

of the Harmonic-SEES, for constant-amplitude harmonic chirps.

4.5.1 A Modified HAF Estimator

In order to avoid the high-resolution two-dimensional search involved in the NLSE, a

suboptimal estimation method was proposed in [58] based on the HAF. We first explain
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Figure 4.3: Peakedness measures and energy level of the spectrum of z,, for Example 1.
Measures are normalized so that they equal 1 at m = 1.

Algorithm 2 Iterative Harmonic-NLSE for Unknown Model Order (IHNLSE-MO)

Input:

z[n] - Input signal

D - Maximum possible model order
Output:

6 - Estimated parameters

M - Estimated model order

r1[n] + 22[n]
form«+ 1,...,D do

Sp(m) < Peakedness measure of z,,[n]

(1)

0 < argmax L(z,,0)

Emi[n] — (@m[n]s*[:20"™]) * hin])s[n; 20"
end for

~

M = arg min {Sp(2m) + pr(2m)}

PR S
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in short the HAF method for a mono-component case. For a single LFM, the discrete

ambiguity function is given by

pln] = a*[nleln+ K

_ a[n]a[n+k]ej27r(01k+%02k2)ej27r(92k:n)

+vp[n] (4.33)

for some constant k, where v,[n] is the transformed noise given by v,[n] = a[n]*s*[n, 8]v[n+
kl+v*[nla[n+k]sin+k, 8]+ v*[n|vin+k]. The signal pg[n] is a sinusoid with a time-varying
random amplitude in presence of non-Gaussian noise. The chirp rate, 62, can be obtained
from pj using the LS approach again. This time, however, the result is a one dimensional

search problem. It can be shown that [58]

N-1
A 1 o 5

0y = o Ar8 max Z o2 [n]e_72”92"2 . (4.34)

02 n=0

Once 6, is estimated according to (4.34), we determine 6; as
1 N-1 P
01 = o A8 max Z a2 [p)eI2m02n" g =j2m-20un | (4.35)
61 n=0

Note that (4.34) and (4.35) essentially find the maximum of the absolute value of the
DTFT of pi[n] and z?[n], respectively. Additionally, it is worth noting that pi[n] is
equivalent to the second order ambiguity function of 22[n]. As can be seen, the solution
for random-amplitude signal is similar to the constant amplitude except the squaring of

the signal, just as in the NLSE.

Now, we return to the problem of harmonic signals. We wish to obtain an expression

for pg[n):

M
peln] = Y am[nlagen + ksh,[n; 0] [n + k; 6]

m,m/=1

+vp[n]
M
= Z am[n]am[n + k]s;,[n; 0)sm[n + k; 0]
m=1
+ Z am[n)an n + k|s;, [n; 0]sp[n + k; 6]

m#£m/

+v,[n). (4.36)
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From (4.33) we know that the first sum results in harmonic sinusoids of order M at
frequencies kfs, 2k6s, . .., M kfy with random amplitudes. The second sum in (4.36) is the
cross terms between the harmonic components. Substituting (1.2) into (4.36), it can be

shown that

S5, O)smn + k; 0] = 2O =) (Ount0an?)

.e—jQﬂm'(91k+%92k2) (437)

where 0; = 6; + m'kfl/(m’ —m). That is, the cross terms in (4.36) are also LEM signals.
So the problem becomes estimating from pg[n] the fundamental frequency of harmonic
sinusoid with random amplitude in presence of the transformed noise and LFM signals.
From (4.36) and (4.8), it can be shown that p?[n] contains random amplitude harmonic
sinusoids of order 2M with the fundamental frequency missing. That is, 2M — 1 sinusoids
at frequencies 2k0y, 3k0s, ..., 2Mkfy. The LS approach used to obtain (4.34) and (4.35),
results in maximizing a DTFT. In case of harmonic signals, instead of using the DTFT, we
apply the idea of the Harmogram [7], a method for estimating the fundamental frequency
of an harmonic series of sinusoids. The chirp rate, 62, can be estimated using a modified

Harmogram criterion

1 2M |N—1 i

A~ - 2

Oy = 7 arg max Z Z p2[n)e~d2mmoan”) (4.38)
62 m=2 | n=0

Once B is estimated, we define the set of the following M signals
Tm|n] = x[n)ed? 5 02n® (4.39)

This is termed de-chirping since that for ég = 09, each x,,[n| is a single sinusoid with
random amplitude in the presence of other harmonic components and noise. Finally, 6; is

estimated using a modified Harmogram approach as well

1 M |N—-1 X
01 = —arg max Z Z z2 [n]e~iFmmoin| (4.40)
1 m=1|n=0

Note that for M = 1, (4.38) is clearly the same as (4.34). Then, by substituting (4.39) for
m = 1 into (4.40), we obtain the exact expression as in (4.35). That is, for M = 1, the

solution is exactly the same as the mono-component case.
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The HAF based method reduces the problem to two one-dimensional problems, but
does not change the search resolution required to achieve optimal performance. The
construction of the cost function in (4.38) requires O(N M) multiplications per frequency.
The number of frequency rates required is in the order of N°/2/N. The total number of
multiplications required for the frequency rate estimation is therefore O(N/2M). Next,
M DTFTs, one for each de-chirped signal, are required. The number of frequencies in
this step is in the order of N3/2. The complexity of the initial frequencies estimation is

therefore O(N%/2M). To conclude, HAF method involves O(N%2M) multiplications.

4.5.2 The Harmonic Separate-Estimate Method

We now extend the Harmonic-SEES to the random amplitude model. Similarly to the
two previous methods, in order to do so, we define a pre-processing step of squaring the
signal, before applying the Harmonic-SEES. As noted before, the squared signal contains
2M harmonics but the fundamental component is missing. That is, 2M — 1 components
overall. Therefore, the second modification to the Harmonic-SEES is to take into account
that the fundamental component, whose parameters are those we wish to estimate, is
missing. When the number of harmonic components is known, the HRA-SEES method
is very similar to the Harmonic-SEES method. The model order selection for constant
amplitude model involves the MDL or AIC criteria. Both are not applicable for this case
as explained above. Therefore the model order selection presented in the next subsection
differs from the Harmonic-SEES method.

The first step is separating the signal into 2M — 1 harmonic components. This is
achieved exactly as in the Harmonic-SEES method. However, note that the maximization

in (3.41), used to select the optimal de-chirping value, becomes

2M
02 = argmax Y |Zm [k (62,0)]] (4.41)
92169 m=2

where Xy, [k] is the DFT of the de-chirped squared signal.
The output of the separate step in this case is a set of 2M — 1 reconstructed harmonic
components, {$2[n],...,San[n]}, of the observed signal. And the LS problem in (3.57),

used to estimate the parameters from the unwrapped phases, now becomes

2M
{&m}ls, éT]T = argmin Z |}, — mly — 2rmHO)||? (4.42)
{@m}%’{\iQVO m:2
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where q~5m is the unwrapped phase of the m’th component, 15 is the N x 1 vector with
all elements equal to one and H = [hy,hy] with hy = [0,1,...,N — 1]7, and hy =
[02/2,12/2,...,(N —1)2/2]. The estimate of € is given by

6= H"PIH)'HP{w (4.43)
where P{ =TIy — 1xy(1515) 7115, & = L Y21 me,,.

The linear model for the recursive process is now given by

~

$ln] = Hnifn] + eln] (4.44)
where
41n 27n?
Hin= | Ty z (4.45)
drMn 2w Mn?
and f[n] = [¢[n], 0" [n])”, where @[n] = [Z2n], ... gaar[n]]”.

Note that the computational complexity of the HRA-SEES method is exactly the same
as the Harmonic-SEES method, presented in the previous chapter, i.e. O (N 2logN M ) on-

line multiplications.

4.5.3 Unknown Model Order

So far, in both low complexity estimation methods, the number of harmonic components
was assumed to be known. Therefore, similarly to the IHNLSE, a model order selection
rule is required. The IHNLSE works iteratively. That is, in each step one component
is estimated and removed. However, both low complexity methods suggested use all the
components at once. Thus, the methods must be applied for every possible M. Using
the same approach as in the IHNLSE, for a given M, once the parameters are estimated,
M harmonic components are filtered from the original signal, z[n], using the same de-
modulation scheme. Note that in this case the filtering is performed on x[n] rather than
22[n] as in the IHNLSE. Again, peakedness measures of the spectrum of the filtered signal
can be calculated to obtain a model order selection criterion. The model order selection
framework is summarized in Algorithm 3. The estimation step can be achieved either with

the HAF based estimation or with the suggested HRA-SEES method.
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Algorithm 3 Model Order Selection Framework
Input:

x[n] - Input signal

D - Maximum possible model order
Output:

6 - Estimated parameters

M - Estimated model order

for m =1to D do
Estimate parameters of z[n], o
(M [n] « xz[n]
for k=1 tom do
2M[n] « (2™ [n]s*[n; ké(m)]) x h[n])s[n; ké(m)]
end for
Sp(m) < Peakedness measure of x,,[n]
end for

M <« argmin {Sp(m) + p,(m)}
m=1,...,D

o o

, assuming m harmonics.

4.6 Numerical Results

We now present examples to compare the performances of the IHNLSE, HAF and HRA-
SEES methods. First, we compare the RMSE and pg4, the probability of selecting the
correct model order for all three methods. We consider a signal with M = 3 harmonic
components. The parameters of the fundamental chirp are given by 67 = 0.15 and 02 =
1075. The number of samples is N = 1024. The phases of all component, ¢,,, are
generated from a uniform distribution, i.e. ¢, ~ U(0,27). We consider two different
models for the random amplitude. The first is a normally distributed amplitudes, in
which ap[n] ~ N (1,0.25). In the second model each amplitude is an AR(2) process
with parameters {1,0.97, —0.35}. The noise power o2 is adjusted to give the desired SNR
defined as SNR = 10logy, (E{z?}/02) = 10logy, (tr {R,} /o2) [dB], where E{-} denotes
the expectation operator. In all simulations we use a lag of 7 = N/2 samples in the HAF
based estimation method [58].

We start by evaluating the RMSE of the estimators when the number of harmonic com-

ponents is known. The RMSE is defined as RMSE(#;) = \/Nexp Ne“”’ 91“ —6k)?, k=

1,2 where 9171- and 027i are the estimate of 61 and 0y at the ith trial, respectively and
Negp = 500 is the number of Monte-Carlo independent trials. Simulation results for the
normally distributed amplitudes and AR(2) amplitudes are presented in Fig. 4.4 and 4.5,
respectively. The results include the RMSE for each estimator and the theoretical RMSE
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of the IHNLSE is plotted. In addition, we include the RMSE of the Harmonic-SEES es-
timator, that assumes constant amplitudes. As can be expected, the IHNLSE yields the
best results and almost achieves the theoretical RMSE for SNR above 3dB. The difference
between the theoretical and actual errors can be accounted for by the approximations
and assumptions used in deriving the theoretical error. The HAF based estimator and the
HRA-SEES method perform similarly. The HAF has a slightly better threshold SNR while
the HRA-SEES has a slightly better RMSE. Both low-complexity methods fail to achieve
the performance of the IHNLSE for the normally distributed amplitudes, but still achieve
very low errors w.r.t. to the values of the parameters and can be used to initiate a two
dimensional search of the IHNLSE. The Harmonic-SEES method performed worse in high
SNR, due to the inaccurate assumption of constant amplitudes. However, its threshold
SNR is lower. This is probably because that in low SNR the squared noise in the random

amplitude methods becomes very strong.

Next we evaluate the model order selection criteria, by calculating the pg for various
values of SNR. The probability, pg, is defined as py = ﬁxp Efi‘ef” 1, The regular-
ization, p,(m), used is defined by p,(m) = m/c, where ¢, is a normalization constant
to ensure Y py(m) = 1. Simulation results for the normally distributed amplitudes and
AR(2) amplitudes are presented in Fig. 4.6 and 4.7, respectively. For both the HAF based
estimation and the HRA-SEES method, there is very little difference between the perfor-

mance for the different peakedness measures. For the IHNLSE, the Shannon entropy and

the energy level criteria perform better than the others.

We now demonstrate the HRA-SEES method with the model order selection for es-
timating the parameters of two real-data examples of echolocation calls of a bat and a
whale [75,76]. The same examples were used in the previous chapter, where the ampli-
tudes assumed to be constant at each observation window. The signals are divided into
segments of NV = 1000 samples. At each segment the parameters and the number of har-
monic components are estimated using the HRA-SEES method with the Shannon entropy

measure.

The first example is an echolocation call produced by an E. nilssonii bat [75]. The
signal is about 40ms long and is sampled at Fs = 250kHz. A spectrogram of the signal is
presented in Fig. 3.11. The call has four harmonic components with the last one being very
weak. The estimated frequencies are plotted in dashes line on top of the spectrogram and

the selected model order is plotted above. The markers on the spectrogram corresponds
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Figure 4.4: RMSE of each estimator vs. SNR for normally distributed amplitudes.



4.6. NUMERICAL RESULTS

RVSE [dB]

RMISE [dB]

___;3’ ne P —— IHNLS — Theoretical RMSE
pie - SE A - ©- IHNLS
L pER ’ﬂ»-,’ < Harmonic—HAF
ok . -z -HRA-—SEES
\ - -4 - Harmonic—SEES

-5 o 10 15 20 25
SNR [dB]
(a) 61, Normalized initial frequency
1074 & ; r : —
EN A —— IHNLS — Theoretical RMSE
BT, - ©- IHNLS

& Harmonic—HAF
-z -HRA—SEES
Harmonic—SEES

e ~Siedl AL ST N

ad g‘:'—g'-‘:g‘_._g_

15 20 25
SNR [dB]

(b) 62, Normalized frequency rate
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Figure 4.6: pg of each estimator vs. SNR for normally distributed amplitudes.
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Figure 4.8: Model order selection and parameter estimation of an echolocation call
produced by an E. Nilssonii bat. The diamonds mark peaks detection in the
spectrogram.

to a peak detection at each time frame. The peak detection shows that the fundamental
chirp is not the most dominant. However, the HRA-SEES method successfully estimated
the correct fundamental frequency at each observation window.

The second example is an echolocation call produced by a G. melas whale [76]. The
signal is about 600ms long and is sampled to Fy = 44.1kHz. The results are presented in
Fig. 3.12 in the same format as the previous example. The fundamental frequency line is

detected in all segments except for one.

4.7 Conclusion

We considered the problem of estimating the parameters of harmonic linear chirps with
random amplitudes when the number of harmonic components is unknown. We showed
that the statistical model order selection criteria that were used for constant amplitude
model, are not applicable. Consequently, we proposed an iterative framework for model
order selection based on peakedness measures of the spectrum of the signal. We suggested
three estimation methods for time-varying amplitudes. The first is based on the NLSE,

which requires two-dimensional high resolution search. The second is a modification of the
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Figure 4.9: Model order selection and parameter estimation of an echolocation call
produced by a G. melas whale. The diamonds mark peaks detection in the spectrogram.

HAF based estimation for mono-component LEM and the third is a modification of the
Harmonic-SEES for harmonic LEFM with random amplitudes, the HRA-SEES. Once again,
the computational complexity of th proposed method, the HRA-SEES, is substantially
smaller than the other two estimators. We showed through simulations that the ITHNLSE
achieves its asymptotic variance at medium to high SNR and that the two low-complexity
methods perform well in high SNR. We also showed that the peakedness measures of
the spectrum of the signal can be successfully used in order to estimate the number of

components in all three methods.
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Chapter 5

Conclusion

5.1 Summary

We have considered the problem of estimating the fundamental initial frequency and fre-
quency rate of harmonic linear chirps when the number of harmonic components is un-
known. We started with the simpler model of constant amplitudes and then extended the
work to a more general and realistic case of time-varying amplitude.

Previous research can be divided into two categories. Either the fundamental frequency
of the signal is assumed to be constant, or a multi-component signal with time-varying
frequency is assumed where the different components are not related. In the first case,
the possible observation length is very short in order for the assumption to hold. In the
second, the parameters of each component are estimated separately and the harmonic re-
lation is not exploited. In this work, we assumed a model of harmonic linear chirps. This
allowed us to increase the observation length, and consequently improved the estimation
accuracy, comparing to the constant frequency approach. We further improved the ac-
curacy, comparing to multi-component parameter estimation problems, by exploiting the
harmonic relation.

For each model (i.e. constant and random amplitudes), we started by developing an
optimal estimator. In the constant amplitude model we presented the exact and approxi-
mated MLE. We later showed that the MLE is not applicable for random amplitudes and
we developed the IHNLSE, an iterative process based on the NLS approach. In both cases,
the estimator requires two-dimensional high-resolution search in the parameter space and
therefore has high computational complexity.

We then introduced two low-complexity estimation methods for each model. The first

7
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is based on HAF, which transforms the problem to two one-dimensional problems. We
presented a modification to the HAF based estimation for harmonic linear chirps with
constant amplitude and also a modification for random amplitudes. The second is a
two-step estimation method which we termed Harmonic-SEES for the constant amplitude
model. The Harmonic-SEES method first separates the signal to its harmonic components,
and then estimates the two parameters of interest using a joint least squares method given
the phases of the harmonic components. We also provided an extension of the method,
which we termed HRA-SEES, for random amplitudes model. We also considered the case
where the number of harmonic components is unknown and presented criteria for model
order selection.

Simulation results showed that the proposed estimation method, for constant and
random amplitudes, achieves the performance of the optimal estimators for high SNR and

outperforms the HAF based estimation.

5.2 Future Research

The work presented in this thesis can be further extended in a number of interesting

directions:

1. In this work we assumed that the signal can be modeled as a sum of harmonic LFM
components in each observation window. Thus, we allow longer segments, compared
to existing methods that assume constant frequency model. We can further increase
the segment length by assuming a model of harmonic PPS. The difficulty in doing so
is with the first step of the coarse estimation. Currently, this is done by searching for
the optimal de-chirping, which for Pth order PPS would require P — 1 dimensional
search. A possible approach to obtain the coarse estimation is to extend the quasi-
maximum-likelihood [86], originally proposed for mono-component PPS, to multi-

component signals.

2. In this work we assumed the signal is a sum of linear chirps that satisfy an harmonic
relation. An interesting research direction is to consider a more general model of
multi-component LFM signals, which received much attention in literature. The
Harmonic-SEES and HRA-SEES methods can be easily modified for such signals

and can offer very low complexity estimators.
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3. In the second part of the work we considered signals with random amplitudes. How-
ever, no specific model of the random amplitudes was assumed. In some applications
the random amplitudes can be modeled as a parametric process (e.g. autoregres-
sive process). In such cases the NLS optimization in (4.7) can be solved w.r.t. the
amplitudes parameters. It would be interesting to compare the performance of the
parametric NLS estimator for random amplitude harmonic LEM with the IHNLSE

and the other estimators suggested in this work.

4. In some scenarios, there is more than one source present. For example, two people
speaking at the same time, or in a group of dolphins or bats. Generally, it can be
considered a multi-component signal. However, as in the single speaker scenario,
if the signal of each speaker contains harmonic components than it is a different
problem from multi-component signal. The harmonic relation of each speaker can
be exploited to separate the speakers and estimate the parameters of the fundamental

component of each one.

5. In this work we assumed that the chirp is always present. This is not the necessarily
the case. Usually the start and end times of the chirp are not known. In addition,
long signals often contain times where no chirp is present. The Harmonic-SEES
method can be extended to perform chirp detection by using the same property that
is used for the coarse estimation. The presence of a chirp can be detected by the

existence of a significant peak in the de-chirping map.

6. The proposed Harmonic-SEES and HRA-SEES methods were tested on real-life ex-
ample of complex echolocation chirps. The signals were divided into segments and
the parameters were estimated for each segment separately. Obviously, the segments
are related to each other and we expect the time-varying frequency of the signal to
be smooth. This information can be used to improve the estimation by tracking the
frequency. For example, we can assume the signal is a high order PPS and predict
(e.g. using Kalman filtering) the parameters for the next step. The prediction can
replace the first step of de-chirping selection. Furthermore, the last step can be re-
placed with a constraint LS optimization. The model order can also be tracked, for
example, using hidden Markov models, which can perhaps replace the model order

selection criteria.



80

CHAPTER 5. CONCLUSION



Appendix A

Harmogram

The Harmogram was presented by Hinich [7] as a simple method to detect the funda-
mental frequency of a constant frequency harmonic signal. The method operates on the
frequency domain of the signal. As such, the performance deteriorates when the funda-
mental frequency is not aligned with a DFT frequency bin, i.e. not a multiple of 1/N.
The number of harmonic components was assumed to be known as well as the spectrum of
the noise. The Harmogram was later generalized for the case of unknown noise spectrum
and unknown number of harmonics by Planquette et al. [87]. In addition they proposed
a modification to improve the performance, in terms of probability of detection, when the

fundamental frequency is not aligned with a DFT frequency bin.

Consider a signal with M harmonic components given by
M .
x[n] = Z ame?™ MY 4 y[n] (A.1)
m=1

where a,, is the constant and complex amplitude of the m’th component and v[n] is an
additive noise whose spectrum is given by S,(6x). Denote by X (6)), the DFT of x[n]
where 0 = k/N for k=0,..., N — 1. The Harmogram of x[n] is given by

M
Ho(0k) = > Sy (mby) | X (mby)|*. (A.2)

m=1
When 60, = 0, in high SNR conditions the Harmogram is approximately

M
Ho(0) = NS 577 (mb) |ag|?. (A.3)

m=1
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That is, the Harmogram sums the entire energy of the signal. Any other candidate fre-
quency will result in a smaller value. Therefore the fundamental frequency can be obtained
as

0 = arg max { H,(0),)} . (A.4)

Ok
Note that if v[n] is a zero mean Gaussian noise with variance o2, then S,(f;) = o2. In

that case we get

0 = argmax{H.(0;)}

O

M
= arg@max { Z |X(m6’k)/03’2}

k m=1

M
= argmax { > |X(mek)|2} (A.5)

k m=1

which means hat the noise level is not actually required. For simplicity, in what follows

we assume a Gaussian noise and discard the noise normalization in the Harmogram.

The number of harmonic components is not necessarily known. Incorrect estimation
of the number of harmonics can severely impact the estimation [87]. Denote by Nj the
maximal number of harmonic components possible for the fundamental frequency 6y, i.e.
N = [ N/(2k)|. The modified Harmogram estimator, when the number of harmonics is

unknown, is given by [87]

SN 1X (ml))? — Ny

(A.6)

As mentioned before, the performance of the Harmogram is greatly effected by the
DFT resolution. To overcome this problem, the fundamental frequency can be scanned
at a higher resolution than the DFT [87]. More specifically, the fundamental frequency is
scanned at a resolution of 1/(QN), for some integer @, rather than 1/N. For simplicity
we assume that the number of harmonic components is known. Extension to unknown

number of harmonics is straightforward. The modified Q-Harmogram is given by [87]

M
Ho (i) = 371X (6s) 2 + | X (B + 1/N)? (A7)
m=1

where H,EQ) = k/(QN) and 6, = LNm@,gQ)J/N = |mk/Q]/N. Note that for each har-
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monic, the two nearest frequency bins are summed as opposed to the original Harmogram.
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Appendix B

Fractional Fourier Transform

The FrET received its first attention in optics [88,89], and in recent years also in signal
processing applications [15, 34, 82, 83,90, 91]. Formally, the continuous FrFT of z(¢) is
defines as [92]

FHa(t)} = Xa(§) = / Ko(&,t)a(t) dt (B.1)

where - )
Ko(6,4) = e—J(Gsign(a)—z0) ejéfz COtaej(_si);&a—"_%tz cot @) (B.2)

27| sin(a)|

is the FrFT kernel, 0 < a < 2x is transform order and & is the fractional frequency.
The FrFT can be described as a four steps transformation [82,92]. First, the signal is
multiplied by a linear chirp with an initial frequency equals to zero, e3it?cotar Next,
a scaled Fourier transform is performed by multiplying the resulted signal with e~ Sna

and integrating. The third step involves chirp multiplication in the frequency domain,
o—J(Fsign(a)—Fa)
\/ 27| sin(a)|

described as a rotation of the time-frequency plane by an angle of « [92]. There are four

¢ cotax . The two chirp multiplications can be

ie. i3 and finally, scaling by
special cases of the FrFT worth mentioning. First, when o = 0 the result is the identity
transformation. That is, FO{z(t)} = z(t). Second, when a = 7/2, the FrFT is equivalent
to the classical Fourier transform, F™/2{z(t)} = F{z(t)}. Next, when o = 7, the FrFT
becomes the parity transform, equivalent to applying twice the Fourier transform, i.e.
F{z(t)} = Fo F{z(t)} = z(—t). Finally, the FrFT of order o = = is the inverse
Fourier transform, F37/2{x(t)} = F o F o F{x(t)} = F~'{z(t)}. Note that the zero-order
transform, the identity transform, is also equivalent to the composition of four Fourier

transforms. The classical Fourier transform can operate in four different rotation angles

of the time-frequency plane. The FrFT thus fills the gap and provides arbitrary rotation
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angle.
Just as the classical Fourier transform is suited for a constant frequency signals, the

FrFT is suited for LFM signals. Consider a continuous-time LFM given by
2(t) = a - eI Ort5021%), (B.3)

The rotation angle of the FrE'T can be selected to match the frequency rate of x(t). That
is

1 1
5752 cot o = —592152 = a=—cot 6. (B.4)
By substituting (B.3) and (B.4) into (B.1) we obtain

—j(Zsign(a)—ta 0
Xa(é_) _ e J(Fsign(a)—3 )ej§§2cota/ a- €j91t6*j% dt. (B5)
27| sin(a)| —o0

The integral term above is a scaled Fourier transform. Therefore we obtain

—j(§sign(a)=3a)
Xa(€) = ¢’ : 63%52C°t0‘-a‘5(§—01 sin a) (B.6)
27| sin(a)|

where 6(&) is the delta function. That is, the FrF'T of an LFM signal is a delta function
at a fractional frequency that depends on the initial frequency of the LFM, if the rotation
angle is matched to the frequency rate of the signal. This property of the FrFT can be
used for the parameter estimation of LFM signals [34]. The optimal rotation angle can be
obtained, for example, by searching for the angle that produces the most delta-like result.

A discrete implementation of the FrFT can be achieved by numerical integration of
(B.1), by spectral decomposition of the kernel, K,(§,t), or by kernel approximation and
the FFT [89,92].



Appendix C

Derivation of the FIM

In this appendix we present a detailed derivation of the sub-matrices of the FIM in (3.15)
following [78].

The (1, 1)th element of Jg g is given by

asa)fos, 2 a noS" 08
96, 06, ~ o2 90, 90,

2
J91,91 - ?%{ (Cl)

where 0S/00; = [0s1/0601, - - - ,0spr/061]. By substituting s, we get that 85”‘ = j2rmq®
Sm, where q = [0,1,...,N — 1]T. Substituting Js,,/00; in 9S/06; results in BBTS =
j2rqp’ ® S, where p = [1,2,..., M]7 and ® is the Hadamard (dot) product. Using
0S/00, yields,

2 872
Jo o, = —(2m)°|(ap” ® S)a|* = —-||QSDa|? (C.2)
UU UU

where in the second transition we used the result (qp” ® S)a = q® (SDa) = QSDa, and
in the second transition we used the identity a ® b = diag(a) ® b for two vectors with
identical dimensions, a and b.

The (2,2)th element of Jg g is given by

2 d(Sa)H 9Sa 9St 98
J92,92 = ﬁm{ ( )

_ = Hii .
90, 00,0~ o2 5 g, (©3)

where 0S/00y = [0s1/002,- - ,0sp/0602]. By substituting s, we get that 9s,,/002 =
jTmu ® sy, where u = [0,1%2,... (N — 1)?]T. Substituting ds,,/002 in 0S/00, yields
0S/060y = jmup’ © S. Using 0S/00 yields,

2
Jo5,0, = g(ﬂ)ﬂl(upT ©S)al? = 7 HQQSDaII2 (C.4)

’U
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where in the second transition we used a similar result to the identity expressed in (C.2)

where the vector q is replaced by the vector u.

The (1,2)th element of Jg g is given by

2, 9(8a)9Sa, 2 LoS” oS
Jore, = 54 96, 00,0 ag”a a6, aegaH ' (C5)

v

Using 0S/06, and 0S/00; yields,

2 (am)(m)R{a (ap” © 8)" (up” © S)a)
_ 407;2 §R{ (aHDTSHQT)QQSDa}

J91,92

4 2
— = |Q¥?sDal. (C.6)
O-'U

We next derive the sub-matrices of the FIM J, o. We use the identity R{jz} = —3{x}

for a complex scalar x.

The upper-left sub-matrix of J 5 is given by

2, 0(Sa)f9Sa, 2 I
Jar,ar = J—g { 9o, Oa, } = U—g%{s S}. (C.7)
Similarly, we define the other sub-matrices of Jg a.
The upper-left sub-matrix of Jg  is given by
2 Sa)f S 4
OSa)” 0Sa, 4 HprgHQs) (C.8)

J =—=%R — ==
frar = 52 { 00, Oa, o2
where we used the expression of 9S/00;. In a similar way we derive Jg, »,. The lower-left

sub-matrix of the Jg , is given by

2
J927aT - ;% (Cg)

d(Sa)f 9Sa 2m
(862) o } — ;%{aHDTSHQQS}

R{

where we used again the expression for 9S/06,. In a similar way we derive Jg, a,. This

concludes the derivation of the FIM.



Appendix D

Derivation of the NLS Asymptotic

Variance

In this section we derive the asymptotic variance of NLSE for harmonic linear chirps.

Recall the signal of interest at a single iteration of the NLSE estimator
p1[n] = ap[n]sy[n; 0] + op[n] (D.1)

for some p € {2,...,2M} and

p—1 2M

ﬁp[n] = Zam[n]"i' Z &m[n]sm[n;e]

m=2 m=p+1

M
+2 Z am [ [1; O)v[n] + v [n)] (D.2)

m=1

is an additive non Gaussian noise. We now derive the second order statistics of the noise.

The second moment of that noise is given by

E {0p[n]oy[n]} =
E { > ap[n]o; [n’]}
+E { im[n)sm[n; 0] Y ag[n]si[n'; 0]}
m=p+1 k=p+1
+E {4 > am[n]sm[n; 0]vn] > aj[n/]sf[n'; o]v*[n']}
m=1 k=1
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[n]sm[n; 6]
m=p+1

ag,[n']sg.[n'; O]v*[n] }

+E

M= I1]=

2 S [n; 0]

m

ag[n']sk[n’; Ov[n’] }

bl
Il
—

m=p+1

2
e
{mzp+1am Jsmln; 0] (v [n’])*}
P
{
{

+
&

+
&

iy, [ )57, (15 O] []}
+1

am[n)sm[n; B)v[n ](vz[n/])*}

m

Il
S

NE

+
&

2

3
Il

M:

+E42

ar [n']sk, [n'; 0]v* [n']v 2[n]}. (D.3)

1

3
I

Since v[n] is a zero-mean circularly-symmetric complex normal variable, E {v*[n/]v?[n]} =
0 and E {v?[n]} = 0. In addition, the noise is assumed to be uncorrelated with the

amplitudes. Hence,

o

E {am[n]sm[n; O)ag[n']sp[n’; 0]v* 0]} =0
E {a},[n']sy,[n'; 0)ag[n]sk[n; Olv[n]} =0
E {am[n}sm[n; 0] (v2[n’])*} =0

ot

T U U © o
23 e &8 &

E{a;,[n]sy,[n; 9]1}2[71]} =0 7
E {am[n}sm[n; 0]v[n] (vQ[n’])*} =0 8
E{a},[n]sp,[n; 0]1}*[n']02[n]} =0 (D.9)

for any m,k € {1,..., M}. Recall that E{a,,[n]} = 0. Therefore

E { > am[n; [n']} = E{@m[n)am[n'} 5(n — ). (D.10)

Assuming that the amplitudes are uncorrelated, we get

NE

M
E {4 am[n]smln; Olv Za [n']}
m=1 k=1
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M
= 4F { Z am[n]a;kn[n’]} o25(n —n')

m=1

= (4tr{R,} 03)5(n —n')

(D.11)

where R, is the cross-correlation matrix of the amplitudes whose elements are given by

Ra[k, €] = E{ag[n]ag[n]}.

Therefore we obtain

E{vpnlop[n]} =

Similarly it can be shown that

E{tp[nlop[n]} =

(D.12)

(4tr {R,} 02 + 201)6(n — 1)

p—1
+ (Z E {am[n]a:n[n’]}> S(n—n')
m=2
2M

+E{ > m[n]sm[n; 6]
m=p+1

k=p+1
(4tr {R,} 02 + 202)8(n — 1)

p—1
+ (Z E {am[n]a*m[n’]}> S(n—n')

m=2

oM 2M

+ Y Y Efannlain}
m=p+1 k=p+1

-sm[n; 0)si[n’; 6].

2M
Y al sk’ 0]}

(D.13)

> Y E{am[nlarn]}

m=p+1 k=p+1
-Sm|[n; O] si[n; 0]

p—1
+ Y E{amn)am[n']} 6(n —n'). (D.14)
m=2
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As noted in [58], the optimization problem in (4.4), used to estimate the parameters of

x2[n] is equivalent to

P
®) = - i)
6" , Ay = argmin Z xZ[n] — Ajei2mmOint30:n7) ) (D.15)
97Ap n=0

where A, is constant such that Ap — pa,, and pg, = E{a,}. Following the same steps as
in [58, Appendix B], it can be shown that

var (7)) = igzx]—vlfzeA;V1 (D.16)

P

where @) = [, (0®)T]T,

NY2.1 NY2.2/2 NY2.1/3
Ay =72 | N3/2. 2/2 N3/2.4/3 N3/2.2/4 (D.17)
N°2.1/3 N°?2.2/4 N°?2.1/5

and

N-1 N
o - S0 8 G (3

R{E {0p[n]o;[n']} — E {0pn]vy[n']}} (D.18)

for k, ¢ = 0, 1,2, where g(k) is the frequency normalization for each parameter, i.e. g(0) =1
for the constant phase, g(1) = 27 for the initial frequency and g(2) = 7 for the frequency
rate. Note that (D.17) and (D.18) are different from [58] due to different frequency nor-
malization, but otherwise similar. Substituting (D.13) and (D.14) into (D.18) yields

(5 (%)

R {(4tr {Ry} o2 +201)5(n —n')

E =
ML

n

2M 2M
=2j > > E{am[nlan}

m=p+1 k=p+1
sm[n; 0] {sy[n'; 0]} }
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N-1 Y

_ o 9(k)g(0) nyk (n

= N eN Z,O<N> N

(4tr {Ry,} 02 + 201)6(n — n)

+2 Y > E{amnlaxn’)}

m=p+1 k=p+1

- Ssmln; O} S sl 01}] . (D.19)

In order get a large sample approximation of the result, we assume that E {a,,[n|ax[n']}
is time independent. That is, we assume the E {am[n]ar[n']} = Ry, x for any m, k. This
assumption holds, for example, when the amplitudes are independent and normally dis-

tributed. We now wish to examine the elements in the sum in (D.19)

lim 1 NZ:I <£>k <W>£E{dm[n]&k[n/]}
NN 2« \N) N
Sl 03 {54:0])
N-1 Ny
= iy 3 (5)' (%)
Sl 63545 0])
1 N—-1
< R X Sl O3 (sln'0])
1 e
= Ry lim g%{sm[n;m}
=0
N—-1
3 S{silns0))
oo (D.20)

N—oo

Therefore, for large number of samples we get

Q

N—-1 Ny
riko = g S0 S () (7)

(4tr {Ry} 02 4+ 202)5(n —n')

N-1
1 n\ k+¢
_ 2 4 : E
— <4t’l" {Ra} U’U -+ 20',0) ]\}l_rgo SW P <7>
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= (tr{R.} o2+ 0.500) 5 9(k)g(0)

T (D.21)

Finally, substituting (D.21) into (D.16) yields (4.27) and (4.28). This concludes the deriva-

tion of the asymptotic variance of the NLSE.
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