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Abstract

The general field of array processing has been thoroughly studied throughout several decades.
The array sensors’ spatial diversity enables the extraction of spatial information about imping-
ing signals, thus laying the ground for wide range of applications. The array size and the
number of its elements have significant influence on the achievable array performance, such as
signal to noise ratio (SNR) improvement, spatial separation capabilities, directivity, array gain,
source localization, etc.

Localization applications are divided to several groups, each featuring a different approach
for estimating the spatial parameters of objects in the arena. The most basic approach is beam-
forming, where the arena (or a part of it) is continuously scanned by steering (mechanically
or electronically) the array to all possible directions in search for objects. Another approach,
more commonly used, is subspace-based processing which exploits the orthogonality between
the array manifold (i.e. the array’s excitations set of impinging planewaves from all directions)
and the noise subspace. In this scheme the input signal is projected onto the array manifold
- thus mitigating non directional noise interference. Statistical processing, although costly in
terms of computation effort, is also in use. One important example is the maximum-likelihood
(ML) approach which assumes a known probability density function (PDF) for the input signal
or the noise.

In this work we revisit the beamforming approach. Inspired by the analogy between spa-
tial processing with uniform linear array (ULA) and temporal finite impulse response (FIR)
filtering, we search for the spatial counterpart of the temporal infinite impulse response (IIR)
filter. To this end, we formulate a localization problem and suggest a feedback based approach,
featuring low complexity and high spatial performance in the mere excess of integrating a
transmitter to the array. Considering RADAR-like arrays, the transmitter is already in place,
hence a mere processing modification suffices.

Assuming the target of interest has a mirror-like behaviour (i.e., reflects its impinging
signals), the spatial feedback between the array and the target is created by continuously re-
transmitting a synthesized version of the impinging signal (and its reflections) to the target. In
this manner, a spatial loop is created, which is shown to be equivalent of enlarging the array’s
aperture in terms of spatial resolution.

Using a traditional beamforming performance analysis, the beamwidth, peak to side-lobe
ratio, array directivity and white noise sensitivity are evaluated for the feedback based array. A

significant improvement in all aspects is shown, while thoroughly discussing the conditions for



enhanced performance. Considering ideal scenarios, the feedback beamformer (FB) virtually
achieves an infinite aperture, increasing the available spatial information about the target and
significantly improves the array’s spatial performance.

Taking into account the unavoidable estimation errors and uncertainties, we find that the
basic feedback integrated beamformer is very sensitive to even mild range errors. As a solution,
we propose a more complex architecture, using two harmonics, which we call dual-frequency
feedback beamformer. We also thoroughly analyse the proposed solution and find that it fea-
tures low and controllable estimation errors sensitivity in the mere expense of doubling the

computation effort.



Acronyms

CB Conventional beamformer.

CRLB cramér Rao lower bound.

DF dual frequency.

DOA direction of arrival.
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IIR infinite impulse response.

MUSIC multiple signal classification.

MVDR minimum Variance Distortionless Response.

PCA principal component analysis.

PDF probability density function.

RADAR Radio Detection And Ranging.

RHS right hand side.

SF single frequency.

SNR signal to noise ratio.

ULA uniform linear array.

UWB ultra wide band.






Notations

A; ; The i, j-th element of matrix A.

B beampattern.

R Distance to target.

Z (w) Array’s frequency-domain output.

A Wavelength.

D Directivity.

9H Normalized beampattern.

w Radial frequency.

6 Electrical phase.

64 Geometrical angle.

A A Matrix.

A" Conjugate of matrix A.

A" Hermitian (conjugated) transpose of matrix A.
AT Transpose of matrix A.

v A vector.

v* Conjugate of vector v.

vH Hermitian (conjugated) transpose of vector v.
vT Transpose of vector v.

¢ Wave’s propagation velocity.

d Array’s inter-element spacing.

v; The i-th element of vector v.



z () Array’s temporal output.
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Chapter 1

Introduction

1.1 Background and Motivation

The general field of array processing has been thoroughly studied throughout several decades.
The array sensors’ spatial diversity enables the extraction of spatial information about im-
pinging signals, thus laying the ground for wide range of applications, such as localizing a
transmitting source [31, 15], blindly separating mixtures of impinging signals [8], improving
SNR [37], and many more.

The ULA has always been a point of interest, due to its simplicity of analysis [35, 3].
The array size and the number of its elements (V) have significant influence on the obtained
array performance, such as SNR improvement, spatial separation capabilities and its spatial
response’s degrees of freedom (DOF).

Early algorithms for direction of arrival (DOA) estimation were based on the beamforming
concept [13], where the array’s reception beam is steered (mechanically or electronically) to
multiple directions in search of received energy peaks which are interpreted as valid emitters.
One notable improvement to the conventional beamformer [35] was Capon’s beamformer (aka
minimum variance distortionless response (MVDR)) which attempts to minimize the power
contributed by noise and any signals coming from other directions than the DOA of interest,
while maintaining a fixed gain in the desired direction.

The most practically used approach in DOA estimators, referred as the subspace based es-
timation, involves invariant subspace analysis of observed covariance matrices. Early research
includes PCA and errors-in-variables time series analysis [13]. However, the tremendous inter-
est in the subspace approach is mainly due to the introduction of the MUSIC (Multiple SIgnal
Classification) algorithm [27] which decomposes the estimated covariance matrix to its signal
and noise eigenvectors, using orthogonal projection exploiting the fact that the noise subspace
is orthogonal to the signal subspace. It is interesting to note that while earlier works were
mostly derived in the context of time series analysis and only later applied to the sensor array
problems, MUSIC was originally presented as a DOA estimator.

A less practical, but optimal in the sense of root mean square error (RMSE) [13], is the

maximum likelihood (ML) approach which tries to find the most probable DOA assuming a



known PDFE. Though this approach served as a basis for extensive research, leading to more
advanced concepts such as the independent component analysis (ICA) [12], in the context of
practical DOA estimation it’s computational effort is high. Adding the fact that sub-optimal
methods such as MUSIC were proven to achieve the Cramér Rao lower bound (CRLB) under
some practical assumptions (e.g. non-coherent signals) [32], these sub optimal estimators are
substantially more common in practice.

In pursuit of spatial performance improvement, namely higher spatial separation and se-
lectivity of arriving signals, many approaches were suggested. One approach, commonly ref-
erenced as “virtual arrays” [22, 6, 9] deals with the extraction of samples originated in sensors
that do not really exist, by using high (higher than 2) order statistics and manipulating multi-
ple statistical cross-terms in order to estimate statistical characteristics of signals impinging in
missing sensors.

Using a similar approach, the 2¢-MUSIC algorithm [7], enables the use of N?¢ “virtual
elements”, by calculating the g’th order statistics. Another approach, involving different array
geometries, examined minimum redundancy arrays [19, 24, 23, 14], aiming to reduce the spa-
tial ambiguity. The basic concept was minimization of the inter-element spacing redundancy
in order to increase the overall resolution. Although the g-th order statistics based approach
promises substantial improvement, both noise sensitivity and impractical computation costs are
dominant drawbacks, limiting the usage of such methods in practical applications.

Adaptive processing schemes [10, 18], being a wide and active research area, were also
suggested trying to adaptively estimate and suppress the noise component in impinging signals
by minimization of the receiver’s output energy with some constraints. In [18], two main
approaches to adaptive processing are discussed. The block adaptive scheme (which is also
called sample matrix inversion) and the sample-by-sample method. In both methods, after
a certain amount of time, the system refreshes the spatial filter coefficients, trying to better
suppress the received noise. As in many adaptive processing applications, the two methods rely
on steepest descend optimization, which exposes the adaptive processing approach to errors
related to optimization parameters choices such step size etc.

In [36], ULA based beamforming and temporal FIR filtering are shown to be mathemati-
cally analogous, where the DOA acts as the spatial version of temporal frequency. Inspired by
this analogy, which is thoroughly discussed in Sec. 2.6, we were motivated to find the spatial
counterpart of the temporal IIR filter, both from academic curiousness and due to the known
advantages of the IIR filter’s performance. Therefore we formulated a question, “what are
the equivalent spatial domain processing methods which will be analogous to temporal IIR
filtering?” which served as a guide throughout our research.

Achieving spatial IIR response has also motivated other works. In [38] two methods were
considered. The first one (see Fig. 1.1) was to estimate the time of arrival (TOA) difference be-
tween two consecutive sensors and to synthetically generate the recursive part of the IIR filter,
entirely in the time-domain. The second approach suggested to consider overlapping subsets
of one large ULA as finite approximation to an infinite array (see Fig. 1.2). Obviously, the for-

mer approach is very sensitive to the synthetic delay accuracy and involves temporal domain
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Figure 1.2: In [38] subsections on a single large ULA are used to approximate an IIR response

processing (which we try to avoid in this work in order to achieve purely spatial processing).
Also, close inspection of the latter approach reveals that even though the sub-arrays are each
weighted separately, each sensor’s output is eventually linearly weighted when taking into ac-
count all related sub-arrays. Clearly, this is just another possible implementation of basic FIR
like ULA spatial processor, so in both cases, there is no true spatial feedback between the array

and the source of interest.

Other interesting works [11, 17] in the field of ultra-wideband (UWB) signals treat the
spatial and temporal diversity, which reside in multiple consecutive snapshots of the array
output, as if the signal is sampled in two independent temporal frequencies. Inspired by [4],
the authors show that impinging plane waves are represented as straight lines tilted according
to their DOA and suggest methods to design line filters in that spatio-temporal plane. In [11],
the authors also address the fact that ideal straight line filter is mathematically unachievable
due to spatio-temporal frequencies periodicity. This issue manifests as a “bend* close to the

sampling frequencies (see Fig. 1.3).
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Figure 1.3: 2D spatio-temporal frequency response (dB) of practical UWB filter. The black
line is angled according to the desired DOA.

1.2 Overview of the Thesis

In this thesis, we propose a new feedback based beamformer architecture which acts as an
actual spatial IIR filter while avoiding any temporal processing to the signal. The reader may
observe that the presented research stages lead one to the other as each analysis of the proposed

methods uncovered issues that are addressed in the following.

First, as in the early stages of the research, the analogy between a spatial (the ULA) and
temporal (the FIR) processors, led us to search for the spatial counterpart of another temporal
(the IIR) processor, aiming to transfer its advantages from the temporal domain to the spa-
tial domain. Also, classic spatial analysis tools have been gathered to serve as performance

measures to asses to the proposed solutions.

In the second part of the research we present the basic spatial architecture, called FB,
introducing the concept of spatial feedback. The array configuration is rigorously justified,
e.g. the setting of the coefficients is done with the use of the Fisher Information Matrix (FIM).
Analysis of the spatial structure proves that the desired recursive spatial response is achievable
and we show that the advantages of the proposed solution may be expressed within the classical
analysis framework. As we aim to present a practical architecture, estimation errors were taken

into consideration and unveiled some sensitivities that should have been addressed.

After close inspection, we conclude in the third part that the range estimation errors cause
this sensitivity and search for ways to mitigate it. To this end, we present a more sophisticated
design, based on the basic architecture, achieving a practical low sensitivity spatial processor
which successfully extracts spatial information from two independent close frequency FB units.
We then simulate the proposed solution and find that in addition to its low sensitivity, it also

outperforms the classic beamformers, such as the conventional beamformer (CB) in low SNR.
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1.3 Main Contributions

In this contribution, we present a low-complexity sensor array processing approach which
achieves the desired spatial domain exclusive IIR-like beampattern, while avoiding any tempo-
ral processing of the signal. To this end, we arbitrarily choose to formulate the problem in the
context of localization, hence our goal is to estimate the direction and the range of some target
of interest.

The novelty, compared to traditional array processing, is by incorporating spatial feedback,
which we prove to be the spatial domain equivalent of temporal domain IIR filtering. Assum-
ing the target of interest has a mirror-like behaviour (i.e., reflects its impinging signals), the
spatial feedback between the array and the target is created by continuously re-transmitting a
synthesized version of the impinging signal (and its reflections) to the target. Note that the ini-
tial stimulus can be generated by the target or the array itself. In the text to follow, we assume
this is the latter. Furthermore, as opposed to the passive target case (i.e., a target which merely
reflects the impinging signal), one may consider a cooperative target, which receives, enhances

and re-transmits the signal back to the array.

1.4 Thesis Organization

This thesis is organized as follows. In Chapter 2, we cover basic concepts of array processing,
followed by some emphasize in the field of localization and finalize with the basic concepts
which drive the motivation for this research.

In Chapter. 3 the basic FB is presented and thoroughly analysed, followed by the presen-
tation of the more robust architecture, which uses the former as a building block. Simulations
are also provided, supporting the analytical analysis.

In Chapter. 4 we discuss the results and conclude our findings. We finalize by also propos-

ing some leads to future research.
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Chapter 2

Preliminaries

In this chapter, we discuss the theoretical preliminaries for this thesis. First, a short overview of
array-processing is presented in Sec. 2.1, accompanied by a complementary wave propagation
elementaries in Sec. 2.2. As a preface to spatial filtering, we mention the time-space relation
of spatially sampled signals in Sec. 2.3, which is followed by a discussion of classic spatial
performance analysis methods in Sec. 2.4 and further elaboration on localization in Sec. 2.5.
Finally, Sec. 2.6 reviews the FIR/IIR filters, presents the pros and cons of both architectures

and serves as the foundation for this research’s motivation.

2.1 Sensor arrays

Sensor arrays are sets of independently positioned sensors, where each sensor is sampling
temporal snapshots of impinging signals. The samples from the entire array are then fused
together in order to extract the underlying data. The spatial diversity of the sampled data
allows the extraction of spatial features. Sensor arrays are used in numerous applications,
ranging from source localization, communication, medical applications, astronomy etc.

When designing a sensor array, multiple consideration are to be taken into account, ranging
from physical characteristics e.g. area, weight and carrying platform, through performance
related considerations such as accuracy, spatial selectivity, SNR and even the financial aspect.
The most fundamental array specification is its geometry, for it dictates the spatial relations
between simultaneous samples measured by the array’s sensors, which also greatly influences
the processing methods of the raw-data. A basic example of a sensor array is the ULA (see
Fig. 2.1), where its elements are uniformly spaced on a straight line with distance d between

each pair of sensors. Considering an array of N elements, the sensors are positioned at
pp=nd,n=0,...,.N-1 2.1

where n is the sensors index; p, denotes the position of the »n’th sensor, py = 0 corresponds to
the left-hand side of the array as illustrated in Fig. 2.1.

To properly formulate the discussed additional spatial information when using sensor ar-

13
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Figure 2.1: A ULA of size N and spacing d.

rays, a quick overview on wave propagation is due and presented in the following section
(Sec. 2.2).

2.2 Propagating Wave Fields

An elementary physical phenomenon is the spatial and temporal dynamics of waves, referred
to as wave-propagation. The spatial location is noted by the Cartesian coordinates (x,y, z) or
the three dimensional spherical coordinates (r, ¢, 8), where 0 < ¢ < 27, 0 < 8 < & are the
azimuth and elevation angles, respectively. The relations between the coordinates are given in
Fig. 2.2. Denoting t as the time, the time-space representation of the a signal is f(¢,r). In a

homogeneous, dispersion free and lossless medium the wave equation is:

1 &ft,xy,2)

2.2
c? or? 2.2)

V2f(t,x,y,2) =

where V? is the Laplacian operator and c represents the wave’s velocity in the medium. A

Z

F 3

Figure 2.2: A three dimensional coordinate system with Cartesian and spherical coordinates.
possible solution to (2.2), f, (¢, x,y,2), is a complex exponential of the form:
ot x.y.2) = Aexp|j(wt - kex — kyy - k:2))] (2.3)

14



T
Where A is a complex constant, w denotes temporal radial frequency, k = [kx, ky, kz] denote
the wavelength vector and k,, ky, k, are real constants. Indeed, plugging (2.3) into (2.2) results
in the monochromatic plane wave satisfying:
2

2,42 2 W
kx+ky +k; = = 2.4)

Using the plane wave notation
f(t.x) = Aexp j(wt — k'x), (2.5)

where x = [x,y, z]T emphasizes the fact that for a given time, #y, all points on a plane given
by k.x + kyy + k;z = constant are with the same phase value where kTx = constant are
planes of constant phase value. The wave propagation can be described as the traveling of the
planes, stating that small steps of both space dx and time ¢t result in the same wave value i.e.
f @+ 6t,x +6x) = f (¢, x), which yields

wot — kT6x = 0. (2.6)

Assuming éx and k have the same direction, k7 6x = |k||6x| and % = ﬁ, where % can

designate the propagation speed of the plane wave. Since k and w are related by |k|* = ‘;’—22 we
have
|6x|
— =
ot

The wavelength (1) denotes the distance the plane wave propagates during a single temporal

period of T = %’T Its magnitude |k| expresses the number of cycles in radians per meter of

2.7

length that the plane wave has exhibited in the propagation direction. Using (2.7) with 6t = %”,
we obtain: 5
Vs
A=|6x| = —. (2.8)
|kl
Therefore, the wavenumber vector can be considered to represent spatial frequency, similarly

to the manner w represents temporal frequency.

For example, in the context of ULA, assuming a far field scenario, the impinging waves
are treated as constant phase planes as in (2.5). The spatial diversity of the ULA elements is
expressed as a TOA difference of the impinging signal in each sensor which will be shown
to provide clues for the signal’s DOA (measured from the array’s broadside) as can be seen
in Fig. 2.3. When also considering the narrowband scenario, where TOA difference is merely
phase shift, it seems obvious that by measuring phases, one should be able to extract the DOA

from the spatially sampled data.
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Figure 2.3: An illustration of an N element ULA, impinged with a plane wave arriving from a
DOA of 6.

2.3 Spatio-temporal processing

As mentioned before, the measurements of the sensor array’s elements are utilized together,
where spatial information resides in the relations between samples taken the same time 7. A
basic application of the sensor array is the beamformer, designed to enhance signals from
certain directions while suppressing other signals from unwanted directions, forming a beam

directed to the enhanced direction. In complimentary to Fig. 2.3, Fig. 2.4 adds the processor

Figure 2.4: ULA based coherent processing of simultaneous spatially sampled signal, measur-
ing a wavefront impinging from DOA 6

layer of the beamformer.

A temporal snapshot measured by the array at time ¢ is

Fa&p=1ftpo), ... & pn-D]" . (2.9)
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Considering the CB [35], the output (z (#)) is expressed by:

N-1
2= fp)w;, (2.10)
n=0

where w,, is a complex weight used for the »n’th sensor’s output, as shown in Fig. 2.4 and *
denotes complex conjugation. Consider s (f) = ¢/“ as a plane wave propagating at temporal
frequency w, and 6 € [—%’, 5 | as the DOA angle measured with respect to the broadside of the
linear array, as shown in Fig. 2.4. The wave signal, spatially sampled by the sensor array inputs
is

fe.p=[s@),s¢-1....,s¢—(N-D0]", (2.11)

where 7 = 4<osf

is the propagation delay between consecutive sensors and c is the wave’s
velocity in the medium. Considering narrowband signals, the time delay 7 translates to a mere

phase shift and the steering vector takes the form of
. . T
d@) =|1,er, ... e D] (2.12)

It is worth mentioning, that in the general case, the sensor array may be mounted on an arbitrary
platform and each sensor may have an arbitrary frequency dependent radiation pattern, such

that the steering vector take the form of
d(6, 1) = (L1 0, )OIy @, f) @i

where y; (0, f) and ¢, (0, f) are the frequency and geometrically dependent attenuation and
phase of i’th sensor’s spatial response. As every impinging signal will cause the excitation of
the array elements in the form of a specific steering vector (up to a common additive phase),
we define the array manifold to be the set of all steering vectors of 8 € [0, 27r), hence it also

spans the received signal subspace in the noiseless scenario.

2.4 Array spatial performance

As mentioned in Chapter. 1, array processing serves in many different application, each with
its unique requirements, setup and constraints - hence performance criteria are application
dependent. In this work, we focus on localization related applications and suggest a new ar-
chitecture for the beamformer design. Hence, to analyse the presented scheme, we use classic

localization-related performance metrics.

To this end, we follow the classic [35] performance analysis, elaborated in the following.

Those criteria are then used to quantify the presented architecture’s performance in Chapter. 3.
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Figure 2.5: Two common ways of visualizing the array’s response in the 2D planar case. In both
plots, a comparison between the CB’s responses of 3,6 and 12 elements arrays is simulated. In
Fig. 2.5a, the response is presented on the [0, 7] interval with units of dB. In Fig. 2.5b, a polar
plot is presented with same units for the response gain but the DOA is in degrees.

2.4.1 Beampattern

Considering DOA estimators, the main tool for assessing an array’s localization performance
is expressing it’s response to impinging signals with various DOA. For sensors in 3D space the
DOA depends on two angles (azimuth and elevation). However, for the sake of simplicity, we
consider a planar (i.e. azimuth without elevation) DOA such that the beampattern is a function
of an angle 6

B(6) =Z()I. (2.13)

The beampttern is commonly presented in a graphical manner with log scale as exemplified in
Fig. 2.5. It’s characteristics, such as main lobe width, position and attenuation of sidelobes are
then analysed and compared between different schemes. The analysis can be done theoretically,
when the beampattern’s mathematical expression is known or it can be conducted numerically.
The DOAs of the impinging signal may be presented in various ways where units may be

degrees or radians. In this work, we choose to follow [35]’s ¢-space, i.e.
2n
() = — 08 64 - d, (2.14)

where A is the impinging signal’s wavelength.

2.4.2 The normalized beampattern

As the absolute output gain is system dependent, comparing two different beampatterns is not
possible where their maximal gain of the mainlobe are different. Therefore, a common practice
[35] when analysing the array’s spatial performance, is to normalize the beampattern such

that the mainlobe’s output gain at it’s peak is 1 (0dB), thus enabling convenient comparable
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measures extraction. This quantity will be referred to as
H () = H () /H (6y)

where H is the array’s response and 6, is the DOA that the array is steered to.

2.4.3 Half power beamwidth

Considering localization problems, the spatial resolution is obviously linked to the main lobe’s
width, i.e. higher resolution is achieved for narrower main lobe. The Half Power BeamWidth
(HPBW), marked as A46yppw, is defined to be the 3-dB beamwidth, i.e. the point where
|B (6)|2 =05o0r|B@) =1/ V2. For standard N-element ULA, assuming large N values, it
is known [35] that

AByppw /2 = 1.4/N. (2.15)

Obviously, we aim to show that the presented architecture increases the resolution, com-
pared to other arrays by proving that the beamwidth shrinks below the 1.4/N limit.

2.4.4 Sidelobes attenuation

A known [35] parasitic phenomenon of beampatterns is sidelobes, which manifests as energy
peaks outside the mainlobe, typically highest near the mainlobe and decreasing towards the
edges of the beampattern. In the context of localization, this can cause false detection or
reduction in spatial resolution. Related spatial performance metrics are the sidelobes gain and

rate of decrease in sidelobe gain.

2.4.5 Directivity

A common measure of performance of an array or aperture is the directivity 9. As in [35],in a
transmitting array, O represents the maximum radiation intensity (power per DOA) divided by
the average radiation intensity (averaged over all DOAs). Also, in a receiving array, the denom-
inator represents the noise power at the array output due to isotropic noise (noise distributed
uniformly over all DOAs). The numerator will represent the power due to a signal arriving
from a certain DOA (6,) - Thus, D can be interpreted as the array gain against isotropic noise.
We define the power pattern, P (6,), to be the squared magnitude of the beampattern B (6,)

P(0a) = IB (@) (2.16)

where the frequency dependence is suppressed. Then the directivity D is defined as

P(62)

D (Od) = —5———.
+ [T P©)do

2.17)

and for uniformly weighted ULAs, it is known [35] that D = N.
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2.5 Localization

In the wide and very active research field of parametric estimation, one issue of relevance to
this thesis is localization.

In this work, we focus on localization of signal sources in the far-field case, where free
space signal propagation is assumed. Following the classical methods overview in [13], local-
ization estimators may be divided to two main groups - spectral-based and parametric. The
spectral based estimators steer the array (mechanically or by beamforming) to a set of DOAs,
searching for peaks in the received energy, where each peak is treated as a resolved emitter
when greater than a certain threshold. This approach of spatial filtering, is considered to suffer
from fundamental limitations, namely “its performance, is directly dependent upon the physical
size of the array (the aperture), regardless of the available data collection time and signal-to-
noise ratio” [13]. Although trials were made to increase the resolution of an array given a
certain aperture, this limitation remained intact. In this contribution we tackle this issue as will
be shown in Chapter. 3 by introducing a spatial feedback.

The later approach, of parameter estimation, assumes a physical model of the experimen-
tal scenario. Such methods, not only enabled the increase of spatial filtering resolution, but
also allowed the implementation of data processing algorithms, which are more sophisticated
than a mere search with a steered array. In the following, a basic overview of some classical
algorithms is presented.

The earliest localization algorithms, which date back to world war II, are beamforming
based, e.g. the conventional Bartlet [35] and Capon’s [5] beamformers. Early examples of
parametric estimators, are the Maximum-Likelihood [16, 28] and Maximum-Entropy [1] which
assume a known PDF to the received signal and estimate the desired parameters according to
sampled data and fitting the closest matching PDF. Until the mid- 1970’s, direction finding
techniques required knowledge of the array directional sensitivity pattern in analytical form,
and the task of the antenna designer was to build an array of antennas with a prespecified
sensitivity pattern.

Trying to relax the need for such accuracy, also serving as the origin of the subspace based
approach, was the Multiple SIgnal Classification (MUSIC) [27] algorithm. MUSIC essentially
relieved the designer from designing accurate radiation patterns by introducing the concept of
array calibration. Although MUSIC did not mitigate the computational complexity of solution
to the DOA estimation problem, it did extend the applicability of high-resolution DOA esti-
mation to arbitrary arrays of sensors. An important breakthrough, was the introduction of the
orthogonal array manifold noise spaces, thus allowing the use of orthogonal projection in order
to mitigate the noise effects.

Another important parametric approach related algorithm, is the ESPRIT (Estimation of
Signal Parameters via Rotational Invariance Techniques) [26], serving as a milestone in the
path to state-of-the-art algorithms. In addition to using the rotational invariance of the sig-
nal subspace eigenvectors, it also reduced computation and storage costs (especially in the

multi-dimensional estimation case) by replacing the covariance matrix calculation and eigen-
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decomposition by a relaxed partial singular value decomposition (SVD) which is employed
on the data itself without squaring it - thus mitigating numerical problems associated with
ill-conditioned matrices.

Following state-of-the-art developments [33], the subspace based algorithms are still mod-
ified and adjusted to specific scenarios as in [43] but also new and interesting approaches

emerged such as

e High Order Statistics (HOS), which extracts more information from the samples’ higher
order moments, is a very active field of research due to some fundamental issues which
are inherently resolved - i.e. the Gaussian noise vanishes in the 4th order statistics and
the ability to resolve more DOAs than array elements [7]. This approach, being costly
in computation effort, became popular probably due to the recently available low-cost

powerful computation platforms.

¢ Inspired by the vast research field of sparse representations, some algorithms [20] use L?
norms (where p < 2), in order to improve estimation resolution under high reverberation

acoustic scenarios.

e A very wide and active research field is the concept of cooperative localization related
to mobile networks is growing at a very high rate due to the never-ending need for high-

bandwidth and low-power communication of the mobile networks.

e Naturally, also many trials of harnessing the promising concept of neural networks are

being done, see for example [29].

In this work, we actually revisit the most basic approach - i.e. beamforming which resides

under the spectral based algorithms.

2.6 The analogy between array processing and temporal digital fil-

tering

A basic design entity in every signal processing scheme is the digital filter, which is the modern
evolution of analog filters. The design of the digital filters is very well established and thor-
oughly studied research field. As stated in [21] (and numerous other sources), two key filter
types are FIR and IIR filters. This section will briefly overview the design methods and the
analogy of ULA based beamforming to the temporal FIR filtering, as implied in Chapter. 1.

e FIR design
The FIR filter is a merely a delay-and-sum mechanism, therefore its memory is finite and

equals to the number of taps in the final filter’s configuration as in Fig. 2.6.

e IIR design
IIR filters may be viewed as a generalization of the FIR delay-and-sum architecture,
where delayed instances of the array’s output are fed back to the summation as in Fig. 2.7,

generating an infinite loop where each output sample is affected by all past input samples.
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Figure 2.6: An FIR based filtering of signal s with the B as the coefficients, generating a filtered
signal z.
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Figure 2.7: Direct form II 2" order IIR architecture, where the FIR part is the S coefficients
and the recursive part is implemented via the « set.

In the following, we revisit the basic interpretation of the ULA as the spatial equivalent
to the temporal FIR filter [36] where DOA is shown to be the matching spatial entity to the
temporal frequency, hence the CB [35] is merely the spatial version of temporal domain FIR
filtering.

Let x,(¢) be the measured signal at the n’th sensor
Xp(t) = s(t = 15), (2.18)

where, T, = ntg, = ndcos(6yq) /c represents the time difference of arrival between the rn’th

sensor and the reference sensor. Defining x (r) £ [xo () ... xy—1 ()17 and its Fourier transform,

X (w) £ [Xo (w), ..., Xy_1 (w)]7, one may write
X(w,0;) =d(w,0;)S (w)

where S (w) is the Fourier transform of s(¢) and d (w, 8;) denotes the steering vector whose

n’th element is
dy (w,0) = exp (— jwT, (04)). (2.19)
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Denoting the beamformer’s weights as 8 (w) and the beamformer’s output as z, we express the

latter in the frequency domain
Z(w,00) = B (w) dg, (w) S (w). (2.20)

Defining the electric phase to be
0 = wrtg,, 2.21)

we rewrite (2.20) as
N-1

Z(@,0) = S() ) B () exp (= jnd (@),
n=0

hence in the ULA case, aiming for a desired spatial response, the weights vector 8 (w) con-
figuration is mathematically equivalent to an FIR filter design [36, 3] as illustrated in Fig. 2.8.
Assuming narrowband stimuli signals, we suppress w dependency in the notation throughout
p;

A

-5 (t

e Y/ PR RS VAL PR PR VAL SRR

Figure 2.8: An illustration of the analogy between ULA based spatial processing and an FIR
temporal filter. The propagation of a plane wave from one sensor to its neighbour (solid tilted
lines) is equivalent to the temporal time shift in temporal digital processors (dashed lines and
rectangular taps).

the rest of this thesis, where possible.

It is well known [25] that IIR filters have several appealing advantages over their matching
FIR counterparts. The main advantage of IIR filters over their FIR counterparts, is their effi-
ciency in terms of the required sensors quantity, which even reaches few orders of magnitude
[25] in some cases. In the spatial processing context, this implies improved spatial perfor-
mance, using the same or smaller number of sensors. However, a well known [21] fact in
digital signal processing is that the filter latency may be frequency dependant. When the de-
pendence is linear, it implies that the phase response derivative (i.e. signal latency) is constant

such that there is no dispersion. Due to this important property, applications which are sensitive
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to signal distortions, especially communication based systems, are based on FIR architecture,
for it is possible to design it as linear phase filter. Also notable is the inherent stability of the
FIR filter. Nevertheless, motivated by the IIR efficiency, we wish to find the spatial structure
that will be analogous to the IIR filter design. To this end, we aim to incorporate a spatial
feedback which will serve as the temporal feedback in the IIR architecture (a1, @, in Fig. 2.7)
as illustrated in Fig. 2.9.

Figure 2.9: An illustration of the spatial feedback concept. On top of the FIR equivalence
(non-bold dashed lines), the incorporation of the feedback is presented with the bold dashed
lines, generating the “IIR* part of the spatial processor. The multipliers with the bold rectangle
wrappers act as the feedback coefficients (@) of Fig. 2.7.

In standard radar signal processing schemes, a waveform is transmitted to and reflected
from the target of interest. Then, the reflected signal is processed by the radar reception array
in order to estimate the target’s dynamics (e.g., DOA, range, velocity etc.). As opposed to
the standard scheme (as implied from Fig. 2.9) we suggest a continuous re-transmission of the
signal and its echoes back to the platform, generating a spatial feedback loop between the array

and the target.
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Chapter 3

Source Localization with Feedback

Beamforming

In this chapter, we revisit the most basic DOA estimation approach, i.e. beamforming, and
present our novel feedback based architecture. The feedback based beamforming concept is
elaborated in Sec. 3.1. Then, we apply information theory related reasoning for the array setting
in Sec. 3.2, namely we use the FIM to design the coeflicients of the suggested beamformer. The
resultant beamformer’s temporal response and spatial performance are analysed in Sec. 3.3
and Sec. 3.4 respectively, assuming ideal noiseless scenario. Considering noisy setups, the
beamformer’s noise sensitivity is exemplified in Sec. 3.5, followed by a practical and robust

dual-frequency beamformer design which is presented in Sec. 3.6.

3.1 Notations and problem setup

In this section, a feedback-based architecture is proposed for spatial signal processing. Inspired
by time domain “Direct form II”” IIR filter design (see Fig. 2.7), we propose to use the same
concept in the spatial domain. The suggested FB architecture, where the output signal (z) is
synthesized using weights 8 and the weights a synthesize the feedback transmission (Tx), is
presented in Fig. 3.1. The beamformer’s output and the feedback signal are synthesized using
two independently configured beamformers, s is the system’s stimulus and an additive noise (n)
is assumed at the array’s output. Also, the FB block is marked (dashed line) for later use. Note
that setting @ = 0 (i.e., cancelling the feedback) degenerates the system to the conventional
beamformer (CB).

3.1.1 Obtained spatial response

As in Sec. 2.6, an N-element array is considered and some notations are revisited for an easier
reading of this chapter. The array’s n’th sensor is positioned at p,, forn = 0,...,N — 1 and
we set p, as the axis reference point while the target of interest is positioned at p, and define

its distance from the array as R = H D — pOH. The gain of the reimpinging signal is denoted as
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Figure 3.1: The proposed FB. The spatial feedback is obtained by continuous re-transmission
of Ty to the target at p,. We designate the FB block (dashed line) for later use.

g which encapsulates both propagation related attenuation and the target’s radar cross section
(RCS). We also place a transmitter at p,. The transmitted signal s, is reflected back from
the target and re-impinges the array with a total delay of 7p,q = 2R/c seconds, denoting c¢ as
the propagation velocity of the signal in the medium. Time domain analysis of the proposed

feedback based architecture, considering both propagation delay and attenuation, gives rise to

N-1
x, (=g S(I—Tpd—Tn)+ Za;xm (t—Tpd—Tn) , (3.1
m=0

where the first term on the right-hand-side (RHS) represents the contribution of the transmitted
waveform s(¢) to the n’th array element and the second term represents the feedback contribu-
tion of the re-transmitted array signal to this same element. The reader should bare in mind
that in the general case, g is complex and may have an arbitrary frequency and spatially de-
pendencies. Also, the target may reflect multiple instances of the impinging signal as its shape

may not be flat. Expressing the Fourier transform of (3.1),

N-1
X, =g {S exp [—jw (Tpd + ‘rn)] + Z @, X €XP [—jw (Tpd + Tn)]} , (3.2)

m=0

and its vector from,
X=g (S + a'HX) dexp (—jan'pd),

we find that it can be simplified to
X=g (I - gdozHe_j‘”TPd)_1 dS exp (—j(/.)Tpd).
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We also denote
¢ = wrpg
as the round-trip signal propagation related electrical phase. We use the Sherman-Morrison

formula [30], considered to be a result of the Woodbury matrix identity [41], stating that

uvT

(I+ uvT)_1 =1- Tevin’

where u,v are two N X 1 vectors and / is the identity matrix. Setting u = —gd exp (—jwT) and

v = @ gives rise to

gda!! exp (- jwt)

-1
I — oda’ _i =1
( gda’ exp ( ]a)’l')) + 1 — gafld exp (— jwr)

(I — gatldexp [ jwt] + gda™ exp [—ij]) d

1 — gafld exp (— jwr)

[1 + (da'H - aHd> gexp (—jwr)] d

1 — gafld exp (— jwr)
d+ (da'Hd - a/Hdd) gexp (—jwr)

1 — gafld exp (- jwr)
d+afd(d- d) gexp (- jwt)

1 — gafld exp (— jwr)
d

1 — gafld exp (- jwr)

leading to
__ gdexp(—jo)
1 -gafldexp(-j¢)

Let z = Bx + n be the beamformer’s output (see Fig. 3.1), with Fourier transform Z. Consid-

ering the noiseless case (i.e., n = 0), the frequency response of the FB is

L2 gBdexp(—jo)
Hpa = S 1-gafdexp(—jo) -3)

Note that this architecture achieves a controllable (via setting of # and «) and recursive
(non-trivial denominator) spatial response. As will be shown, high directivity and narrow
beamwidth are obtainable by a proper selection of the weights. Compared to traditional beam-
formers (i.e., without feedback), the performance improvement will be expressed in terms of
increased aperture, narrower beamwidth and improved sidelobe attenuation. One may observe
that opposed to traditional beamformers, the array response, Hg,, is not only influenced by
the impinging signal DOA, since it is also range selective due to its ¢ dependency. As demon-
strated in Fig. 3.2, the combination of both angular and range selectivity enables the designer to

enhance signals arriving from specific locations (grey area) rather than only specific directions.
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Figure 3.2: Combining both radial selectivity and DOA-based selectivity allows to localize the
target.

3.2 Fisher Information Matrix

A possible evaluation for the contribution of the presented feedback mechanism is to measure
the additional information in the system. To this end, the FIM (see App. A), denoted by J, will
now be calculated with respect to the DOA (84) and range (¢) parameters. As the feedback-
based transfer function (3.3) is expressed in the frequency domain, we rely on [42] to express

the frequency domain FIM as well.
The [k, []’th FIM element, may be expressed as
T () =% { 1 fwsﬂ L {az(z)} % {az(t)}d }
=R{— w
o 21 J w2 P (w) onk oni
T (7?1 (acp (w))* 0P (w)
+ — dw
4w J_wyp P* (W) \ Ok on

(3.4)

where i = [0y, ¢]” is the parameters vector, R stands for the real-part extraction operator, k, [ €
{1,2}, @ (w) is the noise spectrum, & is the Fourier transform operator, 7 is the measurement
observation interval and wjy is the signal bandwidth. For simplicity, n(¢) is assumed to be
white Gaussian with some constant power spectral density @(w) = o and independent of
the estimated parameters 7. Hence, the second term in the RHS of (3.4) vanishes. Assuming
continuously differentiable functions, where order alteration of the Fourier transform and the

differentiation operations is allowed, (3.4) simplifies to

B 1 (2 (0Z(w)\" 0Z(w)
sz(n)—ﬁ%{zm2 I wz( one ) o dw}. (3.5)

Expressing the steering vector derivative with respect to 4, results in

od

— =Ad 3.6
90, (3.6)
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where A is an N X N diagonal matrix with
0t .
Ajj = —Jwa—a; Vie{0...N—1}.

It is worth mentioning that (3.6) is relevant even for arbitrary arrays (not necessarily ULA)
when smooth and slowly changing radiation patterns are assumed. In App. B we compute the

FIM terms, concluding that

, 2
1 (/2 |gB"Ad — ¢*B" Ba* exp (—jp)
Ji = Jo, = 2 f ‘gﬂ <7 - 4J¢ ’ IS @) deo
2102 w2 |1 - gad exp (—jo)| 3.7
1 ws/2 |gﬂHd|2 2 |
Ty = Ty = f S ()P do.
2n0? H i)'
w2 |1 - galld exp (- jo)|

where B £ dd” A — Add" . Aiming to maximize the FIM diagonal elements via denominator

(i.e., |1 —gafdexp (- j¢)|) minimization, the optimal feedback weights are

. d” exp (jop)

aCB,opt = g ”d”2 (38)

where g is the channel gain estimate. Considering narrowband signals, this choice of weights
may be interpreted as a generalized version of the CB [35] which is a mere coherent summation
of the feedback signal. Furthermore, setting 8 = Bcp opt = @CB,opts 18 shown (see App. B) to
nullify the FIM cross terms, such that Ji» = Jg, 4 = J21 = Jgg, = 0.

Note that setting the feedback weights as in (3.8) requires perfect knowledge of the target’s
range, since ¢ is range dependant. Also, the reader may notice that assuming g = g, this choice
of optimal weights nullifies the denominator of (3.3). Thus, theoretically, the FIM becomes
infinite when the transfer function (3.3) is unstable due to positive and coherent feedback be-
tween the beamformer and the target. In practice, though, there will be unavoidable errors, and
perfect knowledge of target’s location and the channel gain is usually unknown. In Sec. 3.4,

we quantify the effect of such errors and discuss its influence on the array performance.

3.3 Temporal Stability

As a preliminary, we start with simple temporal simulations of the feedback beamformer. We
first address the temporal stability of the system and discuss its correspondence with the sys-

tem’s response which was found in (3.3).

3.3.1 Gain mismatch

The analogy of the FB to the temporal IIR architecture raises some fundamental issues that
should be addressed. In the following, supported by simulations, we answer those questions.

The first question, related to the FB’s analogy to the temporal IIR architecture, is stability
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Figure 3.3: Simulating a 3 element ULA based FB, steered to a target which resides in the
direction 65 = m/2 and plotting temporal response (dB) for multiple r values. The horizontal
axis (t/7pq) is the time, normalized to the signal’s round-trip duration to the target and back.

related. To begin with, we should first ask what does “stability* means. In the absence of any
previous related work on spatial feedback, we find that the commonly used Bounded-Input-

Bounded-Output (BIBO) stability is appropriate. To this end, the gain mismatch is

r=g/g. 3.9
And plugging (3.8) into (3.3), gives rise to

gﬂgB’op[d exp (_.]¢)

1 - gady dexp (= jg) (3.10)
.

- ep,

1-r 0

HﬂCB,opt’aCB»UPl -

As anticipated from (3.10) and confirmed with the simulations presented in Fig. 3.3, for r > 1
the system is not stable, for the received amplitude may increase (in absolute value) to infinity.
In Fig. 3.5, we plot the final amplitude value after 100 iterations of the signal being retrans-
mitted between the array and the target of interest and find that the final values substantially
increase as r — 1. This issue will have to be taken into consideration when one designs such
an array for practical applications but currently this is outside the scope of this work. As a
final observation, we address the “discrete® behaviour of z, i.e. the value (most noticeable in
the » = 1.1 plot in Fig. 3.3) seems to be piecewise constant. This phenomenon corresponds
with the propagation latency of the signal’s round trip to the target and back. In each iteration
the mainlobe sharpens, as can be seen in Fig. 3.4. The reader may notice in Fig. 3.4 that the
t = 1- 7,4 plot is actually the conventional beampattern, for the feedback signal has not yet
re-impinged the array.

The second question to be asked regards the settling time of the system. For example,

in Fig. 3.3 we easily observe that the settling time for r = 0.6 (~ 10 signal round trips) is
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Figure 3.4: Simulation of the same setup as in Fig. 3.3 with r = 0.9. Several simulations are
conducted, where each is simulated with different duration. It actually illustrates the forming
of the final beampattern in time as our analysis assumes infinite duration. This convergence is
analogous to the settling time of the IIR filters’ temporal response, where at early stages, the
response is not yet in its steady-state.
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Figure 3.5: After simulating the same setup as in Fig. 3.3, we plot the final received amplitude
in dB with different choices of r.

substantially shorter than its matching value (~ 50) when r = 0.9. To better understand the
phenomenon, we plot for each r value, its corresponding settling time in Fig. 3.6. Although
outside of this work’s scope, this issue will obviously be of great importance when considering

dynamic targets, as will be discussed in the “future research® part of the concluding Chapter. 4.
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Figure 3.6: Simulation of same setup as in Fig. 3.3. For each r (the horizontal axis), we plot
the time (the vertical axis) where the received amplitude entered the 1% sleeve around its final
value. The plotted time is also normalized in units of 7,4 as in Fig. 3.3.

3.3.2 Phase mismatch

We denote ¢, 6 to be the range and DOA related phase estimates respectively. As we intend to

compare the results to [35], we consider a ULA, introducing its estimated steering vector
R R AT
d=|1exp(-f).....exp(-N - D)) . (3.11)

Observing that

-1
d'd =" exp(jnde)
n=0
_ exp(jN49) -1
~ exp(jao) -1
_exp(jN460/2) exp (jNAO/2) — exp (- jNAO/2)
T exp(jd6/2)  exp(jd6/2) — exp (- j46/2)
sin (NA46/2)
sin (46/2)

exp(J(N = 1)46/2) -

and using the definition of the normalized Dirichlet kernel (illustrated in Fig. 3.7)

B lsin(Nx)
DM =S~

we find that for ULA, (3.3) may be expressed as

. D (46/2,N)exp{-j[4¢ + (N - 1)46/2]) 3.12)
Bevacs =T 1D (46/2, Ny exp (—j [4¢ + (N — 1) 46/2]}" '

In the following, four fundamental scenarios are considered:

o Perfect alignment 46=0,4¢ =0),
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Figure 3.7: Few illustrations of the normalized Dirichlet kernel, for N values of 2,5,7 and 10.

e Steering error (46| > 0 ,4¢ = 0),
e Range error 46 =0,|4¢| > 0),
e General (146) > 0 ,14¢| > 0).

3.4 Performance Analysis

In this section we analyze the suggested FB (see Fig. 3.1), considering some fundamental prop-
erties which are commonly used to asses array performance and were discussed in Sec. 2.4:
Beamwidth, peak-to-sidelobe level, and directivity. Each property is then compared to tradi-
tional passive ULAs, showing that significantly improved performances are obtainable with
spatial feedback integration.

3.4.1 The normalized beampattern

Applying the normalized beampattern notation of Sec. 2.4, we set Scg = acp. Considering
the unavoidable errors mentioned in 3.3.2 (i.e. 46, 4¢ and r), we define H g, 44 - as the general
scenario normalized array response. We choose to normalize the spatial response according to
Hy (of (3.10)), giving rise to

N HﬂCBsaCB
Hy

_ Hﬂcs,dcs

r/(1-=r)

Hao.19,r

(3.13)

(1 -r)D(46/2,N)
exp|j[4¢ + (N — 1)46/2]} — rD (46/2,N)’
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Note that the known [35] normalized response of standard ULA is obtained by setting r = 0
and 4¢ =0
Hao,49=0,=0 = D (46/2, N) exp (—j (N — 1)46/2)).

Considering the steering error scenario (i.e., 46 # 0, 4¢ = 0) first, where

(1 -r)D(46/2,N)
exp {j[(N — 1)46/2]} — rD (46/2,N)’

Hagap=0,r = (3.14)

we evaluate the FB’s beamwidth, sidelobe level and directivity and compare them to those of
the standard ULA.

3.4.2 Half power beamwidth

In App. C we extend the known result of (2.15) for any r > 0. It turns out that for large N, the
HPBW is obtained by solving for x the equality

(7 - 2)SROY S0 @0 (3.15)
X X

where we define x = NAOyppw/2. In Fig. 3.8 we plot the numerical solution of (3.15) for

various values of r and N, showing that x reaches its limit around N = 20. Also note that for

r = 0 we obtain the known result of standard ULA with the limiting factor of 1.4. Having the

limiting factors for various values of the gain mismatch r, we investigate the feedback related

improvement and express the HPBW by

1.4

ABupw /2 = TN

Note that f(r) represents the array aperture improvement factor, compared to the standard ULA.
To find a suitable expression for f (r), we computed H 9 44-0,- using N = 100 on a fine grid of
r values and looked for proper polynomial approximation (using MATLAB®) for the HPBW.

It turns out that the 2-nd order polynomial fit satisfies

14
1-r)(-04r+1.4)

fr) = ( (3.16)

Note that for an accurate gain match (i.e., r — 1), the RHS of (3.16) tends towards infinity,
implying that the equivalent array has an infinite number of elements (f (r) V), hence obtaining

perfect spatial selectivity (see Fig. 3.9).

3.4.3 Sidelobes attenuation

By taking a derivative of Hyg 44-0,- With respect to 46 it can be easily verified that the beam-

pattern’s extrema points are located exactly as in the standard ULA beampattern. Specifically,

34



NAOyppw /2

1.4 L r=0
L r=0.1
1t
r=0.3
OS_L r=0.5
¥ r=0.7
r=09
0 L L L L
0 20 40 , 60 80 100

Figure 3.8: Plot of x = NA6upgw/2 vs. N, for various r values, obtained by numerically
solving (3.15).

the sidelobes locations are

2m+ 1
Bsigelone = w Vme {1, +2,.. ). (3.17)

Our main interest is with the first sidelobe (i.e. m = 1), therefore we evaluate (3.14) at 460 =

3n/N, which results in

|2 2(1-r)?

(V= 2N (1 - cos (3)) + 27

| Hz/n0.r (3.18)

and for large N values
2(1-r)

3n

lim |7‘{3n/1v,0,r| =
N—oo

For standard ULA, the gain of the first sidelobe is known to be 2/3x [35], which implies
that the first sidelobe is smaller by a factor of 1 — r compared to standard ULA. Specifically, in

perfect gain match scenario (i.e., r — 1), the sidelobes vanish.

3.4.4 Array directivity

In the context of this work, the directivity is expressed as

H16=0.4¢=0,r B 2
21 - o >
3 b Hao.a9=0,r d46 fo Hyg,49=0,r dA6

D(N,r) = (3.19)
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Figure 3.9: Evaluation of NA6yppw /2 for N = 100 and its approximation 1.4/ f (r) (marked by
red diamonds). f () is also presented, in logarithmic scale (dotted curve).

Plugging (3.14) within (3.19) and by numerical evaluation (see App. D and the complementary
Fig. 3.10 and Fig. 3.11) we suggest to approximate the directivity with

N-r

DW.r)~ 7

(3.20)

where the standard ULA’s known result is obtained for r = 0. Also, for N > 2,lim,_,1 D (N, r) =
oo, implying infinite directivity for the perfectly gain-matched FB.

Finally, expressing the improvement in directivity compared to the standard ULA, assum-

ing large N values, gives rise to

. D(N,r) N/(1-r) 1
lim = = .
N—oo Z)(N, 0) N 1-r

(3.21)

3.4.5 Summary

To conclude this section, we summarize the feedback integration related performance improve-
ments in Table. 3.1. Also, in Fig. 3.12 we demonstrate the HPBW and sidelobe attenuation
for 3 elements ULA. As the expressions for HPBW and sidelobe-attenuation are relevant for
~ N > 20, we also simulate 20 elements ULA in Fig. 3.13. In Table. 3.2 we show the consis-
tency between the results and the performance related expressions of Table. 3.1. As predicted,

the results of Fig. 3.13 are consistent with the theoretical expressions.
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Figure 3.10: Plot of D(N,r), com-
puted using numerical integration (sur-
face), shown to perfectly match the an-
alytic expression (black diamonds) pre-
sented in (3.20).

Figure 3.11: The error between numerical
calculation and the analytic expression.

Table 3.1: Performances of CB and the Proposed Feedback-Beamforming Architecture, with a
Gain Mismatch r.

FEEDBACK
CB BEAMFORMING IMPROVEMENT
HPBW 1.4/N 1.4/ (f(r)N) Narrower by a factor of f (r)
FIRST
SIDELOBE 2/3m 2(1 =) [3n smaller by a factor of 1 — r
for N > 1
GAIN
_ _ 1/ (1 — r) times higher
DIRECTIVITY N N-r/(A-r) for N> 1

Table 3.2: Performances of CB r = 0 and the proposed Feedback-Beamforming Architecture,
for several r values. Also comparison to expected theoretical expressions is provided.

HPBW [RAD] SIDELOBE GAIN [dB]
Expected G 201og (|% 2)
Result Expected Error | Result Expected Error

r=0 0.0605 0.07 0.0095 | -26.38  -26.93 0.55
r=03 |0.0454 0.0448 0.006 | -32.06 -33.12 1.06

r=0.6 |0.0259 0.0232 0.0027 | -41.21 -42.84 1.63
r=0.8 1|0.0127 0.0108 0.0019 | -52.55 -54.88 2.33

3.5 Range Error Sensitivity

In this section, we investigate H 4,44, for the general case, where the range misalignment phase
term 4¢ may also be non zero. In Fig. 3.14, we plot |(]—{A9 ,A¢,r| in logarithmic scale, with respect
to both steer and range misalignments. Close inspection of the range error related beampattern

behaviour sheds light to some important points. First, we notice that although setting r — 1
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Figure 3.12: Simulating 3 elements ULA based FB for r values of 0, 0.3, 0.6 and 0.8. The
HPBW is marked with vertical red dashed line, where an auxiliary horizontal line of |H P=1/2
is also provided. The sidelobe attenuation is cited in each plot in a textual fashion.

(i.e., close to a perfect gain match), sharpens the beampattern’s main lobe (i.e., higher spatial
selectivity), it also amplifies the range error (4¢) related sensitivity as the main lobe’s support
over the 4¢/n axis shrinks. Next, as evident from (3.13), the range error related sensitivity is
2m-periodic with respect to 4¢ (see Fig. 3.15). To establish our final observation, we first recall

that
27T Rn

A B

where Ry = 2R is the round-trip distance between the array and the target of interest and A is

¢éw’rpd:

the wavelength. Define

ARy = —
& 2r

to be the range estimation error. Fig. 3.16 shows that even minor range errors of ARy ~ 0.14
significantly distort the beampattern.
At first glance, this sensitivity to range errors renders the system being too sensitive for any

practical use. This leads us to seek robust implementations, as elaborated in Sec. 3.6.

3.6 Mitigating Range Error Sensitivity

As demonstrated in the previous section, the beampattern (3.13) is sensitive to range errors.

We now propose an architecture which obtains the desired beampattern Hg 440, €ven for
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Figure 3.13: Simulating 20 elements ULA for the sake of HPBW analysis. As in Fig. 3.12, r
values of 0, 0.3, 0.6 and 0.8 are simulated. The HPBW is marked in the same manner also.

relatively large range errors 4Ry. Also, we show that the suggested architecture achieves high

performance at moderately low signal-to-noise ratio (SNR) scenarios.

3.6.1 Intuition

Bearing in mind that the system’s phase alignment sensitivity resides in (3.13) via the term
exp (jd¢) = exp ( ijTpd) and that the round-trip delay (7,4) cannot be controlled, one may
suggest to use lower frequencies. Unfortunately, aiming for practical range estimation errors,
the transmission of such low frequencies is physically unfeasible. Following the thorough
spectrum use overview in [2], among the notable considerations for choosing frequency in

localization related schemes are

¢ Propagation efficiency
Due to the chemical structure of the atmosphere, some frequencies are propagated ef-
ficiently while other are absorbed [39] by the atmosphere layers, being unsuitable for

localization applications such as RADAR.

e Antenna length
As described in [2], although low (< 30kpy.) frequencies propagate efficiently in the
earth-atmosphere wave guide [39], the wavelength is large (~ 10k ), hence the needed

antenna length is too large for any practical use.
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Figure 3.14: Evaluation of 10log,, |7-{AQ,A¢,,|2, considering both steer (46) and range related
(4¢) errors. Centered in each plot, is the 3dB main lobe (white color fill), exemplifying that
as the gain mismatch r is set closer to one, we observe an increase of the spatial selectivity

(regarding both 460 and 4¢).
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Figure 3.15: Evaluation of 10log;, |7‘(A9,A¢,r:0,4|2 for —37 < A¢ < 3n. The response is 27
periodic.

e Signal bandwidth

As the carrier signal’s frequency decreases, so does the available bandwidth.

Henceforth, we suggest simultaneous transmission of several frequencies instead of the unfea-
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Figure 3.16: Evaluation of the array response (where r = 0.4) for several values of range error
ARy . Even minor range errors significantly distort the beampattern.

sible option of transmitting low frequencies. In the following we suggest a dual frequency (DF)
waveform, utilizing two harmonics, w; and w;, and show that range error sensitivity may be

resolved as it will depend on the frequency difference w; — w;.

3.6.2 Suggested processing scheme

In Fig. 3.17, we demonstrate the use of two independently configured FB instances (see also
Fig. 3.1), where each instance is designed to treat a specific frequency band. A bandpass filter
BPF,,, i = 1,2 filters a narrowband slice around w; = 2rf;. These filters are used to generate
both the transmitted feedback signal (Tx;) and the outputs z;. The inputs s;(t) = exp (jw;t) are
the two narrowband stimuli signals and n;(#) represents the additive noise.

Note that in the suggested architecture we do not add array elements, but merely double
the beamformer processing effort.

For each FB block, its output is given by
zi(1) = Hp,a; (wi) exp (jwit) i € {1,2},

where B;, a; are the coefficients of the i’th beamformer. Motivated by the desire to mitigate the
A¢ dependency of the system, which appears in the denominator of (3.13)’s RHS, we compute
the reciprocal of each frequency response, average, and compute the reciprocal again. This
leads to the harmonic mean of both beamformers’ outputs (see Fig. 3.17), which formally, up

to a constant term, takes the form

-1
Zoe = |Hgl, (W) + Hg , (@0)] (3.22)

ﬁz,CUZ
A

For convenience, we use subscripts instead of formal w dependency such that ¢; = ¢ (w;), g =

g (wy),d; = d(w;). Also, r; = g;/8; is denoted to be the gain mismatch at w;.
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Figure 3.17: DF BF, consisting of two independent FB blocks and narrowband bandpass filters.
The blocks marked by ¥, compute the frequency response at w; and their outputs feed the
harmonic mean calculator, which generates the DF BF’s output.

Theorem 3.1. Consider the architecture suggested in Fig. 3.17, and let a;, B; be the coefficients
of the i’th FB. Then setting

@ = By, aa =B, =[1/2.0,...,0], (3.23)
results in
giBd,
Zpr = i , : (3.24)
1 - (218'd1/r2) exp (=j (¢1 - ¢2)
Proof. See App. E. [

Assuming close frequencies, Zpg in (3.24) closely resembles the single frequency (SF)
beampattern in (3.3), where the range related phase ¢ is now replaced by ¢1—¢2 = (w1 —w2)Tpa.
Hence, one may significantly mitigate the range mismatch distortion of the beampattern by
selecting close stimuli frequencies. We also note that throughout the development of (3.24),
we did not assume any specific array geometry, hence this result is valid for arbitrary arrays
and not just ULA.
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3.6.3 Numerical example

Consider a radio frequency carrier of 10 GHz and typical range error of 4R,y = 10 m, which is
333%/1 (assuming speed of light, ¢ = 3 - 10% m/s). The single frequency beampattern distortion,
being periodic in A, will closely resemble the 0.34 error plot presented in Fig. 3.16. Assume
that we aim to achieve a maximal phase error of 4¢ = 0.01zx. Hence, when using the DF

architecture, the dictated frequency separation must satisfy

ARy
C

‘(wl - wy) < 0.01x. (3.25)
or equivalently, for a maximal range error of 10 m, a frequency separation of

|f1 = f2] <0.005¢/4Ry = 150kHz

is required.

3.6.4 Dual frequency simulation

We now simulate (3.24) for the DF structured FB, generalizing the CB approach and setting

. dy exp (j (&1 - @2))
1~ A 12 :
@]

g
With this choice, denoted as the “DF,CB* beamformer, and similarly to (3.13), (3.24) becomes

r1D (46/2,N)
1 - kD (46/2,N)exp (= j(¢2 — ¢1 + (N — 1)46/2))|”

Hpgcp (w) = ‘ (3.26)

where x £ r|/r; is the gain mismatch ratio. For close frequencies, one may assume that r; = r;,
hence « tends towards unity, thus significantly mitigating the gain mismatch effect even when
both FBs are mismatched.

Simulating the DF architecture, configured to mitigate range estimation errors as in (3.25)
and plotting its normalized (to O dB peak gain) beampattern together with the perfectly range
aligned scenario, we show in Fig. 3.18 that the DF architecture achieves a near-optimal perfor-
mance, despite the inherent range error of 4Ry = 10 m. In Fig. 3.19, we repeat the simulation
while adding white Gaussian noise to the output of each FB. Evidently, even in the noisy case,
the DF BF achieves a close-to-ideal beampattern, while the SF BF suffers from severe distor-

tions.
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Figure 3.18: Simulating a 3 element ULA with r; = 0.6%, r» = 0.6 (hence k = 0.6), assuming
an infinite SNR. For each target direction 64, the DF BF output Zpp is evaluated where the
beamformer is set to enhance signals impinging from 64 = 7/2. The (modulus A1) range error
is ARy = 0.31. The SF BF (red squares) and the dual-frequency solution (green diamonds) are
compared to the ideal response 4R = 0 (blue dots) as a reference.
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Figure 3.19: Directional response of the 3 element ULA, as in Fig. 3.18, simulated for the
noisy scenario. The additive noises nj(¢) and ny(¢) (see Fig. 3.17), are set to obtain SNRs of
6 dB (a), 0 dB (b) and —6 dB (c).
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Chapter 4

Conclusions

In this work we have suggested a novel approach to beamforming and localization, which is
based on generating a continuous feedback between the array and the target of interest. Inte-
grating feedback into standard beamformers proved to achieve the spatial domain equivalent of
the temporal IIR filtering. It seems that a simple generalization of the conventional-beamformer
maximizes (locally) the system’s spatial information, thus enabling high localization accuracy.
The feedback-based architecture performance evaluation predicts an unlimited improvement in
all criteria, when considering perfect knowledge of the target’s range and channel attenuation.
It turns out that a single frequency waveform based feedback-beamformer is impractical, being
too sensitive to even mild target range estimation errors. Fortunately, using a DF waveform
and applying simple frequency domain manipulations to the output and feedback signals, was
found to serve as a low frequency (hence low sensitivity) equivalent of the single frequency
scheme. Also, the DF scheme proved to be of low noise sensitivity, featuring high performance
even in relatively low signal-to-noise-ratio scenarios.

In the following, we overview some interesting leads for future study of the FB concept.

4.1 Future research

In the following chapter, some of the many possibilities for further investigation of the FB are
suggested. As mentioned in Sec. 3.1, we assumed a single stationary target scenario where
the target’s location is fixed. Naturally, the first suggested subjects for future research are
dynamic (Sec. 4.1.1) and multiple (Sec. 4.1.2) target scenarios. Another setting which may be
an interesting subject for future research is the waveform characteristics (Sec. 4.1.3) and its
effect on the overall spatial performance. We choose to conclude with another final suggestion

(Sec. 4.1.4) - i.e. to revisit Sec.3.2’s FIM related considerations to the choice of array settings.

4.1.1 Dynamic target

Revisiting (3.1), a natural initial generalization would be to allow the target of interest to be
dynamic, i.e. introducing a general 3D arbitrary target location p, (t). The location dynamics

may be represented in terms of dynamic propagation delay, 7,4 (1) and Doppler.
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Following the basic steps of temporal analysis, as in Chapter. 3, we start with expressing
the impinging signal of a single sensor. As in the analysis of static target scenario, the signal
consists of two contributions, i.e. the reflected emitted signal and the reflected feedback sig-
nal. Therefore, for each moment ¢, we should resolve the corresponding moment in which the

current impinging signals were emitted by the array.

To this end, we first denote t..f (f) as the moment in which the currently impinging signal
was reflected by the target of interest. Another auxiliary quantity is the reflection moment’s
corresponding target range R () where the following relation holds
R (tref (t))

—

! — tref (t) = (41)

Assuming t..¢ () is resolved, we denote the propagation delay at the reflection moment 7yr () =

R (tre£ (¢)) /c and express the emission moment as

trx (1) = tref (1) — Tref (1) =t — 27 (1) . 4.2)

With ty, we rewrite (3.1) as

N-1

xa(t) = g| 8 (e (D) + ) pyim (1 (D) | (4.3)
m=0

Obviously, to have a closed form expression for x,(#), there should be a model for the
target’s dynamics (i.e. p,). Such an example, is a target with constant radial (constant DOA)
velocity v with respect to the array which is initially positioned with distance of Ry from the
array, i.e.

R(t) = Ry + vt. (4.4)

Next, to resolve tf (f), we plug (4.4) into (4.1) which results in

Ro + vt
t— tref (t) = O—Vref

4.5)

ct— Ry

= Iref (t) = .

c+v
Now, we express Trr () as

Tref (1) = — trer ()

Re+wt (4.6)

c+v '
which when plugged into (4.2) gives rise to
trx (1) = t = 27per (2)

c-v, 2Ry 4.7)
c+v c+v
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which when setting v = 0 degenerates to the static target scenario tx (f) = t — @. It follows

that
c—v 2Ry = . c—v 2Ry
s t— +Za/mxm —t-
c+v c+v c+v  c+v

m=0

() = g . (4.8)

Then, similar steps as in Sec. 3.1 are to be made to get an expression for the system’s response
H. It is expected that as in RADAR systems, the tracking of the object should now also take

Doppler shifts into account.

4.1.2 Multi-target scenario

Considering practical scenarios of multiple (P) targets, positioned in p;; Vi € 0...P — 1, the

obvious generalization of (3.1) is

P-1 N-1
x, () = Z g {s (t — Tpdi — Tn’l') + Z @) X (t — Tpdi— Tn’,')ﬂ, 4.9)
i=0 m=0

where 7,4 is the delay of the signal which reflected from p, ;. Interesting directions of research

may include
e The effects of closely positioned targets
e [ocalization resolution
e Maximal number of simultaneously detected targets with respect to N

e Independent beamforming per target with multiple transmitters steering the feedback

signal.

4.1.3 Waveform modifications

In modern RADAR related systems, the waveform of choice is pulse based and modulated
by CW, or linear/nonlinear frequency scans. It holds some obvious advantages over the CW

transmission such as
e Lower power consumption due to lower transmissions duty cycle.
e The use of wide band signals increases spatial resolution in the radial axis.

Another interesting option is using several (possibly many) independent harmonics as super
positioned multiple dual frequency beamformers, which simultaneously scan a wide area with
multiple resolutions. By merely selecting harmonic couples and filter coefficients, each har-
monics pair is pointed to a specific area. It follows that with the expense of computational
effort (without adding elements to the array), it seems possible that one may have simultaneous

scan of the entire arena in any wanted direction/range/resolution.
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As a simple example, consider that the arena consists of M zones of interest, where each
zone may be described as a angular bounded radial slice (similar to the visualization of Fig. 3.2)

which may be described as
an = {P | Oammin < DOA (D) < Oammax » Rimmin < 1Pl < Rppmax} Y m=0...M - 1.

Each zone will be assigned with matching couple of carrier frequencies (w;2) to cover
its radial width (where the radial width is equivalent to Ry of (3.25)) and coefficient sets
(@m,isB; ¥ m = 0...M - 1,i = 1,2), which cover the zone’s angular diameter which is
equivalent to determining the desired beamwidth via setting the proper « of (3.26).

Leaving aside the needed computational effort and physical limitations of transmitting mul-
tiple narrowband signals, assuming large M values, we have a super-positioned FB which si-

multaneously scans the entire arena.

4.1.4 Coeflicients quality criteria

As mentioned in Sec. 3.1, the reasoning for the selection of a, 8 as the CB generalization, was
the FIM related information considerations. Obviously, there are many more possibilities/con-
siderations to choosing the coefficient. Some examples for such coefficient choosing schemes

may include
o Finite word effects

o Nulling of specific DOAs
For example, it is interesting to see the FB equivalent to Capon’s [S] MVDR.

and many more.
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Appendix A

Fisher Information Matrix

In the parameter estimation problems, we obtain information about the parameter from a sam-
ple of data coming from the underlying probability distribution. A natural question is: how
much information can a sample of data provide about the unknown parameter? To this end,
the FIM, which is the common tools for assessing the amount of available information in the

sampled data is overviewed in the following.

Consider a random variable x for which the PDF is f (x|6), where 6 is an unknown parame-
ter and 6 € O, with O is the parameter space. Intuitively, if an event has small probability, then
the occurrence of this event brings us much information. For a random variable X ~ f (x]6), if
6 were the true value of the parameter, the likelihood function should take a big value, or equiv-
alently, the derivative log-likelihood function should be close to zero, and this is the basic prin-
ciple of maximum likelihood estimation. We define [ (x|6) = log f (x|6) as the log-likelihood

function which follows that the Fisher information may be expressed [34] as

2

0
1(6) = ~Eg{I" (x16)} = - f [ﬁIng(xlé)f(xIH) dx (A1)

A.0.1 Cramér-Rao Lower Bound and Asymptotic Distribution of Maximum Like-
lihood Estimators

In practical applications, where signal is noisy and parameters cannot be accurately estimated,
having a closed form expression for the FIM naturally leads to seek for a performance bound
that will help the user to know when available information is fully utilized. Such a bound for
unbiased estimators is [34]

Vary {9} >7! 9.

The right hand side is the CRLB: under certain conditions, no other unbiased estimator of the

parameter 6 can have a variance smaller than CRLB.
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A.0.2 The Multiple Parameter Case

Suppose now there are more than one parameter in the distribution model, that is, the random
variable X ~ f (x|6) with 6 = (6, O-1)". We denote the log-likelihood function as

1(8) = log f (x10),

and its first order derivative with respect to 6 is a k-dimensional vector, which is

oL (61 @ 0l (0) )T
00 ’

S\ 06y T 06k
The second order derivative of /(6) with respect to 6 is a k X k matrix, which is

1O {521(0)}
06> 06:00; i jero,...k-11

.....

We define the Fisher information matrix as

o (or@\"\ . (al®\ _ _(1®)
I(a)—E{W(W) }—COV{W}——E{ 602 }

Since the covariance matrix is symmetric and semi-positive definite, these properties hold for

the Fisher information matrix as well.

A.0.3 FIM applications

Considering unbiased estimators, the CRLB for the multi-parameter case can be shown to be
Covp {8 (X)) 2 17 (0) (A.2)

where the matrix inequality A > B means that A — B is positive semi-definite. From (A.2), it
is obvious that when I’th determinant is increased, the CRLB decreases which implicates that
the data is more informative and though not necessarily obtainable, an optimal estimator will

achieve higher accuracy in such scenario.

A.0.4 Frequency Domain Cramér-Rao Bound for Gaussian Processes

The interesting work of [42] (which also specifically states its contribution to localization ap-
plications) enables the generalization of the CRLB to the frequency domain, which is of high

relevance to this work (see Sec.3.2). Assuming Gaussian processes, the results of [40] are
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utilized together with further development to find that

IR 0z(1)
Jk,l (,’) _ﬂ j—‘wS/Z @(0_))8- { ank }C&{ 6771 }da)
T w2 (aqs(w))* 0D (w) do

4 J_w,n P () \ Ok o

(A3)

which is conveniently generalized to the complex data case used in this work as (3.4).
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Appendix B

FIM calculation

Following (3.5), we elaborate the steps leading to (3.7). First, we express the partial derivatives

of Z with respect to 7, resulting in

10z 8B"Adexp(—jo) (1 - ga'd exp (—jg)) + g da’ Ad exp (-2 jg)
SO (1 - gat'd exp (~ j9))’
g Adexp (= jg) - g°B" (Add" — dd" A)a” exp (-29)
B (1 - gat'd exp (- j¢))’
_ gB"Adexp(-j¢) + B Ba” exp (-2j¢)
(1 - ga'd exp (- j§))’

and

10z —jgB"dexp(=jg) (1 - ga''d exp (—j9)) - jg*B"da"d exp (-2)9)
Sap (1 - gal'd exp (= j9))’

_ —jgB"dexp(-jg)

(1 -gatldexp(~j9))

where we defined B 2 dd” A — Add" . The main diagonal elements of the FIM are
0z

1 W /2 2
Joos = R d
Babl {271'0'2 wa/z 60d Cl)}

1 fw.s/Z |gﬂHAd - gzﬂHBa’* exp (—]Qﬁ)|2
2102 J_w, 2 |1 — gafd exp (—j¢)|4
1 (2 \0zp
Jop = R — - d
44 {2710'2 f_‘w_r/z o w}
I

2n02 Jo, 2 |1 —gafldexp (—j¢)|4

ISP de,

ISP dw
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and the cross terms are
J9d¢ = J:;Hd =
1 (2 (0Z\" oz
=R f oz a—dw
2102 J_w, 2\ 0] 064
1 (2 jg?B"d"B" (Ad + gBa” exp (-
_% 2f B (Ad + gBa exr;( ) (sp dwl |
2n0° Jow,2 |1 — gafld exp (—j¢)|

Notice that when the weights are proportional to the conjugated steering vector, i.e.,
a,pocd,

the 87 Ba term vanishes. Assuming a real input waveform s(7), the function

Ny
|1 - galld exp (- jg)|'

is even with respect to w, and
N-1 )
BPAd o« d¥ Ad = ZA"’” ‘d,,| oW
n=0

is odd, hence the cross terms vanish.
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Appendix C

Half power beamwidth

We now compute the squared norm of (3.14), equate it to 1/2 and compute the value of N46/2
for large N. To this end, we denote y = 46/2, giving rise to

(1-r)?D*(y,N)
lexp GV - 1yy) = D (1, N[
N>l (1-n’D’ (. N)
" 1-2rcos(Ny)D(y,N) + 2D (y,N)’

|H0.48-0.r (w)|2 =

Equating to 1/2, leads to
(= 4r+2)D? (5, N) + 2rcos (Ny)D (7, N) - 1 = 0.

Since for large N, the mainlobe beamwidth goes to zero, we approximate sin(y) with y. Also
defining x 2 Ny = N46/2 we obtain (3.15).
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Appendix D

Fitting the array’s directivity

In the process of simplifying (3.19) in order to find the expression for the directivity D, we
noticed the results were a rational expression. Following this observation, we numerically
swept various values of N, r pairs, trying find a common expression that fits all results which
will enable the formulation of the directivity improvement when using the FB. In the following,
we elaborate on the technicalities of this sweeping process.

The first step was to formulate the symbolic expression for H. To this end, we used
MATLAB®’s symbolic toolbox, generating the symbolic response H. Afterwards, the 2D
sweep range was set, where as mentioned before, r was set to be of rational values. In each
sweep step, a numerical integration was executed with specific values for N and r. Each result
was fitted with it’s next closest rational number with the help of MATLAB®’s rats auxiliary
command. After observing the results, we found that all of them obey the same expression as
in (3.20) for any tolerance, which increased the confidence in the suggested expression.

The printout of the code is presented as Table. D.1 and the text below.

Table D.1: Performances of Classical ULA and the Proposed Feedback-Beamforming Archi-
tecture, with a Gain Mismatch r.

H AN 2 3 4 5 6 7 8 9 10 H
110 19/9 29/9 13/3 49/9 59/9 23/3 79/9 89/9 11
15 9/4 72 19/4 6 29/4 17/2 39/4 11 49/4
13 52 4 112 7 172 10 232 13 2972
12 3 5 7 9 113 15 17 19
5/8 113 19/3 9 353 43/3 17 593 673 25
34 5 9 13 17 21 25 29 33 37
4/5 6 11 16 21 26 31 36 41 46

MATLAB® Code
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1 function [] = directivityAnalysis()

2 %% configure

3 nVec = 2:10;

4 rVec = [1/10 1/5 1/3 1/2 5/8 3/4 4/5];

6 %% symbolics

7 syms X real;

8§ syms r positive;

100 D = Q(x,N) sin(N*x)/(Nxsin(x));

12 hNum = @(t,p,N,r) (l-r)*D(t/2,N);

13 hDen = Q@(t,p,N,r) exp(li* (p+(N-1)*t/2)) - r+D(t/2,N);

4 h = @(t,p,N,r) hNum(t,p,N,r)./hDen(t,p,N,r);

16 %% simulate

17 integralResultMAT = zeros (length(rVec), length (nVec));
18 exprMAT = zeros(size (integralResultMAT));
19 [r_GRID, n_GRID] = meshgrid(rVec, nVec);

20 for rval = rVec

21 for nval = nVec

22 curIntRes =

23 vpaintegral (h(x,0,nval,rvVal), 0, 2xpi...
24 )

25 / (2xpi);

26 Dir = 1 / curIntRes;

27 curIntRes_eval = eval (curIntRes);

28 curIntRes_STR = num2str (real (curIntRes_eval));
29 Dir_eval = eval (Dir);

30 Dir_STR = rats(real (Dir_eval));

31 tol = abs(eval (Dir_STR)-Dir_eval);

32 disp([...

33 'r = ', num2str (rval)

34 ,'", N =", num2str (nval)

35 , ', int = ', curIntRes_STR

36 ,'", Dir = ', Dir_STR

37 1)

38 integralResultMAT (...

39 rVec == rVal, ...

40 nVec == nvVal...

41 ) = real (Dir_eval);

42 exprMAT (...

43 rVec == rVal, ...

44 nVec == nvVal...

45 ) = (nVal-rval)/ (l-rval);

46 end

47 end

4 figure;
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49

50

51

52

surf (r_GRID,
"interp",

hold on;

plot3 (r_GRID,

n_GRID, transpose (integralResultMAT), 'EdgeColor',
'FaceAlpha',0.75);

n_GRID, transpose (exprMAT), 'dk', 'MarkerSize', 10,

'LineWidth', 2, 'MarkerFaceColor', 'k'");

legend ({ 'Numeric integration', 'Analytic expression'});
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Appendix E

Proof of Theorem 3.1

Proof. Elaborating (3.22) gives rise to

4 |- glafd]e‘j‘ﬁ‘ 1- gzagdze‘f‘f’z
“or = H oo T dyeio
g1y die” 1" 828, dre™ 1%
gfdre % — g1g, (af{{dlﬂgdz + affdzﬁ?dl) eI 01402 4 g\ BT eI
giBd Bl d;
| gaBlidrei 00 4 g glla,  (Bidialdy + Bl dralldy) e
g8 dig:p5 d> Bid\gid;
Note that in the special case of choosing @1 = B, @» = - f,, the resultant beampattern
simplifies to
gipid,
ZDF = Bl di '
81h1 41 il —
|+ 0 exp (= (91~ 62))
Also setting 8, = [-1/22,0, ..., 0] results in (3.24). [ |
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