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Abstract

Image registration is the task of finding a large consistent set of corresponding points or features
between two images depicting the same scene. The common general methodology for solving
such a problem can be outlined as a two stage process: In the first, features of interest, such
as corners or spatially localized blobs, are detected in both images, and in the second, those

features are matched using geometrical and appearance related cues.

Two distinct paradigms for conducting the matching stage have evolved in parallel during
the last decades: One robustly estimates a parametric transformation or a parametric constraint
(e.g. the pinhole perspective epipolar constraint) over the set of correspondences, while pruning
non compliant features. The second makes use of spatial relations between small groups of
features, in order to find geometric consistency in the transformation from one image to the
other, by exploiting graph theory results. Both methodologies often use appearance similarity
to initiate their strategies. While the former strategy enables efficient matching when a global
motion model is known to exist and the appearance-based initialization suffices, the latter is
more robust to the starting point as it uses more than one putative match for each point, and
more flexible to nonparametric deformations. Nevertheless, the heuristic assumption of point
groups consistency is not guaranteed, especially when matching a wide-baseline stereo pair,

causing performance degradation as the perspective deformation increases.

In this thesis, the points matching problem is addressed, with a special concern to the wide-
baseline stereo matching problem. We propose a unified probabilistic image matching algo-
rithm, namely MAGMA (Multi-Assignment Graph Matching Algorithm), that utilizes both
piecewise graph matching and epipolar-geometry-based constraints. First, we extend the ap-
plicability of the graph matching approach to wide-baseline stereo matching, by generalizing it
to multiple unconnected components, each of its own geometric consistent transformation. For

that we derive a projected iterative least squares optimization scheme that imposes the matching

9
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restrictions in the course of the solution. Second, we propose an approach to fusing indepen-
dent sources of information with the small groups consistency, to improve the graph matching
process robustness, and suggest a probabilistic measure encoding the epipolar constraint for
this task. Finally, we combine the two steps in a probabilistic formulation to derive a stable,
fast-converging iterative process. The proposed framework is general and can be altered so that
the epipolar prior is replaced by any other prior or combination of priors, induced by a-priori
information such as appearance similarity or some rigid transformation.

Our approach is comprehensively verified by applying it to simulated data in various chal-
lenging setups, as well as real image sequences. MAGMA is shown to compare favorably to

contemporary state-of-the-art algorithms, and even outperforms them in many cases.
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Chapter 1

Introduction

1.1 Background and Motivation

Image registration is a fundamental task in computer vision, whose applications include, inter
alia, object recognition [1], three-dimensional scene reconstruction, motion estimation, aerial
photography change detection, data fusion and mapping applications.

Contemporary image registration algorithms often use interest points or local features for
matching. It is common for such algorithms to consist of the following three steps: First, the
detection of interest points or image features, such as corners [2], local maxima/minima of DoG
operator in scale-space [3], or stable extremal regions of gray-levels [4]. Second, the compu-
tation of descriptors - the detected feature points are each encoded by a descriptor vector that
discriminates between non-corresponding pairs of points, and is invariant to certain differences
in acquisition conditions, such as lightning conditions, scale, rotations, and affine transforma-
tions. Last, matching the features by their descriptors’ similarity.

The matching step (also known as assignment step) is considered to be a tough problem,
due to inter-image variability that stems from the difference in cameras’ pose and the changes
in the observed scene. A naive implementation of the matching step would be by assigning each
point in the source image to its nearest neighbor in the target, in terms of the distance between
their corresponding descriptors. However, this method often yields poor results, and a lot of
wrong matches are formed. Some causes for that are: false matches between repetitive shapes
or objects, occlusions or non-overlapping regions (in which case the feature in one image does

not exist in the second one), or accidental feature similarity.

17



18 CHAPTER 1. INTRODUCTION

The matching of a wide-baseline stereo pair, where the two images are taken from disparate
positions and viewing angles, is of particular difficulty and interest, due to significant perspec-
tive deformations, making the matching difficult. As the baseline angle grows the more difficult
it is to compensate for the appearance dissimilarity between corresponding feature points, thus
making the descriptors labeling more difficult, and causing for degradation in inlier rate. More-
over, As the perspective deformation increases the global motion model becomes more com-

plex, making it even harder to recover the true correspondences (an example of such a difficult

case is hereby presented in Fig. 1.1).

Figure 1.1: Wide-baseline image registration. Both local and global perspective deformations are present
in the scene, making it harder to find a proper matching. The registration presented was achieved by the

algorithm proposed in this paper.

Over the past two decades the computer vision community put a tremendous effort to solve
the assignment problem, using both visual and spatial cues. Two of the main approaches for
solving this problem are based upon geometrical relations between distinct feature points in both
images. One common approach is to first use the descriptors metrics in order to construct a list
of putative matches based on their appearance similarity, and then filter the putative matches
using geometric constraints such as the epipolar constraint [5,6]. In recent years there has been
a progress in the research of robust estimation and filtering techniques for this purpose [7-13],
pushing the limit of robust geometry estimation in the case of high outlier percentage. However,
this approach is not without its drawbacks especially in the case of repetitive patterns in the

direction parallel to the camera’s motion, and in high outliers rates scenarios. Another modern
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approach, based on graph theory, is to search for a consistent set of correspondences between
the two sets of features, according to their local or global geometric-structural relations. A
myriad of algorithms were developed in the last few years for second order (pairwise) [14—17]
or higher order (mostly triplets) [18—20] matching. Graph matching (GM) schemes proved to be
efficient and robust to both noise and outliers. Also, they enable considering more than just one
target feature for each point in the source image, as opposed to the classical robust estimation
and filtering techniques.

The main drawback of GM approaches is the lack of flexibility in the motion model.
Namely, such approaches usually enforce simple, relaxed but rigid transformations such as
isometry or similarity, and so cannot cope with more complex real-world transformations. The
pairwise matching scheme is suitable for approximating isometry transformation (translation
and rotation). The more complicated triplets GM cope well with scale changes (similarity trans-
formations), and even affine transformations or plane perspective (homographic) transforma-
tions could be dealt using 4th and 5th order matching respectively (those are usually considered
infeasible due to the exponential growth in complexity along with graph order). Nevertheless,
even the highest order GM schemes still pose a restriction for approximately rigid and global
transformations.

In the case of wide-baseline stereo matching, both matching strategies suffer from perfor-
mance degradation: On one hand, epipolar robust estimation techniques start failing when the
inlier rate within the putative set of correspondences becomes insufficient for the formation of
a strong enough consensus set to be used for model estimation. On the other hand, GM al-
gorithms (of any order) are inadequate to deal with complex or discontinuous transformations,

which are often formed when the baseline is large relative to the scene depth variation.

1.2 Overview

In this thesis we address the stereo matching problem. We focus on matching a wide-baseline
image pair, though some of the proposed methods and concepts could also facilitate other
matching scenarios, such as faces or non-rigid objects matching.

When matching a wide-baseline stereo image pair, the transformation can take any form

compliant with the aforementioned epipolar constraint. A perspective transformation is in gen-
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eral non rigid and non parametric, as it depends on cameras’ parameters and on the scene’s
depth, which can be non smooth or even discontinuous. However, in real-world situation, it is
not completely the case as most scenes are composed of several unconnected objects, each of
a roughly constant depth from camera, and each yields a different approximately rigid trans-
formation (see some examples from the BEEM dataset in Fig. 1.2, or different views of the

Versailles palace in France in Fig. 1.3).

(b)

Figure 1.2: Two examples from the BEEM dataset, in which there are several objects in the scene, each

undergoes a different transformation between the images. (a) Flowerpot scene. (b) Board scene.

This observation motivates a multiple solution graph matching approach, and gives rise to
our proposed Multi-Assignment Graph Matching Algorithm (MAGMA). The suggested ap-

proach takes advantage of the GM strength of rigid robust cluster matching, without giving up
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Figure 1.3: Several figures of Versailles palace from different angles. This scene demonstrates the need

for disconnected subgraphs assignment in natural scenes.

the flexibility of complex perspective transformation. This is done by first relaxing the demand
for one global consistent component and replacing it with the more suitable model of several
local components, thus, reformulating the problem as a graph clustering (or multi-assignment
graph matching) problem. Second, the epipolar geometry inferred from the putative matches is
used as a global constraint binding these assignments together, and improving the robustness
to outliers and noise. Finally, the two steps are combined in a probabilistic fashion to form a

stable, fast-converging iterative process.

The suggested approach takes advantage of both the strengths of epipolar robust estimation
and GM methods, while mitigating their shortcomings. Unlike epipolar robust estimation algo-
rithms, the proposed approach exploits the spatial redundancies in the scene (i.e. the heuristic
assumption of several consistent and approximately rigid transformations), and unlike GM al-
gorithms, it better describes the motion model, without presuming oversimplified assumption

of an approximately rigid motion model. Moreover, the robust estimation initialization of the
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proposed approach is of higher inlier ratio than in existing methods, since it is based upon the
generalized GM’s output. Later on, the graph is better capturing the true matching probabili-
ties, since it incorporates additional, substantial measure of compliance with perspective stereo
transformation, based on the so-far obtained data.

In this paper we present the following contributions:

1. We propose replacing the common one-component (or one-assignment) graph matching

approach with a multi-assignment one, which better suits the wide-baseline setup.

2. We derive a new optimization scheme for solving the multiple assignment problem in a
probabilistic way, via factorizing the affinity graph using a stochastic semi-normalized
constrained factorization (SCMF), which can be seen as a special case of nonnegative

matrix factorization (NMF).

3. We propose a rigorous algorithm for probabilistically fusing the epipolar geometry con-
straint and the suggested multi-assignment graph matching approach. The unified frame-
work, maximizes the likelihood of both the structure similarity, and the estimated epipo-
lar geometry. This framework is general, so that the epipolar prior could be replaced
by any other probabilistic prior or combination of priors, such as geometrical priors, or

appearance-similarity based priors.

The proposed approach is tested and verified by a series of experiments, including both syn-
thetic challenging scenarios and real image sequences, that constitute a large scale quantitative
evaluation. The algorithm is tested versus various algorithms from both schools of robust epipo-
lar geometry estimation and graph matching, and turns out to compare favorably to (and mostly
outperform) contemporary state-of-the-art matching approaches, showing augmented resiliency

to noise, outliers, scale changes, and most of all perspective deformations.

1.3 Thesis Structure

The rest of this thesis is organized as follows: In Chapter 2 we survey relevant algorithms in
both graph matching, and epipolar geometry estimation together with their probabilistic inter-

pretations. We discusses the existing methods’ strengths and weaknesses. Chapter 3 suggests a
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novel approach for solving the matching problem in the wide-baseline setup. Different aspects
of the proposed method are presented and the full algorithm is outlined. Some experimental re-
sults are shown and discussed in Chapter 4. Concluding remarks and further research directions

are discussed in Chapter 5.
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Chapter 2

Review of Related Work

2.1 Introduction

In this chapter we review the two major schools of image matching: robust estimation of epipo-
lar geometry and graph matching techniques. Both strategies attempt to find consistent sets
of correspondences by incorporating spatial information in the matching process. Section 2.2
presents the notion of epipolar geometry between a stereo image pair, and provides a survey of
recent algorithms for robustly estimating it in the presence of outliers. A short survey of epipo-
lar probabilistic characteristics and measures is also provided. Section 2.3 overviews some
state-of-the-art algorithms for image registration using graph matching approaches, and some

related aspects of the problem at hand.

2.2 Epipolar Geometry Estimation

Given a stereo pair, consists of two images, /; and /5 depicting the same scene, each point
correspondence must obey the underlying epipolar constraint. The epipolar constraint is the
geometric structure which holds for all pairs of pinhole cameras, regardless of the captured
scene, and as such can be used to improve points matching. It depends solely on the cameras’
parameters and relative pose. Both the meaning and derivation of the epipolar geometry are
thoroughly reviewed in the literature (see for example the work of Hartley and Zisserman [6]

and Zhang, and Zhengyou [5]), however a brief review is presented here.
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2.2.1 Epipolar Geometry and the Fundamental Matrix

Each image point x € I; determines a ray in 3D space, that is in turn back-projected to a
line, I’ € I, as shown in Fig. 2.1a. The stereo geometry dictates that the point = € I, the
corresponding point y € I,, the two rays associated with each of them, and the two camera
centers in space - C'; and (5, are all coplanar. This plane 7 is determined by the baseline (the
line connecting C'y and () and the ray defined by x. Its intersection with the two image planes
defines the two corresponding epipolar lines in both images [ and [, respectively. The locus of
the point y, corresponding to x € [ € [ is the line I’ € I,. In Fig. 2.1b we show the family
of planes defined by different points X in space. This family, known as an epipolar pencil,
produces a set of epipolar lines. All epipolar lines in each image intersect in a single point,

called the epipole.

(a) (d)

Figure 2.1: Two cameras configuration example. (a) The image point = € I; and the first camera center
(' define a ray in 3D-space. Each world point X on the ray is back projected (through C) to a point
y € Iy. the locus of all such points in Iy is a line I’ € 5. (b) The cameras’ centers C; and Co, the
3D-space point X, and its images x € I; and y € I all lie in a common plane 7. Any plane containing
the baseline C'C" is an epipolar plane. The set of all such planes is known as the epipolar pencil. The
baseline intersects the image planes of I; and I5, at the epipoles e and ¢/, respectively, and each plane 7

intersects the image planes in corresponding epipolar lines [ and [’.

Algebraically, this structure is defined by the following equation called the Epipolar Con-

straint:

iFj =0, (2.1)

where 7 and ¥ are the points « and y in homogeneous coordinates, and F is a 3 X 3 rank 2 matrix
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known as the Fundamental matrix. The Fundamental matrix is independent of scene structure,
and depends solely on the cameras’ internal parameters and relative pose. The epipolar lines
are given by:

' =iF, | = Fj 2.2)

The fundamental matrix can be calculated using a non-linear seven-point algorithm (e.g.
by minimizing the sum of point-to-epipolar-line square distances [6]), or the linear normalized
eight-point algorithm [21]. The epipolar geometry is an essential tool for image matching, as it
enables limiting the search region for each correspondence to the vicinity of the epipolar line,

or alternatively allows for the pruning of outlier correspondences.

2.2.2 Epipolar Robust Estimation for Image Matching

Many registration schemes relay on estimating the fundamental matrix coefficients from sets of
putative matches while simultaneously removing gross outliers. These techniques differ from
classical estimation procedures such as least squares, as they are intended for robust fit given
that the data is contaminated by both noise and outliers.

Over the past few years there has been a tremendous progress in the field, pushing the
limit on estimating model parameters faster and more robust to outliers than ever. One early
successful technique is RANSAC (random sampling consensus) [22]. RANSAC is an iterative
algorithm in which each iteration consists of two steps: 1. A minimal set is drown from the set
of putative matches, and 2. the minimal set instantiates a model, which is next validated against
the entire putative set. Eventually the model chosen is the one with the highest score (or largest
consensus amongst the initial set of putative corresponding pairs).

Many modern robust model estimation algorithms were inspired by RANSAC, and are using
a similar hypothesize-and-verify framework. MLESAC (maximum likelihood estimation sam-
pling consensus) [8] soften the cost function for each correspondence, while formalizing the
problem as a maximum likelihood estimation, assuming narrow normal distribution for inliers,
and uniform broad distribution for outliers. MAPSAC (maximum a-posteriori estimation sam-
pling consensus) [9] further develops the concept, following a Bayesian approach. NAPSAC (N
adjacent points sampling consensus) [10] exploits the fact that true inliers tend to be in a close

proximity to one another. It samples each minimal set within a fixed radius from one randomly
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sampled point. PROSAC (progressive sampling consensus) [11] uses matching scores, such
as SIFT (Scale-Invariant Feature Transform) proximity, or the ratio between the closest to the
second closest SIFT descriptor distances, to guide the sampling process, where progressively
larger subsets are drown in each iteration in a descending order of their score. LO-RANSAC
(locally optimized random sampling consensus) [7] adds a local optimization step whenever a
best-so-far model is generated during the RANSAC iterations.

More recent approaches combine guided local sampling with global search. Such are BEEM
(balanced exploration and exploitation model search algorithm,) [12] and BLOGS (balanced
local and global search) [13] algorithms. BEEM balances between local and global exploration
steps, and local exploitation, similar to the one preformed in LO-RANSAC. Both explorations
steps are guided by an empirical probability of outliers’ and inliers’ correspondences, based
on their closest to second closest SIFT proximity ratio. The local exploration step is done by
giving priority to correspondences sampled from the best-so-far model consensus set. BLOGS
is similar in spirit to BEEM. It consists of two steps: A global search ("jump”) guided by
features’ similarity, and a local search (”diffusion”) guided by JFD (joint feature distribution)
[23] which gives a probabilistic search region for each point correspondence, based on the best-

so-far generated sample set. Each iteration, one of these steps is preformed at random.

2.2.3 Epipolar Geometry Probabilistic Interpretation

The points in each image are often subjected to a certain degree of noise or uncertainty, and even
the inlier correspondences are not entirely accurate. Thus, the estimation of the Fundamental
matrix and the epipolar lines geometry also contain a certain amount of uncertainty, depending
on the image points’ precision and distribution. Furthermore, each examined point is also sub-
jected to some noise. Therefore, a probabilistic view that takes into account the fundamental
matrix and the points’ uncertainty is of need.

There has been some study in academic literature regarding the probability distributions
of the Fundamental matrix and the epipolar constraint. Csurka et al. [24] first introduced the
probabilistic formulation of the epipolar constraint and its properties. They derived the covari-
ance matrix of the fundamental matrix, ¥, which represents the estimation uncertainty due to

the uncertainty of the corresponding image points used for its estimation, and showed how to
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compute it by both statistical (Monte-Carlo simulation) and analytical approaches.

Csurka et al. defined the epipolar band - the uncertainty region of the epipolar line. This
is a region in which the probability of finding the match in one image of a given point in the
other, is less than a certain value. The epipolar band of some probability p lies outside the conic
UT — k*%,, where [ is the epipolar line, 3; is its covariance matrix estimated from X, using
the covariance-propagation theorem, and k2 is the square Mahalanobis distance corresponding
to p. It can be shown that k2 follows a x? distribution with 2 degrees of freedom. An example
can be found in Fig. 2.2, where the point marked by a red circle in Fig. 2.2a corresponds to
some point within one of the limited regions (or bands) in Fig. 2.2b according to the predefined
probabilities in the image legend (the epipolar bands in this figure were evaluated according

to the points assignment in Fig. 1.1, with an assumed standard deviation of 5 pixels for each

point).

" data ints : L
-~ | —epipolar line
——p=02

p=04
p=0.6
p=07

- data points |
@ reference point

() (b)

Figure 2.2: Epipolar band example. (a) The first image with a marked reference point. (b) Second image

with some epipolar bands corresponding to different probabilities.

Sur et al. [25] utilized the same formulation for covariance estimation and computation
of the epipolar band for the eight-point algorithm and demonstrated an application for robust
estimation and outlier removal.

The epipolar band formulation can be used not only for the restriction of corresponding
features to a given threshold, but also to validate and score given matches. Brandt [26] came up
with an expression for the probability density function (PDF) of the point ¥ in the second image

given the point z in the first image, P (y|x, X ). His expression, allegedly, not only restricts the
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matching point to the vicinity of the corresponding epipolar line, but also tells which area across
the line is the most probable for it. However, the fact remains that the true location of a match
along the epipolar line does not depend on the epipolar geometry nor the corresponding set
known thus far, but rather depends on the scene itself which can be non smooth or discontinuous.
What the suggested PDF really describes is the probability density, or the certainty, for the true
epipolar line to pass through each image point. Brandt interpretation to the certainty of the
corresponding point is the summation of the probabilities of all the lines passing through the

point (lines that can explain it). By abuse of notation, the measure calculated by Brandt is:

/P(l’|x, Yy eldl,

Which is the answer to the question: what is the marginalized probability for the data gath-
ered thus far, given the new corresponding pair? The certainty of the point itself could not be
inferred, though, in simple cases of smooth or near smooth surfaces, the true correspondence
often lay in the proximity of the narrowest point of the epipolar band, as the PDF predicts. This
occurs because the PDF is a manifestation of the known correspondences, laying on the same
surface as the new point (in the example shown in Fig 2.2 above, this is not the case, as the true
corresponding point does not lay in the narrowest region of the epipolar band, because of the
discontinuous transformation between the images).

Another probabilistic measure for the quality of a match {x,y} is suggested by Unger et
al. [27]. Their measure is the probability associated with the Mahalanobis distance from the
closest epipolar line explained by the point, to the mean epipolar line (the one estimated from
the correspondences):

P(yelle,Xy) = Fg (k) , (2.3)

where F): (-) is the Chi-Square cumulative probability with 2 degrees of freedom, and
2

E2=min (' —=m)'Sy (' =m)),
in (= m)" Sy (1 = ) s
s.t. m'y = 0.
In the above, !’ is the epipolar line associated with x, I’ = F, and m’ is the closest line to ',
containing y. The k? value obtained by Eq. 2.4 yields g* (I'l'" — k*S) § = 0.
The probability in Eq. 2.3 can be interpreted as the probability of the corresponding pair

being compliant with the epipolar geometry, P ({z,y} |F, X¢). The resulting measure is not a
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probability distribution function for the match. It is not normalized for the entire image space,
and does not tell the probability of y being the true correspondence of x. Nevertheless, it does

give a proper score for the validity of the point match.

Also worth mentioning, in this context, is the work of Triggs [23] of Joint Feature Distri-
bution (JFD). The formalism defined by Triggs is a general framework for probability distribu-
tion of corresponding features, in an affine or projective (homography or epipolar constrained)
regime. As opposed to the aforementioned measures, this one does not incorporate the covari-
ance of the fundamental matrix per se as described earlier, but is rather based on an empirical
assumption about the probabilistic nature of the transformation given the corresponding points’
scatter matrix. The proposed scheme yields an elliptical region of certainty (a Gaussian PDF)
for each y given x. The densities are quite localized similarly to Brandt’s PDF, and like it, JFD
is also based on a heuristic assumption of continues and smooth enough surfaces for the cap-
tured scene. Of course this assumption may prove wrong in reality, where scenes are, in many

cases, composed of several objects and background.

2.3 Graph Matching

In recent years, one of the deeply studied approaches for addressing the assignment problem is
by means of graph matching (GM). One of the advantages of GM over robust model estimation
is the fact that all candidates for each point can be tested, and not just the nearest ones. For prac-
tical reasons, the number of potential assignments is usually restricted to only a few candidate
assignments for each point using the descriptors’ metric. This may reduce both computational

and storage burden, as well as restrict the search to a more feasible sub-space.

As opposed to the robust estimation techniques described above, graph matching technique
is more flexible as it is not trying to enforce a given parametric model on the data, but rather to
find a consistent set of points in one image which geometrically resembles the corresponding
set in the other image. More precisely, it is designed to find an alignment which preserves the

relations between groups of points (usually small groups of 2 to 3 points).
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2.3.1 Pairwise Graph Matching

1

Given a set of points S} = {z;}1" :

, in one image, and a set of points Sy = {y; fi | in the
second image, the Graph Matching aims to recover the proper assignment C' = {¢; };_,, n <
min { Ny, N, } ;represented by an N; x N, binary matrix, Z, which entries are z;; = 1 if z;
corresponds to y;, and z;; = 0 otherwise. This matrix, denoted as the assignment matrix, is row

and column semi-normalized, meaning
N1 N2
Dz <1, Yz <L
i=1 j=1
In pairwise GM we intend to maximize the affinity between each pair of correspondences,

given e.g. by the RBF (radial basis function) kernel,

G2 (civy i) = do (i, yir}  {,y50}) = exp {—é i =, — llvi — ?Jj||L2}} .25

The value ¢, (¢;, ¢j;) is maximized when the distance between x; and x; is equal to the
distance between y; and y;:, and is thus, an isometry affinity measure (see Fig. 2.3a). The
parameter € > 0 in Eq. 2.5 quantifies the tolerance to inexact isometry. This formulation can be
thought of as a graph, which nodes are the correspondences c;;; and the edges connecting them
are the affinities g9 (c;i, ¢jj1).

In classical GM approaches, the graph is assumed to consist of a strongly connected cluster,
representing the true correspondences - each yielding high affinities, and some outliers, that
yield high affinities only at random. The correspondence problem is equivalent to finding the
cluster C' maximizing the sum of corresponding pairwise affinities.

C* = arg max Z b2 (Cizr, Cjj7) - (2.6)

it €51 €C

It is convenient to define a matrix representation of the graph in the form of the affinity

matrix A € RN -N2x NNz

A (3,157, 5) = A (i (Ny = 1) +4',j (Ny — 1) + j') = ¢a (carr, Cjjt) - (2.7)
The optimal assignment is thus given by
z* = arg max (ZTAZ)
s.t. z € {0, 1},
>z <1 vy,

J

(2.8)
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where z is a row-stacked replica of the assignment matrix Z, which entries are z;;.

This optimization problem is a quadratic binary problem (QBP), which unfortunately,
known to be NP-hard. Therefore, it is commonly approximated by computationally efficient
schemes.

The Graduated Assignment (GA) algorithm by Gold and Rangarajan [14] relaxes the con-
straint z € {0,1}""™ in Eq. 2.8 to w € RM™2_ It applies an iterative annealing scheme for
the maximization of the aforementioned objective, combined with an entropy penalty term,
updating the derivative of the expression at each iteration.

Leordeanu et al. [15] proposed a spectral relaxation of Eq. 2.8,

* wlAw
w" = argm&x( T )

2.9)
s.t. w € RNz,

for their Spectral Matching (SM) algorithm. Equation 2.9 is solved by computing the princi-
pal eigenvector of A, and applying a discretization scheme to w* to compute an approximate
solution of Eq. 2.8.

The same authors later suggested an improvement to the discretization step [16], which can
also be applied by its own as a full matching algorithm. Their Integer Projected Fixed Point
(IPFP) algorithm iteratively projects the proposed solution into the discrete space defined by
the constraints of Eq. 2.8. IPFP is claimed to outperform previous approaches.

Cho et al. [17] proposed Reweighted Random Walk Matching (RRWM), a different ap-
proach inspired by algorithms from the field of Web-ranking. They define an “affinity-
preserving random walk™ on the graph, by replacing the need for stochastic row-wise normal-
ization with an absorbing node, yielding a formulation identical to the spectral relaxation of
Leordeanu et al. [15]. The crux of their approach is the adaptation of the personalization ap-
proach from Web-ranking algorithms, dynamically reweighing the edges of the graph, in order

to induce the matching constraints in the course of the random walk itself.

2.3.2 Higher Order Graph Matching

More advanced methods use higher order affinities (usually third order) to allow for more gen-
eral transformations. It has been shown [18-20] that even when a small change in scale is

induced between the two images, the pairwise GM algorithms’ performances are considerably
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degraded. In order to deal with more complex transformations, triplets matching is considered.
In triplets GM, a hypergraph is constructed, in which each node represents a correspondence
c;ir, and each hyper-edge connecting three of them represents an affinity measure preserved by

scale change. This affinity can be, for example,

b3 (cirrs s o) = b3 (i v} {xgoyy} Az, yw }) =

1
oxp {2 1030 = Byl + 163 = by + Iy = el 2:10)

where 0, ;. is the angle formed by the three points x;, z; and z;. The triplets affinity mea-
sure ¢3 (Cii7, ¢j;, Cri ) 1s maximized when the difference between corresponding angles is mini-
mized, i.e. the two triangles, defined by x;, x;, z;, and yy, y;, Y respectively, are approximately
similar. Therefore, the triplets affinity measure defined above is a scale-invariant feature (see
Fig. 2.3b).

The expansion for higher order affinities is non-trivial. Several recent papers suggest differ-
ent techniques for addressing the issue. Zass et al. [18] derive a probabilistic formulation for
hypergraph matching (which will be denoted as HGM throughout this paper), showing that the
calculated hypergraph matrix can be defined probabilistically as a successive Kronicker prod-
uct of the one-dimensional probability vector. This observation results in a convex optimization
scheme for recovering this vector, which constitutes a soft assignment matching.

Duchenne et al. [20] use similar formulation. In their work the high order affinity hyper-
graph is represented by a tensor, and the solution to the optimization problem is derived by
extending the spectral relaxation of Leordinue et al. [15] to higher dimensions. This is done by
generalizing the power iteration matrix eigendecomposition algorithm for the case of multi-way
tensors (this algorithm will be denoted as TGM - Tensor Graph Matching).

Another work dealing with high order matching was conducted by Chertok et al. [19]. This
work (denoted in this thesis as THOA - Tensor High Order Assignment) is pretty close to
the former two, with one significant difference: The high order affinity tensor is not stored in
memory nor processed as a whole. Instead, the tensor is marginalized to a second order matrix,
solved using spectral matching [15]. This paradigm results in a much efficient solution. Further
improvement of time and storage complexity is achieved by sparsifying the tensor, based on

results from the field of random matrix theory.
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2.3.3 Probabilistic Graph Matching

Another important aspect of GM methods is their probabilistic interpretation if exists. Some
of the described works [17, 18] as well as the work done by Egozi et al. [28] adopt a prob-
abilistic interpretation for the graph matching problem, inducing a soft probability assign-
ment vector as the output of the algorithm. The probabilistic formulation is derived by as-
suming the following working assumptions: (1) The pairwise (or triplets) affinities can be
seen as an empirical estimate for the pairwise (or triplets resp.) assignment probabilities:
¢ (i cjjrs..) = P(ci,cjjr,...). (2) The pairwise assignments of different points are sta-

tistically independent:

P(Cii/7ij/) = P(Cii/)P(ij/) . (211)

Given those heuristic justified assumptions, some of the proposed GM methods can be in-
terpreted probabilistically. The spectral relaxation [15], for example, can be seen as an ap-
proximation for the assignment probabilities, as the spectral relaxation of A is its Rank-One-

Approximation (ROA) in terms of the Frobenius norm:

p = W' = arg max

w

wlAw
wlw

) :argminHA—WwTHL2. (2.12)

As A is symmetric and nonnegative, by Perron-Frobenius theorem, we have that p is nonnega-

tive as well, as expected from a probabilistic measure.

Egozi et al. [28] extended the probabilistic graph matching formulation to utilize unary
probabilities P (u (c;)), given by the marginal assignment probabilities estimated in Eq. 2.12.
They derived an iterative probabilistic scheme, where at each iteration the estimated unary prob-
abilities are used to boost the matching process, by improving both estimations of the unary

probabilities, P (u (¢;i)), and the conditional assignment probabilities matrix, P (c;i/|c ;).

In this work it is shown that other sources of information, such as geometrical priors, or
the similarity of corresponding interest points, modeled by logistic regression, can be used to
quantify unary probabilities P (u (¢;)), and by incorporating them into the graph, improve the
GM performance. We demonstrate this concept by estimating the unary probabilities via the

epipolar geometry.
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2.3.4 Multiple Image Registrations via Multiple Eigenvectors

Chertok et al. [29] presented a spectral graph scheme for symmetry analysis (SSA) that utilizes
multiple eigenvectors. Different symmetry axes are recovered by matching an image to itself,
and estimating the resulting multiple image-to-image assignments, each corresponding to a
particular symmetry axis. Thus, each such assignment is a maxima of the Reighley quotient in
Eq. 2.9, and can be recovered by computing multiple leading eigenvectors {W(m) }f:r instead
of just one. This is of particular interest in the context of the proposed work, as we claim that
the geometrical structure of wide-baseline stereo setup often implies that they might include
several distinct motions due to the varying depth of the objects with respect to the cameras’
planes.

The downside of Chertok’s approach is that nonnegativity is only guaranteed for the leading
eigenvector by the Perron-Frobenius theorem. The orthogonality of the eigenvectors implies
that the succeeding eigenvectors will either have negative entries, or disjoint support, implying
that they encode the matching of spatially disjoint regions in the image (which is hardly ever

the case).

2.4 Discussion

In this chapter we reviewed the two main approaches for dealing with the assignment problem,
the epipolar geometry robust estimation approach, and the graph matching approach. Both
have strengthes and weaknesses, and in both the performances degrade as the input scenario
approaches the wide-baseline domain, with non-negligible perspective deformations.

The epipolar robust estimation techniques are only designed to work when the input images
were captured by a pinhole-model cameras. Their main strength is in being rigorous and gen-
eral, making them suitable for every stereo pair regardless of the perceived scene. However,
their generality is also a major drawback. Since epipolar robust estimation does not enforce
any rigid transformation, the points in one image can fit, according to the constraint 2.1, any
other point within the epipolar line. This could result in a massive clutter, especially when the
captured scene contains repetitive patterns in a direction parallel to the baseline (which is often
the case when shooting buildings for example). These techniques do not use any smoothness or

piecewise rigidness assumptions, which could benefit the matching process by mitigating this
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behavior. Another drawback of robust estimation approach is its inability to cope with more
than just one nearest neighbor.

Graph matching algorithms, on the other hand, are not so rigorous regarding the model con-
straint, and so, are often used for matching non-rigid objects such as faces. They heuristically
assume a global relaxed but rigid motion model, and thus cope well with narrow-baseline sce-
narios. Nevertheless, in wide-baseline cases this assumption does not hold, as the deformations
can disjoint parts of the scene causing for non rigidity of the transformation. In addition, the
GM approach is sensitive to other erroneous alignments, unrelated to camera transformation,
such as symmetries or repetitive objects in the scene. Such alignments could clutter the results

of the schemes.
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(a)

(b)

Figure 2.3: Matching affinities of different orders. (a) Pairwise matching affinity - The maximization
of the score induces an isometry transform - Equal distance between corresponding pairs. (b) Triplets
matching affinity - The maximization of the score induces a similarity transform. Each triangle formed

from three points in one image is similar to the corresponding triangle in the second image.



Chapter 3

A Unified Wide-Baseline Stereo Matching
Approach

3.1 Introduction

Although GM and robust estimation approaches suggest powerful tools for dealing with the
assignment problem in the presence of noise and outliers, both methodologies lack when facing
a wide-baseline image matching scenario. The registration of wide-baseline stereo images is
often difficult, as both local and global perspective deformations degrade the inlier rate and
the global motion model simplicity. In such cases, the epipolar robust estimation techniques
often prove insufficient due to lack of inliers in the initial putative set of correspondences, and
repetitive patterns along the baseline direction. On the other hand, the GM assumption of one
global approximately rigid transformation, is often invalid for a wide-baseline setup. Thus in
this case, GM performances are often considerably damaged too.

The two images of the wide-baseline stereo pair might be related by multiple spatial trans-
formations, each related to image components with different distance form the camera plane.
This is exemplified in Fig. 1.1 where the Sphinx and pyramid appear in both images and are
related by different spatial transformations.

This observation motivates our multi-assignment GM approach. The proposed algorithm
preserves GM strength of robust and efficient cluster matching, by first generalizing its model
to match several components instead of just one. It then combines all components probabilis-

tically, and by introducing the epipolar probability into the affinity graph, enforces the global

39
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constraint, and attenuate false correspondences.

This chapter is organized as follows: In section 3.2 we present the multi-assignment frame-
work, and derive the optimization scheme for calculating the subgraph components. Section
3.3 introduces the combined probabilistic approach, which binds together the epipolar con-
straint with the graph affinity probabilities. The Multi-Assignment Graph Matching Algorithm
(MAGMA) is described in detail in Sec. 3.4. The chapter is concluded in Sec. 3.5.

3.2 Multi-Assignment Graph Matching for Image Registra-
tion

In contrast to common graph matching approaches we aim to recover multiple assignments,
rather than a single one. The core of our approach is that each relative motion will be mani-
fested by a weakly connected subgraph (see Fig. 3.1) within the graph matching framework.

Given two images, 1 and I, and the sets S; = {x,}fvzll and Sy = {y; ;le, such that z; € I; Vi,

=

Figure 3.1: The multi-cluster model: Several objects in the scene (including e.g. the background and

foreground of the scene). Each having a different transformation between the two images, and each can

be represented as a cluster (or sub-graph).

and y; € I, Vi, we construct our model similarly to the GM model. Our goal is to find the top M
maximal consistent components in the graph, or the M sets of matches {C’ W c®, .. cM) },
which best explain the observed affinities, as depicted in the matrix A. To formulate the prob-

lem, each set C'™ will be associated with a soft assignment matrix W™ e RN1xN2 | wwhich
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entries stand for the pairwise matching probabilities in accordance to the appropriate compo-
nent in the graph (as described for a single component by Egozi et al. [28]). The matrices W (™)

must satisfy the following constraints:

[W(m)}ij € [0,1] Vm, i, j,
Zif (W], <1 Vmj, (3.1)
[W(m):| ij <1 Vm,z

The inequalities are due to the fact that not all points in one image have true correspondences

in the second image, and vice-versa.

Next we introduce the soft multi-assignment matrix, Q@ € RY>*M (N = N; - N,),
in which the columns {W(m)}i{:l are the row-stacked replicas of {W(m)}i\f:l: Q =
(wo w® . win ).

we are aiming to solve the following decomposition problem:

A~ QO = wwDT 4 w@w@T 1 M)y (OOT (3.2)

Equation 3.2 can be seen as a partitioning operation on the affinity graph, extracting its
most prominent components. Each component contributes a part of the graph (one addend
in Eq. 3.2), and the whole graph is completely composed by the sum of those contributions.
This formulation is consistent with our model of several unconnected objects in the scene,
each associated with a distinct sub-graph. The graph in total is mainly composed of these
components, and some residual unstructured, weakly connected parts which do not agree with

any of them, and would not affect the probabilities much.

This model of several unconnected components in the graph is not always valid, and even
when it is, the actual number of components in the graph is unknown. Yet, a proper probabilistic
derivation will allow for soft partitioning of the graph. Followed by simultaneous discretization
of all components, it will assure each point correspondence will be taken according to the most

appropriate assignment group.
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The decomposition 3.2 can be rewritten as an optimization problem:
« _ - T
O = arg min HA — Q0 HL2

s.t. Q e[0,1] VM
> [W(m)} i <1 Vm,j,

)

J

(3.3)

The problem 3.3 is similar to the one being solved by the SSA algorithm (see Sec. 2.3.4). In
order to extract M different components in the graph, the SSA factorizes the matrix A by using

order-M spectral decomposition, known to solve the following decomposition problem:

0" = arg min HA — QQTHL2 3.4)
st. Q'Q=1

3.3 and 3.4 are both generalization of the classical SM problem [15], as both, for the case
of M = 1, solve the Rank-One-Approximation (ROA) problem. Both formulations can be seen
as best Rank- M/ -Approximations (RMA) under different constraints.

For M = 1, the Perron-Frobinius theorem guarantees that the leading eigenvector of A
exists and is nonnegative, which allows the convenient discretization of the result (e.g. by
greedy method), and provides a nice probabilistic interpretation to it. However, the same can not
be said about other eigenvectors of A. On the contrary, for M > 1, the orthogonality constraint,
QTQ =1, dictates that all other eigenvectors are orthogonal, and thus contain negative entries,
making the results hard to interpret. For this reason, it can be inferred that this formulation is
not the most appropriate one, neither for discretization nor for probabilistic interpretation.

Another known method for solving a similar problem is Symmetric Nonnegative Matrix
Factorization (NMF) [30-32]. NMF is a well known established clustering technique used in
recent years for several applications, including: face recognition [31], documents clustering
[33,34], and audio blind source separation [35].

Symmetric NMF solves the problem:

Q* = arg min |A - QQTHLZ (3.5)
s.t. Q>0

This problem can be solved efficiently either by a multiplicative iterative algorithm [36], or a

nonnegative projected alternating least squares (ALS) approach [32].
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Symmetric NMF allows for an intuitive discretization and a meaningful probabilistic inter-
pretation, similarly to the one-component case (such as in SM), as it ensures nonnegativity of

all assignment vectors’ components.

To show the advantages of Symmetric NMF over spectral decomposition, a simulation was
conducted: A set of uniformly distributed points in 2D space was generated. From these points
3 groups were undergone different similarity (scale and rotation) transformations and perturbed
with a random distortion. To each point additional candidate correspondences were generated
at random. Some outlier points were given only randomly generated candidates. This setup
initiated a graph using a scale invariant marginalized tensor [19]. Fig. 3.2 shows both spectral
decomposition results, depicted by the three leading eigenvectors (a), and Symmetric NMF
results of order 3 (b). It is quite noticeable that the spectral decomposition is not suitable
for the job, as it yields hard-to-interpret vectors, which do not preserve the real nature of the
graph. On the other hand, the Symmetric NMF results are much easier to interpret and present
three distinguished components. The Symmetric NMF results can be easily combined and
simultaneously discretized to form a hard assignment, using e.g. greedy approach. As all of the
components originated from a single matrix optimization problem, no additional normalization

between the components is needed.

Though the Symmetric NMF method yields much better results than the SSA approach, it
still does not solve the problem stated by 3.3, as it does not enforce the (semi) stochastic con-
straints: Y, [W(™];; <1, 3" ; [W(m™] ;; < 1. We introduce here the Stochastic Constrained
Matrix Factorization (SCMF) algorithm, a scheme for solving Eq. 3.3. Our scheme uses an
approach similar to the projected ALS used for solving the Symmetric NMF problem, with a
projection operator which orthogonally projects the result of each step to the feasible domain
of the constraints 3.1. The nonnegative-projected-ALS method for calculating NMF was shown
to be equivalent to projected-Newton optimization scheme [32], and the same is also true for

SCMFE. Next we derive the SCMF projection step.

The constraints define the following linear subspace:
Q={Q:¥Q—-A<0},

where W and A define the linear constraints: nonnegativity, rows (semi) stochastic normaliza-
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Figure 3.2: Multi assignment graph matching - several solutions from one affinity graph. (a) Spec-
tral decomposition. The three leading eigenvectors are displayed. Each eigenvector is associated with
one component in the graph. (b) Symmetric NMF. Each column in the factorization is associated with

different component.

tion and columns (semi) stochastic normalization.
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The matrices W'9%,, and WS  are sparse matrices, encoding the rows and columns constraints

respectively. Thus the orthogonal projection operator to the subspace () is given in the form:
Py(2)=Q— 97 (007) " [w0-A], , (3.6)

where the operator, | - is the nonnegative projection operator, defined as: [Q2], =

4 +

max {€2,0}. The SCMF scheme is summarized in Alg. 1. An additional scaling factor \ is

introduced to regularize the iterative algorithm convergence (we used A = 0.5).

3.3 Unified Probabilistic Stereo Image Matching

In this work we propose a unified approach for wide-baseline image matching, that utilizes both

graph matching (Section 2.3) and RANSAC (Section 2.2.2) via a joint probabilistic formulation.
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Algorithm 1 Symmetric Semi-Stochastic Constrained Matrix Factorization (SCMF)

Input: A symmetric nonnegative matrix, A € RV,
The factorization order M <N
Output: Solution to the optimization problem 3.3, Q € R, VM
1: Calculate the constraint coefficients: ¥ and A
2: Set the regularization scaling parameter A (e.g. A = 0.5)
3: Initialize €2 randomly
4 Qe Py(Q) = Q- 97 (¥07) 7 [WO-A],
5: repeat
6: Qo=
7. Q<+ QA(ATA)!
8 Qe Py(Q)=Q -7 (0u?) " [WO-A],
9 Q<+ (1-N)Q+ A

10: until convergence

Let /; and I; be the input images, and S; = {ml}fvzll and Sy, = {yz}f\fl be the corresponding
sets of feature points.

We formulate the matching as a multivariate estimation problem, whose set of variables
is divided into two sets of parameters. The first of which are the assignment probabilities p
computed in Eq. 2.12, which encode the geometrical similarity between the sets of feature
points in both input images, and are estimated by graph matching. The second set of parameters
encodes the epipolar geometry in terms of the fundamental matrix F, and is estimated via the

RANSAC scheme or one of its derivations as in Section 2.2.

The gist of our approach is that using an estimate of the point matching given by the as-
signment probabilities p, one can use p to find the most probable set of point matches between
I; and I,. This matching allows to efficiently apply the RANSAC approach to estimate the
epipolar geometry parameters F, relating /; and /5. Furthermore, using F' one can estimate the
unary assignment probabilities, by utilizing the epipolar probability compliance measure [27],

given by Eq. 2.3, and improve the graph matching accuracy as will be shown next.

In order to utilize the unary assignment probabilities within the graph matching scheme, we

reformulate Eq. 2.5 (the same derivation can also be applied on marginalized probabilities
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of any order, e.g. by marginalizing Eq. 2.10). Following Bayes’ theorem, and the unary

probabilities independence assumption:

P(cii, cjjr) = P(cii, cjjrlu (cir) ,u (cpr)) P (u(cir) , u(cjy)

= P(cir, cjjrlu(car) ,u(ejp)) P (u(eiw)) P (u(esy)), 3.7

where,

1
Plescipluee) o e) = e { =2l =l — I = wll, |} 09

Equation 2.5 quantifies the pairwise probability solely by the geometrical similarity of
edges, overlooking the cases where edges of similar length are non-corresponding. In contrast,
Eqgs. 3.7 and 3.8 provide finer statistical modeling of point matching. By setting P (u (¢;i7)) = 1
Vi, Eq. 3.7 is reduced to Eq. 2.5. Alternatively, a supplementary source of information could
contribute to the refinement of the probabilistic model. We estimate the independent unary
probabilities by the epipolar compliance probability an in Eq. 2.3.

This yields an iterative registration scheme that alternates between running graph matching
and robust epipolar geometry estimation (e.g. by RANSAC), and we formulate the proposed

scheme via the likelihood maximization
(p*,F") = arg HIE%TXL (p,F) = arg maixLG (p,F)+ Lg (p,F) (3.9)
p7 p7

where L¢ (p, F) is the likelihood of the probabilistic graph matching, and Ly (p, F) is the
likelihood of the epipolar model. It was shown by Egozi et al. [28] that the Spectral Graph
Matching scheme computes the maximum likelihood estimate of the matching problem and
thus maximizes L¢ (p, F). Similarly, the robust estimation process evaluates the maximum
likelihood estimate of F' from inlier assignments, and thus maximizing Lg (p, F). This paves

the way for the derivation of an iterative, non-decreasing scheme that iterates
Pr = arg manLG’ (pn—la Fn—l) (310)

F, = arg m}ngE (Pn, Fri1) (3.11)

and it follows that

Le (P Fn1) = Le (Pn-1, Fri) (3.12)
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and

Lg (Pn,Frn) > Lg (Pn, Fno1) (3.13)

Thus,
L(pn,Fy) > L(pn,Frv). (3.14)

The proposed framework can be generalized, to use other probabilistic sources of infor-
mation, such as appearance similarity (e.g. the use of SIFT based similarity measures in
PROSAC [11], BEEM [12] or BLOGS [13]), other orders of graph alignments or some knowl-

edge of parametric transformation between the two images (e.g. JED [23]).

3.4 Implementation

Now, using the principles described in former sections, we can derive our full algorithm, the
Multi-Assignment Graph Matching Algorithm (MAGMA). Its details are as follows: Since
epipolar geometry is unknown to begin with, our approach consists of iterative scheme in which
the epipolar model inferred from each iteration is used to enhance the next one, like described
in the previous section.

We start by using the original pairwise (or marginalized higher order) measures to construct
the affinity matrix A (as depicted in Eq. 2.7). Next SCMF decomposition scheme is used for
gathering the M components of assignments, and all of them are discretized simultaneously,
enforcing the original constraints of Eq. 2.8.

In our experiments we used marginalized tensor calculated from angles (third-order match-
ing, see Eq. 2.10) in order to get each assignment component to approximate a similarity (i.e.
scale invariant) transformation. The marginalized tensor was decomposed using SCMF (Alg.
1), where the factorization order (i.e. number of components) was set to be M = 3. This num-
ber generally gives good results. Other values for M have also been tested, and gave similar
results. Methods for inferring the real number of components are also addressed in literature,
however they are mostly parametric and not very consistent. That is why we have used a con-
stant number of components, which in our opinion should give good results, as it is not too
big (which may cause overfitting or over-partitioning of assignments), and on the other hand

sufficient for most natural scenes and images.
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After the initial global assignment was obtained, the epipolar geometry is inferred using
robust estimation technique. We have used RANSAC with local optimization step (of constant
number of iterations) for each new optimum obtained. In order to accelerate the process, if the
points were originated from scale invariant features such as SIFT, the scale and orientation in-
formation is used to obtain each global RANSAC iteration from only two samples, in a fashion
similar to the BEEM algorithm [12]. Local steps (and global ones in case no scale and orien-
tation data was available) are calculated using the normalized-eight-point algorithm [21]. The
points’ STD (standard deviation), o, is then being calculated using the Sampson distance [6] be-
tween the inlier points and their respective epipolar lines, and in turn ¢ is used for the evaluation
of the fundamental matrix covariance, X7 [24,25].

After acquiring the fundamental matrix and its uncertainty, the affinity matrix is updated
accordingly, utilizing the correspondences’ unary epipolar probabilities as in Eq. 3.7.

This process continues iteratively for a M axIter number of iterations, or until a stopping
criteria is met, when the inliers’ STD, o, reaches a predefined threshold, T'H,, or the relative
change gets bellow a certain value, T'H,.q;,.

The whole process usually takes two to three iterations to converge. Since the calculation
of the third order affinities is the most time-consuming part of the algorithm (and it is only
done once), the algorithm’s time complexity is about the same as other tensor based matching

schemes. The scheme is generally outlined in Alg. 2.

3.5 Summary

We have presented a complete framework for matching stereo images, which is especially de-
signed for the wide-baseline case. The proposed algorithm includes several steps for ensuring
its applicability to the wide-baseline scenario, and robustness to outliers. The algorithm gener-
alizes GM approach to better cope with non rigid deformations between the input images, by
allowing for more than one assignment to be calculated from the affinity graph. In addition, it

considers epipolar geometry in a probabilistic way, to further improve accuracy and robustness.
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Algorithm 2 Multi-Assignment Graph Matching Algorithm (MAGMA)

9:

10:

11:

12:

N2
i=1°

Input: Image points from both images, S; = {z; € I}, and Sy = {y; € I
Ny X ky, matrix, mapping each point in S to its k,,, nearest neighbors in Sy

Output: Correspondence map C' = {¢;;» }_, between S; and S,

: Construct the affinity matrix A from the given S;, Sy and the nearest neighbor table (ac-

cording to Eq. 2.10)

: while (number of repetitions < MazIter) do

Factorize A Using SCMF (Algorithm 1): A ~ QQ7
Discretize €2 to get putative set of matches
Robustly estimate the epipolar geometry to get F' and a set of inlier matches
Use inliers to estimate the points’ STD, o, and fundamental matrix covariance, > ¢
if (0 < TH,) or(o(prev)/o(curr) < T H,q,) then
return: Current inliers
end if
Calculate epipolar compliance for each putative match: P (u (¢;))  Vi,7
Update A: Ajirjjr <= Ajirjjr - P(u(ciir)) - P (u(cjjr))

end while
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Chapter 4

Experimental Results

In this chapter we present some experimental results: First, we test the SCMF decomposition
scheme proposed in this paper as a multi-assignment graph matching approach. We verify
the scheme and demonstrate its advantage, in comparison to the standard Symmetric NMF
scheme. We then extensively test our full algorithm, MAGMA, on several synthetic generated
scenarios as well as on sequences of real images along with ground truth in increasingly growing
difficulty level. We compare the proposed algorithm against a wide variety of state-of-the-art
algorithms from both the school of epipolar geometry robust estimation and of graph matching.
The robust estimation algorithms tested are: 8-point-RANSAC [22], MLESAC [8], MAPSAC
[9], NAPSAC [10], BEEM [12] and BLOGS [13] (the latter two were not tested against the
synthetic scenarios, since they require additional appearance parameters related to the SIFT
descriptors [1] which were not synthesized); The pairwise GM algorithms tested are: SM [15],
GA [14], IPFP [16] and RRWM [17]; The triplets GM algorithms tested are: Zass and Shashua’s
HyperGraph Matching (HGM) [18], Duchenne’s et al. Tensor-based high order Graph Matching
(TGM) [20] and Chertok and Keller’s Tensor High Order Assignment (THOA) [19].

We have used MLESAC, MAPSAC and NAPSAC implementations from the ”structure and
motion toolkit” by Philip Torr available online. The BEEM, BLOGS, RRWM and TGM imple-
mentations are from the authors’ websites. The HGM implementation was given to us by Zass,
and RANSAC, SM, GA and THOA were implemented by us. For fair comparison, in the robust
estimation algorithms, only the best candidate for each point was considered as input, because
those algorithms cannot cope with high outlier rates, and checking more than one candidate for

each point will considerably increase the outlier rate.

51
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Both the real and simulated benchmarks allow us to quantitatively evaluate the perfor-
mances, in terms of accuracy and robustness in various deformations and missing data scenarios,

and to fairly compare the algorithms to one another.

4.1 Multi-Assignment Graph Matching Evaluation

We experimentally verified the proposed SCMF multi-assignment scheme by applying it to
simulated data, and compared it to the Symmetric NMF scheme. To this end, we conducted the
following simulation: We assembled a synthetic but realistic scenario of three planes, each con-
taining 30 uniformly distributed points, captured by two pinhole-model cameras set at different
locations, and forming a wide-baseline stereo pair. We then constructed a graph from those
image points with additional 9 neighbors per point (total of 10 nearest neighbors per point),
and added some random noise and some outliers (points with no correct neighbor). We fac-
torized the resulting graph using each of the methods, and discretized the results to get a hard
assignment from each. The process was repeated for 100 times, and the results were saved and
compared to the ground-truth. The average ROC (Receiver Operating Characteristic) curves of
both methods are displayed in Fig. 4.1. The results are quite convincing in favor of the SCMF

scheme for factorization and for the registration of wide-baseline stereo image pairs.

4.2 Matching Synthetic Datasets Using MAGMA

We tested the MAGMA approach presented in Sec. 3.4, by first conducting a set of synthetic ex-
periments. Those experiments were aimed to test different challenging aspects of point match-
ing scenarios. For each trail we constructed a setup of two pinhole-model cameras capturing a
scene composed of several groups of 3D points laying in planes at different depthes from the
cameras. Each point in the first image was attributed to 10 nearest neighbors in the second im-
age (one of them being the correct match), the points in each image were perturbed by random
noise and some outliers (points without any correct neighbor) were induced. At each experiment
we held most parameters of the above setup constant while changing one particular parameter
at a time: increasing outlier ratio, decreasing the ratio of points having their correct match as

the nearest neighbor, increasing noise level, changing the ratio of cameras’ focal lengths, in-
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Figure 4.1: ROC curves of the matching simulation results, using the Symmetric-NMF scheme and the

SCMF scheme.

creasing the baseline angle and increasing number of planes (or depth variability) in the scene.
Other than the tested parameter in each experiment, the rest of the parameters were set to default
values according to the following: The synthetic setups were constructed by two cameras with
baseline angle of 20°, both at the same depth from the scene but with different focal-length
(fs = 1.1 - f1). The scene itself was constructed by total of 120 points in 3 planes, with 1 f;
depth difference from one another and a maximum distance of 5f; from camera’s plane. The
default outlier ratio was set to 20%, the ratio of inlier points having their correct match as the
nearest neighbor was set to 10% and the noise standard deviation was set to 1 pixel.

The threshold parameter in all robust estimation algorithms (including the MAGMA’s
RANSAC threshold) was fixed to the same value, ¢ = 0.01 (we made sure to compensate for
the different pixel normalization in Torr’s implementations), the graphs for pairwise GM algo-
rithms were all generated the same way using the same kernel width, € = 25 (see Eq. 2.5), and
the graphs for triplets GM algorithms were all generated the same way using the same kernel
width, € = 7/60 (see Eq. 2.10), and a full sampling ratio.

We measured the accuracy and recall percentage of every algorithm in each trail, and re-
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peated the process for 20 times, averaging the results for consistency. To fully understand the
relative performance of the tested algorithms, both accuracy and recall graphs should be simul-

taneously considered. The results are presented in Figs. 4.2-4.7.
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Figure 4.2: Synthetic test - outlier experiment. (a) Accuracy percentage. (b) Recall percentage.

Figure 4.2 shows the performances of the different algorithms as the outlier percentage is
varied from 0% to 80%. The pairwise GM algorithms degrade the fastest as the outlier rate
rises, because of its inability to handle scale change between the images, stemming from the
focal length change between the two cameras. For up to 25% outliers, MAGMA scores close to
perfect accuracy and recall. For more than 25% of outliers, MAGMA'’s accuracy performance
starts degrading while the robust estimation algorithms achieve better accuracy. However, the
robust estimation algorithms are significantly inferior with respect to recall performances, in all
outlier percentages. The reason for that lies with the fact that not all inliers in the simulation are
nearest neighbors, and as stated, one major drawback of robust estimation algorithms is their
inability to cope with more than one nearest neighbor.

Figure 4.3 further illustrate this problem. In this simulation all that changes between the
trials is the percentage of inliers which are tagged as the nearest neighbors for each point in the
source image. All graph based algorithms maintain constant performances in both accuracy and
recall percentages, while, as expected the robust estimation algorithms’ performances degrade
with the increase of the ratio of points not having their correct match as the nearest neighbor.

For these algorithms, the recall percentage degrade linearly. Their accuracy degrade as well,
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Figure 4.3: Synthetic test - not-nearest-neighbor experiment. (a) Accuracy percentage. (b) Recall per-

centage.

as the inlier ratio within the nearest neighbors drops and becomes insufficient for the formation
of a strong consensus group. The same is not valid for GM methods (including MAGMA)
which are not affected by this parameter at all. In fact, in this experiment MAGMA achieves

close-to-perfect scores in all setups.

Figure 4.4 shows what happens as points’ localization degrades. In this experiment we
perturbed the points’ position by Gaussian noise with increasingly growing standard deviation.
It is shown again, that though the robust estimation algorithms achieve better accuracy, they
are not true competitors to MAGMA when it comes to recall percentage. Also, triplets GM

algorithms achieve better recall, while at lower accuracy.

Figure 4.5 illustrate the pairwise GM’s weakness of scale change intolerance. In this ex-
periment we changed the ratio of the cameras’ focal lengths. This change is equivalent to a
scale change between the images, and thus affects the pairwise GM algorithms performances.
The pairwise graph is constructed from an isometry affinity measure, so pairwise GM algo-
rithms can only handle isometry transformations (rotations and translations), and are sensitive
to scale changes. Hance, those algorithms achieve their optimal performance level when the
focal length is the same (no scale change), and their performance drops rapidly with the change
in this parameter. Other algorithms remain indifferent to this change. MAGMA performs well

as expected, achieving close-to-perfect scores and outperform all other tested methods in all
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Figure 4.4: Synthetic test - image noise experiment. (a) Accuracy percentage. (b) Recall percentage.

setups.

Figure 4.6 shows the results of having the baseline of the stereo pair increasing. MAGMA
is not affected by this change, as it considers more than one component of the graph, and thus
the depth variation and baseline angle do not affect it much. Also not affected are the robust
estimation algorithms which are indifferent to such change (as long as the inlier’s ratio is the
same). Both triplets and pairwise GM degrade much with baseline angle increase due to their

one-component restriction.

Finally Fig. 4.7 presents our last synthetic experiment, testing the deviation from the model
of MAGMA, by subtracting or adding components to the graph. This effect is achieved by
changing the number of planes captured by the cameras from 1 to 5. It can be seen that even
though the number of components being calculated by MAGMA in the current setup is constant
(based on the SCMF order which was fixed to be M = 3), it is still the best algorithm, yielding
close to perfect performances for all cases. The robustness of MAGMA to this parameter is due
to its probabilistic derivation allowing for soft partitioning of the graph, and the simultaneous
discretization of all components, which assures each point correspondence is taken according

to the most appropriate assignment group.
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Figure 4.5: Synthetic test - focal length ratio experiment. (a) Accuracy percentage. (b) Recall percent-

age.
4.3 Matching Real Image Sequences Using MAGMA

We tested the MAGMA approach presented in Sec. 3.4 by applying it to sequences of real
images. In these experiments we used two image sequences datasets: fountain-P11 and Herz-
Jesu-K7 datasets [37]. Each of the datasets consists, other than the images, of a dense accurate
3D model of the scene, measured by a LIDAR Light Detection and Ranging) sensor, and well
calibrated models for the cameras, including poses and directions. Several images from each
sequence are presented in Fig. 4.8. The unique setup allows us to extract ground truth infor-
mation for each point in the scene as to its whereabouts in each image, and thus, to conduct a

large-scale quantitative evaluation of all tested approaches.

The experiments exemplify the matching performances in a real-world natural setup. It
should be noted that the image pairs are not even remotely compliant with the ideal MAGMA

model of several planes or objects of constant depth from the cameras.

We tested each sequence by examining all possible image pairs. For each pair 1500 SIFT
points where selected according to their distinctiveness (closest to second closest descriptor
distance ratio), along with 2 nearest neighbors per each. The sets of putative points and neigh-
bors were sent to each of the algorithms (except for BLOGS, which calculate its own nearest

neighbor differently, and so the nearest neighbors of the same 1500 SIFT points were calculated
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Figure 4.6: Synthetic test - baseline angle experiment. (a) Accuracy percentage. (b) Recall percentage.

separately by it).

The algorithms’ parameters were set as follows: The BEEM and BLOGS parameters were
used as given by the authors (which generally produced good results), the threshold parameter
in all other robust estimation algorithms was fixed to the same value, ¢ = 0.01 (we made sure
to compensate for the different pixel normalization in Torr’s implementations), the graphs for
pairwise GM algorithms were all generated the same way using the same kernel width, € = 5
(see Eq. 2.5), and the graphs for triplets GM algorithms were all generated the same way using
the same kernel width, ¢ = 7/60 (see Eq. 2.10), and a full sampling ratio, with the exception
of TGM graph, which for computational considerations was generated using a sampling ratio

of 0.1.

The results were compared to ground truth. We then measured the accuracy and recall
percentage of every algorithm in each trail. The image pairs are ranging from narrow to wide-
baseline, and the results are displayed accordingly in Figs. 4.9 and 4.10. The “Baseline diff”
axes is the gap between the images (e.g. Baseline dif f = 5 stands for the average of all pairs
1-6, 6-1,2-7,7-2, 3-8, etc.). As the baseline difference grows, some of the parameters examined
in the synthetic scenarios in Sec. 4.2 are degraded, affecting matching performance: Along with
the increasing of the baseline angle, the motion model becomes more complex, making the
assumption of one strong component obeying a single rigid transformation less valid. Also the

image appearance varies, reducing features’ similarity, and by so doing increasing outlier ratio,
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Figure 4.7: Synthetic test - number of planes experiment. (a) Accuracy percentage. (b) Recall percent-

age.

decreasing the ratio of points having their correct match as the nearest neighbor and degrading
the features’ localization (which is equivalent to increasing the noise level).

The results for both datasets validate our approach. Even though the image pairs are not
compliant with the MAGMA model, the results still verify it. MAGMA outperforms other
GM algorithms, yielding much better accuracy than any of them (including the triplets graph
matching schemes). For high values of baseline difference, GM algorithms yield better recall
percentage, but their accuracy is so small, indicating that their matching results are meaningless.
The inadequate GM performances are due to their one-component assumption, which is a faulty
assumption in these cases, and due to the reduction in inlier percentage as the baseline difference
grows.

Most robust estimation schemes report accuracies similar to MAGMA for low baseline dif-
ference. However, even then, the recall is much smaller in comparison to our approach. The
only comparable algorithms for these setups are BEEM and BLOGS. Each of them achieves
similar or better accuracies than MAGMA’s. In the Herz-Jesu-K7 dataset experiment (Fig. 4.10)
MAGMA achieves better recall percentages than both BEEM and BLOGS, and in the fountain-
P11 dataset experiment (Fig. 4.9) BLOGS outperform MAGMA for high baseline differences.
This can be due to the fact that BLOGS calculate its own initial putative set of correspon-

dences, which could be, by chance better than the initial set used by other algorithms in this
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Figure 4.8: Several images from the fountain-P11 (a) and the Herz-Jesu-K7 (b) datasets. The two

datasets were used as a benchmark for testing the different algorithms in a sound way.

case. Another reason both advanced robust algorithms perform so well, is that the radiometric
acquisition conditions of the captured scenes are quite stable throughout each sequence, mak-
ing the SIFT descriptors’ assignment quality pretty good, so that the correct matches amongst
the SIFT neighbors are mostly the nearest ones. This cause neutralizes one of GM’s greatest
advantages over robust estimation approaches, which is its ability to consider more than one
candidate assignment for each point. Still, MAGMA performs well, yielding results compa-
rable to state-of-the-art robust estimation algorithms, and in some cases achieves better results

(e.g. in the Herz-Jesu-K7 dataset experiment, Fig. 4.10).

4.4 Conclusion

In this chapter we presented an experimental study of the contributions discussed in this paper.
First, it was shown, by conducting a quantitative synthetic simulation, that the proposed SCMF
scheme for estimating several disjoint parts in a graph, performs better than the suggested alter-
native, Symmetric NMF. This result further justifies the contribution of imposing the stochastic
constraints in the optimization process.

Next, we comprehensively tested the proposed image matching algorithm, MAGMA, on
several simulated setups, each emphasize different challenging aspect of point matching prob-

lems. MAGMA achieved outstanding performances in all setups in comparison to other state-
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Figure 4.9: The fountain-P11 sequence experiment. (a) Accuracy percentage. (b) Recall percentage.

of-the-art algorithms.

Finally, we conducted a set of experiments on real image sequences, showing that MAGMA
obtains satisfying results, outperforming other GM approaches, and achieves results comparable

to the state-of-the-art robust estimation algorithms.
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Figure 4.10: The Herz-Jesu-K7 sequence experiment. (a) Accuracy percentage. (b) Recall percentage.



Chapter 5

Summary and Discussion

5.1 Summary

In this work we addressed the image matching problem, and in particular, the wide-baseline
stereo matching problem. State-of-the-art approaches for matching two images were presented,
and their drawbacks were discussed. Those include methods for robust estimation of epipo-
lar constraint while pruning outlier matches, and graph based methods for inferring consistent
component in an affinity graph or hypergraph, encoding corresponding geometrical relations be-
tween small groups of points. All existing algorithms have difficulty treating the wide-baseline
setup, due to local and global perspective deformations, affecting both appearance coherence
(and thus, reducing inlier rate) and global motion model.

We presented a general probabilistic framework for solving the stereo matching problem.
Our Multi-Assignment Graph Matching Algorithm (MAGMA) generalizes the graph matching
paradigm, making it more adequate for dealing with wide-baseline scenarios, and more robust
to erroneous alignments.

We proposed relaxing the demand for one strongly-connected cluster in the affinity graph,
and replacing it with a more appropriate model of several unconnected components. This multi-
assignment model was inspired by natural scenes composed of several objects and background,
at different depths from the cameras, which are often disjoint by the perspective transformation
between the stereo pair. In fact this multi-component situation is the main cause for the fail-
ure of ordinary GM methods in matching wide-baseline stereo images. The multi-assignment

solution was implemented by an efficient projected Newton optimization scheme, that enforces

63



64 CHAPTER 5. SUMMARY AND DISCUSSION

stochastic constraints in the process of the solution, and thus, results in a maximum-likelihood

estimation of the multiple-assignments structure folded within the graph.

In order to further enhance the robustness of the algorithm to clutter and attenuate false
assignments unrelated to the camera’s transformation (such as those caused by symmetry or
repetitive patterns), we simultaneously assemble the different assignment solutions, and dis-
cretize them according to each corresponding point’s probability estimate, to form a global set
of correspondences. Then, this global assignment is used for robustly estimating the epipolar
geometry, binding all the valid assignments. Finally, the unary probabilities inferred by the
epipolar geometry are incorporated within the affinity graph, to establish a more accurate prob-
abilistic graph, representing both the heuristic pairwise (or marginalized triplets) probabilities

and the epipolar geometry probabilistic prior. The whole process iterates until convergence.

The proposed approach preserves the strengths of both existing paradigms, while somewhat
diminishing their weaknesses: The GM strengths, of efficient and robust matching a consis-
tent set of points, is preserved, while being generalized to fit a more generic, multi-component
model, adequate to the wide-baseline matching scenario, and the robust epipolar geometry esti-
mation advantage of effectively pruning false correspondences while estimating the fundamen-
tal matrix is also utilized, while improving the initial guess of putative assignment by using
the output of GM, and inducing additional heuristic constraints restricting the matches to re-
side in a specific locations along the epipolar lines (which helps filtering out false matches that

accidentally agree with the epipolar lines).

An extensive experimental study demonstrated the applicability of the proposed algorithm
in robustly matching a large variety of challenging stereo image pairs, including wide-baseline
stereo pairs. We have tested our approach in comparison to many state-of-the-art algorithms
of both schools of robust estimation and graph matching, via a set of synthetic simulations and
large-scale real image tests. Our approach is shown to outperform existing graph matching and
epipolar geometry robust estimation state-of-the-art algorithms in many cases, and perform at
the top level in all cases. It may also be concluded that although our multi-assignment model
presumes a specific number of approximately planner surfaces in the scene, undergoing rigid
transformations, the algorithm is not very sensitive to the actual number of such planes, nor to
the presence of distinct planes at all, as it still achieves very good performances in real-world

setups not complying with the above model.
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5.2 Future Research
The work presented in this thesis can be further extended in a number of interesting directions:

1. In our implementation, the number of components in the affinity graph, representing dif-
ferent unconnected parts in the scene, is currently set to a fixed value. Though the exper-
imental results suggest that this constant is best set to a small value such as 3, in com-
plicated scenes where there are many layers of different depths, or alternatively, when
the scene is composed of only one or two planar surfaces, it might be better to set it to a
different value. A possible generic solution is to adaptively estimate the number of com-
ponents from the data. There is a vast research literature on the topic of inferring model
order from data, from classical Bayesian Information Criterion (BIC) [38], to more mod-
ern approaches (e.g. a work by Schmidt et al. [39] proposing to empirically estimate the
marginal likelihood of the factorization by Gibbs sampler). Such approaches should be

investigated for the purpose of generalizing the suggested solution.

2. One possible way of improving registration results is by using a more generic model
for each component’s transformation. In our implementation we used the marginalized
triplets affinity matrix, which results in a similarity-invariant (or scale-invariant) transfor-
mations. However, a 4th order graph could be constructed to facilitate matching affine
transformations (or even Sth order graph for homographies - plane-perspective transfor-
mations). this model, though much less efficient, might prove worthy in matching some

natural setups.

3. In a similar context, the marginalization we applied following the Tensor High Order As-
signment approach of Chertock et al. [19], was essential for the rest of our scheme, as we
first produced a matrix encoding the high order affinities, and then calculated its RMA
using the SCMF scheme. Duchenne et al. [19] suggested using the tensor as a whole,
by extending the power iteration used for the calculation of the leading eigenvector in
SM [15] to higher dimensions. Similarly, it might be interesting to extend the factoriza-
tion utilized in our scheme (the SCMF) to higher dimensions, by resorting to schemes
similar to the nonnegative tensor factorization [32], but also incorporate stochastic con-

straints. This way, we may use the high order affinity tensor as a whole, without having
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to marginalize it to a matrix form first.

. Probabilistic priors other than the epipolar prior used in this thesis, may be fused with the

affinity matrix (or tensor), as seen in Sec. 3.3, to further improve the overall performance,
or to generalize the approach, beyond stereo pair matching, e.g. for matching faces or
non-rigid objects. All needs to be done, is to multiply each entry of the affinity matrix by

the appropriate unary probabilities, prior to its factorization (or eigendecomposition).

. The factorization scheme proposed in this thesis uses a least squares formalism, which

optimizes the Lo-norm of differences (see Eq. 3.3). Indeed, there are other distance mea-
sures which could be optimized for the same purpose, yielding an objective function of
a more probabilistic nature, rather than the simple Euclidian one we have used. There is
a large number of such distances (or divergences), known to have a probabilistic inter-
pretation. The most famous one is the Kullback-Leibler divergence, which minimization
results in an optimal relative-entropy, given that the matrices to be approximated represent

normalized probability distributions [30].

. This work can be generalized and used in other computer vision applications. One ob-

vious such application is symmetry analysis. The SSA algorithm [29] presented in Sec.
2.3.4, is using generalized form of SM for finding self-alignments in an image. As seen
in Sec. 3.2, the spectral decomposition framework defined by SSA is not best suited for
the job. We argue that due to the probabilistic interpretation and the nonnegativity of the
SCMF scheme, it is a much more appropriate instrument for this case. Appearance based
priors or reflection/rotation transformation priors can also be applied to the symmetry

analysis scheme, similarly to the use of epipolar geometry prior in MAGMA.

. Due to the framework generality, non-related applications from other scientific fields

could also benefit. For example, in computational biology, it is interesting to find relations
between semi rigid proteins, whose structure is known through X-ray crystallography.
One such example is when two proteins are known to share almost identical composition
and\or structure, but have different functionality. In that case we would like to find out
what is the difference between the two structures by finding alignments between them.

There could be several distinct alignments with different spatial transformation between
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them, which we might infer by using SCMF scheme (additional priors can be added, of

course, in a style resembling MAGMA).

Other examples from this field include finding the spatial (sometimes subtle) difference
between a healthy regular protein and a mutated version of it, and similarly, finding the
relation between laboratory crystallized protein’s structure and its corresponding struc-
ture under different biological conditions (those could be obtained e.g. via a Molecular

Dynamics simulation).

8. Just like NMF, the SCMF scheme proposed in this thesis is a general decomposition algo-
rithm which could be utilized for a large variety of applications including clustering, clas-
sification and blind source separation tasks. For tasks previously implemented by NMF,
whenever a probabilistic set of constraints could be applied, one should consider using
SCMF instead of NMF. In our thesis it was demonstrated (Sec. 4.1) that the benefit of
enforcing the stochastic constraints in the course of optimization is not negligible. Thus,
a myriad of applications could use SCMF optimization scheme to improve their perfor-
mances. Among such applications are: music analysis and decomposition, Hyperspectral
Imaging (HSI), fluorescence information extraction, EEG (electroencephalography) or

MEG (magnetoencephalography) analysis, handwriting recognition and many others.
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