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Introduction

The signal enhancement problems in the time or frequency domain,
with one sensor or multiple sensors, are similar.

Within a unified framework, we derive a large class of optimal linear
filters as well as filters whose output signal-to-interference-plus-noise
ratios (SINRs) are between the conventional maximum SINR and
Wiener filters.

We present filters that compromise between interference-plus-noise
reduction and desired-signal distortion.

This talk also serves as a bridge between the problem of noise
reduction and beamforming.
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Signal Model and Problem Formulation

We consider the very general signal model of an observations’ signal
vector of length M:

T
y=[y1 Y2 o yM}
N

x—l—v0—|—2vn

n=1

=X+ vy +V, 1)

where x is the desired-signal vector, vy is the additive white noise
signal vector, v,,, n =1,2,..., N are N interferences, and

V= Eﬁf:l V-

All vectors on the right-hand side of (1) are defined similarly to the
noisy signal vector, y.
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The entries of y can be, for example, the signals picked up by M
Sensors.

All signals are considered to be random, complex, circular, zero
mean, and stationary.

Furthermore, the vectors x, vg, and v,,, n =1,2,..., N are assumed
to be mutually uncorrelated, i.e., (xv0 ) (xv ) E (vovi) =
E(vv)—O Vi#j,1,j=12,...,N.
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In this context, the correlation matrix (of size M x M) of the
observations can be written as

@, = E (yy") )

N
:¢x+q)vo+z¢vn

n=1
= Qx + (I)vo + (I)v
=&, + (I)ina

where ®, = E (xx7), ®,, = E (vov{!), and ®,, = E (v,vl) are
the correlation matrices of x, vg, and v,,, respectively,

&, =" &, and ®, = ®,, + B, is the interference-plus-noise
correlation matrix.
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Since vy is assumed to be white, its correlation matrix simplifies to
®,, = ¢y, Ir, Where ¢, = E (|v0|2) is the variance of vy, the first
component of vy.

In the rest, the desired-signal and interference correlation matrices
are assumed to have the following ranks: rank (®x) = R, < M and
rank (®y,) = R, < M.

Let R, = min (25:1 R,,, M), we deduce that rank (®,) = R, and,
obviously, rank (®;,) = M.

Then, the objective of signal enhancement (or noise reduction) is to
estimate the first element of x, i.e., z; (the desired signal sample),

from the different second-order statistics available from (2) in the best
possible way in some sense.
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This should be done in such a way that the noise and the
interferences are reduced as much as possible with little or no
distortion of the desired signal.

The matrix ®,, can be easily estimated from the observations but ®.,,
and @, are more tricky to estimate.

However, in many applications, it is still possible to get reliable
estimates of these matrices [1], [2], which will be assumed here.

A very important particular case of the model described above is the
conventional beamforming problem, which can be formulated as [3],

[4]
y:dxl +V0+V7 (3)

where d is the steering vector of length M, whose first entry is equal
to 1.
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This vector can be deterministic or random. In the former case, the
desired-signal correlation matrix is ®, = ¢,,dd”, whose rank is,

indeed, equal to 1, where ¢, = E (|x1|2) is the variance of z;.

When the steering vector is random, the rank of ®, is no longer 1 [5].

Some decompositions of the different matrices are necessary in order
to fully exploit the structure of the signals.

Using the well-known eigenvalue decomposition [6], the
desired-signal correlation matrix can be diagonalized as

QY ®,Qy = Ay, 4

where

Qx - [ Ox,1 9x,2 - Qqx,M ] (5)
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is a unitary matrix, i.e., Q7 Q, = Q,QX =1, and
Ax = dla'g ()\x,la )\x,2a ceey )\xJW) (6)
is a diagonal matrix.

The orthonormal vectors qx 1, qx,2, - - -, dx,m are the eigenvectors
corresponding, respectively, to the eigenvalues Ax 1, Ax,2, - - -, Ax,ar Of
the matrix ®«, where Ax 1 > Ax2 > -+ > A r, > 0and

)\x,Rm+1 = )\x,Rm+2 == /\x,M =0.

In the same way, the nth interference correlation matrix can be
diagonalized as

\I,{n(}vnQvn = Avn7 (7)

where the unitary and diagonal matrices Q. and A, are defined in
a similar way to Qx and Ay, respectively, with
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)\vn,l > Avn,2 > 2 Avn,R > 0 and

)\vn,R +1 = /\vn,R,,n—i-Q _ = )\vn,M =0.

o

It may also be useful to diagonalize the matrix ®,, as well, i.e.,

QJ®.Q. = A, 8)
where Q, and A, are similarly defined to Qx and Ay, respectively,

With Ay 1 > Ay 2 > - > Ay g, >0and
AV,Ry+1 = Av,Ry42 = -+ = Ay,m = 0.
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Linear Filtering for Signal Enhancement

By far, the most convenient and practical way to perform signal
enhancement, i.e., to estimate the desired-signal, z1, is by applying a
linear filter to the observation signal vector, y, as illustrated in Fig. 1.

Vo

Figure 1: Block diagram of linear filtering.
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That is,

z=hfly

)
=h® (x+vo+V)
= Tfd + Urn + Uri,
where z is the estimate of z; or the filter output signal,
T
h:[h1 hy - hM]
is a complex-valued filter of length M,

(10)

Tfq = hHX
is the filtered desired signal,

(11)

[m]

=



Uprn = h'’ Vo

is the residual noise, and

Vri = hHV
is the residual interference.

We deduce that the variance of z is
¢z =F (|Z|2) = ¢Zfd + ¢Um + ¢Urn

where
d)wfd - hH@xh7
¢vm = ¢UohHh’
¢v,, = h® h.

[m] = =

(12)

13)

(14)
(15)
(16)
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Performance Measures

Signal-to-Interference-Plus-Noise Ratio

Performance measures are not only useful for the derivation of
different kind of optimal filters in some sense but also for their
evaluations.

These measures can be divided into two distinct but related
categories.

The first category evaluates the noise reduction performance while
the second one evaluates the desired-signal distortion.

One of the most fundamental measures in our context is the
signal-to-interference-plus-noise ratio (SINR).
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The input SINR is a second-order measure, which quantifies the level
of the interference-plus-noise present relative to the level of the
desired signal.

By taking the first element of y as the reference, this measure is
defined as

P,

iSINR = ———
¢vo + (bu

(17)

where ¢, is the variance of v = 25:1 Un1, With v,,; being the first
entry of v,,.

Another interesting measure is the input signal-to-interference ratio
(SIR):

iSIR = P (18)

bo
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The output SINR helps quantify the level of the
interference-plus-noise remaining at the filter output signal.

The output SINR is obtained from (14):

oSINR (h) = ﬂ% (19)

~ hf'®&h
B hH(Pinh.
Basically, (19) is the variance of the first signal (filtered desired) from

the right-hand side of (14) over the variance of the two other signals
(residual interference-plus-noise).

Since the matrix ®;,, in the denominator of (19) is full rank, the output
SINR is upper bounded.
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The objective of the signal enhancement filter is to make the output
SINR greater than the input SINR.

Consequently, the quality of the filter output signal may be enhanced
as compared to the noisy signal.

It is straightforward to see that the output SIR is

_ h”®,h

(20)

Since the matrix ®., in the denominator of (20) may not be full rank,
the output SIR may not be upper bounded.

For the particular filter of length M:

i=[10 - 0], (22)

Benesty, Cohen, and Chen An Exhaustive Class of Linear Filters 18\ 70
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Mean-Squared Error

we have

oSINR (i;) = iSINR,

oSIR (i;) = iSIR.
With the identity filter, i;, neither the SINR nor the SIR can be
improved.

[m]

=

(22)
(23)
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Desired-Signal Distortion Index

Since the noise and interferences are reduced by the filtering
operation, so is, in general, the desired-signal.

This implies distortion that we can measure with the desired-signal
distortion index, which is defined as the MSE between the desired
signal and the filtered desired signal, normalized by the variance of
the desired signal, i.e.,

v (h) = M (24)

()
(h—i)" &, (h — i)
[ '

The desired-signal distortion index is close to O if there is little
distortion and expected to be greater than 0 when distortion occurs.

Benesty, Cohen, and Chen An Exhaustive Class of Linear Filters 20\ 70
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Mean-Squared Error

Error criteria play a critical role in deriving optimal filters.
The MSE [7] as we already know is, by far, the most practical one.

We define the error signal between the estimated and desired signals
as

e=2z—x (25)

= Tfq + Urn + Uri — T1,

which can be written as the sum of three mutually uncorrelated error
signals:

e=eq+en+ei, (26)
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Desired-Signal Distortion Index
Mean-Squared Error
where
€eq = Tfd — X1 (27)
=(h-i)"x
is the desired-signal distortion due to the filter,

en = Uy = tho
is the residual noise, and

(28)

€ = Uy = hHV
is the residual interference.

(29)

[m]

=



Signal-to-Interference-Plus-Noise Ratio

Desired-Signal Distortion Ir;dex
Mean-Squared Error
Therefore, the MSE criterion is

J (h) =

—E <|e|2)

= ¢,, +h7®,h —hP &0 — il ®h
= h
where

(30)
= Ja () + Ju (h) + Ji (h) |

Ja () = E (Jeal”) 5D
=(h—i)" & (h— 1) = ¢y, v (h),
(|en|2> = ¢u,h"h

E (|ei|2> —h"®,h

(32)
Jh. (33)

Jn (h)

Ji(h) =

[m]

=

PN G4
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Optimal Filters

Wiener

In this section, we derive a large class of well-known optimal linear
filters by fully exploiting the structure of the signals, which was not
really done before.

For that, performance measures of the previous section are of great
help as well as the appropriate subspace, depending on what we
desire.

The Wiener filter is derived by taking the gradient of the MSE, J (h)
[eq. (30)], with respect to h and equating the result to zero:

hy = &, ®,i;. (34)
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This optimal filter can also be expressed as
hw = (I]yj — ‘I’;I‘I’in) ij. (35)

The above formulation is more interesting in practice since it depends
on the second-order statistics of the observation and
interference-plus-noise signals.

The correlation matrix ®, can be immediately estimated from the
observation signal while the other correlation matrix, ®;,, is often
known or can be indirectly estimated.

In speech applications, for example, this matrix can be estimated
during silences.
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Let

where the M x R, matrix Q. contains the eigenvectors
corresponding to the nonzero eigenvalues of ®, and the

M x (M — R,) matrix Q. contains the eigenvectors corresponding to
the null eigenvalues of ®,.

It can be verified that
Ly = Q. QY +QLQ". (37)

Notice that Q.. Q/F and QZQ/'" are two orthogonal projection
matrices of rank R, and M — R,, respectively.

Hence, Q. Q'F is the orthogonal projector onto the desired-signal
subspace (where all the energy of the desired signal is concentrated)
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or the range of ®, and Q”Q”" is the orthogonal projector onto the
null subspace of ®,.

With the eigenvalue decomposition of ®,, the correlation matrix of
the observations’ signal vector can be written as

®y = QALQY + &y, (38)
where
Al = diag (A1, Ax,2,- -+ Ax,R.) (39)
is a diagonal matrix of size R, x R,.

Determining the inverse of ®, from (38) with the Woodbury’s identity,
we get

&' =@, -2 'QL (A + QU2 Q) Qe (40)
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Substituting (40) into (34), leads to another interesting formulation of
the Wiener filter:

hy = &,'QL (AL +QH e, 'QL) ' QY. (41)

It can be shown that with the optimal Wiener filter given in (34), the
output SINR is always greater than or equal to the input SINR, i.e.,
oSINR (hyw) > iSINR [8].
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Example 1

Consider a ULA of M sensors. Suppose that a desired signal
impinges on the ULA from the direction 6,, and that an interference
impinges on the ULA from the direction 6,,.

Assume that the desired signal received at the first sensor is a
complex harmonic random process:

x1(t) = Aexp (327 fot + 3) ,

with fixed amplitude A and frequency f,, and random phase ¢,
uniformly distributed on the interval from 0 to 2.

Assume that the interference received at the first sensor, v (¢), is a
random process with the autocorrelation sequence:

Elu @) =o'l —1<a<1.
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In addition, the sensors contain thermal white Gaussian noise, whose
correlation matrix is ®, = ¢, 1.

The desired signal needs to be recovered from the noisy observation,
y(t) = dz(t) + vo + v, where d is the steering vector of the desired
signal.

Since the desired source impinges on the ULA from the direction 6,,,
we have form =2,..., M:

T (t) =21 (t — Toom) = e~ 92 foTem 4 (t),

where

_ (m—1)dcosb,
Tx,m = Cj‘ig
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is the relative time delay in samples between the desired signals
xm (t) and z1(t) received at the mth sensor and the first one, and Ty is
the sampling interval.

Hence, x(t) = d1 (t), where

d=[1 e 92forez o 2mfomes ... =12 foTem }T.

Similarly,

U,m(t) = Ui (t - Tq),m) s
where

o (m — 1)dcos b,
v,m — CTS

is the relative time delay in samples between the interferences
received at the mth sensor and the first one.
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Assuming that the sampling interval satisfies T = %, we have
Tem = (m — 1) cosf, and 7, ,, = (m — 1) cos b,,.

The desired-signal correlation matrix is ®, = ¢,,dd, where
¢z, = A2

The elements of the M x M correlation matrix of the interference are
[(Pv]ij = al™ i Tl

The input SINR is

AQ

The optimal filter hyy is obtained from (34).

To demonstrate the performance of the Wiener filter, we choose
fo=0.1,0, =90° 6, =0°, a=0.9, and ¢,, = 0.1.
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Figure 2 shows plots of the gain in SINR,

G (hw) = oSINR (hyw) /iSINR, the MSE, J (hw), and the
desired-signal distortion index, v (hyw ), as a function of the input
SINR for different numbers of sensors, M. The gain in SINR is
always positive.

For a given input SINR, as the number of sensors increases, the gain

in SINR increases, while the MMSE and the desired-signal distortion
index decrease.
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G (hw) (dB)

W, » a2 N ®
a
o
o
a
o
o
a
o
o

J (hw) (@8)

5 15
iSINR (dB)

(b)

iSIN?{(dB)

©
Figure 2: (a) The gain in SINR, (b) the MSE, and (c) the desired-signal distortion
index of the Wiener filter for different numbers of sensors, M: M = 10 (solid line with
circles), M = 20 (dashed line with asterisks), M = 50 (dotted line with squares), and
M = 100 (dash-dot line with triangles).
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MVDR

In this subsection, we derive a distortionless filter, which is able to
reduce the interference-plus-noise, by exploiting the nullspace of ®.

Using (37), we can write the desired-signal vector as

x = QxQfx (42)
= Q. Q'x.
We deduce from (42) that the distortionless constraint is
nQ; =il Qy, (43)
since, in this case,
h'x = h"QLQf'x (44)
= i QLQy'x
= x.
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Now, from the minimization of the criterion:

min [Ja (h) + J; (h)] subject to hQ. =il'Q., (45)

that is the minimization of the residual interference-plus-noise subject
to the distortionless constraint, we find the MVDR filter:

hyvor = €,,'Q (Q®2'QL) Q ;. (46)

It is interesting to compare this filter with the form of the Wiener filter
given in (41).

It can be shown that (46) can also be expressed as
_ _ -1 .
huvor = ®5,'Q (Q®,'QL) Qi (47)
It can be verified that, indeed, J4 (hyyvpr) = 0.
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Of course, for R, = M, the MVDR filter simplifies to the identity filter,
i.e., hyvor = ii.

As a consequence, we can state that the higher is the dimension of
the nullspace of ®,, the more the MVDR filter is efficient in terms of
noise reduction. The best scenario corresponds to R, = 1, which is
the form of the MVDR filter that is well known in the literature.

The case R, > 1 was discovered only recently [9], [10].

It can be shown that with the MVDR filter given in (46), the output
SINR is always greater than or equal to the input SINR, i.e.,
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Example 2

Returning to Example 1, we now employ the MVDR filter, hyrypr,
given in (46).

Figure 3 shows plots of the gain in SINR, G (hyypr), and the MSE,
J (hpvpr), as a function of the input SINR for different numbers of
sensors, M.

The desired-signal distortion index, v (hyypr), IS zero.

The gain in SINR is always positive. For a given input SINR, as the
number of sensors increases, the gain in SINR increases, while the
MSE decreases.
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Figure 3: (a) The gain in SINR and (b) the MSE of the MVDR filter for different
numbers of sensors, M: M = 10 (solid line with circles), M = 20 (dashed line with
asterisks), M = 50 (dotted line with squares), and M = 100 (dash-dot line with
triangles).

[m] = =

it
N)
ye)
?



Introduction

Signal Model and Problem Formulation
Linear Filtering for Signal Enhancement
Performance Measures

Optimal Filters

Tradeoff

Wiener

MVDR

Tradeoff

LCMV
Maximum SINR
Maximum SIR

We are now going to derive a filter that can compromise between
interference-plus-noise reduction and desired-signal distortion.

For that, we need to minimize the distortion-based MSE subject to the
constraint that the interference-plus-noise reduction-based MSE is

equal to some desired value.

Mathematically, this is equivalent to

m}in Ja (h) subject to Jy (h) + Ji (h) = R (¢, + o), (48)

where 0 < X < 1 to ensure that we have some noise reduction.

Benesty, Cohen, and Chen

An Exhaustive Class of Linear Filters 40\ 70



Wiener
Introduction

. . MVDR
Signal Model and Problem Formulation
Tradeoff
Linear Filtering for Signal Enhancement LoMY

Performance Measures

q . M SINR
Optimal Filters aximum

Maximum SIR

If we use a Lagrange multiplier, y, to adjoin the constraint to the cost
function, (48) can be rewritten as

hr,, = argmin £(h, ), (49)
with
L(h, p) = Ja(h) + p[Ju (h) + Ji (h) = R (¢y, + dv)] (50)
and p > 0.
From (49), we easily derive the tradeoff filter:

hT,p = (‘Px + ,U(}in)_1 D, i; (51)
= [q’y + (u— 1)‘1’111]71 (‘I’y = @) ij,
where the Lagrange multiplier, u, satisfies
Jn (hT,u) +Ji (hT,u) =N (¢vo + ¢v)
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In practice it is not easy to determine the optimal ..

Therefore, when this parameter is chosen in a heuristic way, we can

see that for

@ 1 =1, ht; = hw, which is the Wiener filter;
® u = 0 [if rank (®x) = M], hr o = i;, which is the identity filter;

@ 1 > 1, results in a filter with low residual interference-plus-noise
at the expense of high desired-signal distortion; and

@ 1 < 1, results in a filter with low desired-signal distortion and
small amount of interference-plus-noise reduction.

Benesty, Cohen, and Chen
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It can be shown that with the tradeoff filter given in (51), the output
SINR is always greater than or equal to the input SINR, i.e.,
oSINR(hr,,) > iSINR, Vi > 0 [1].

With the eigenvalue decomposition of ®, and the Woodbury’'s
identity, we can express the tradeoff filter as

b, = 95,1 Q% (1A + QP @L'Q)) T Qi (52)
This filter is strictly equivalent to the tradeoff filter given in (51), except

for 4 = 0; indeed, the one in (51) is not defined while the one in (52)
leads to the MVDR filter.
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Example 3

Returning to Example 1, we now employ the tradeoff filter, hr ,, given
in (51).

Figures 4 and 5 show plots of the gain in SINR, G (hr,,), the MSE,
J (hr,,), and the desired-signal distortion index, v (hr ,), as a
function of the input SINR for different numbers of sensors, M, for
u=0.5and p = 5, respectively.

The gain in SINR is always positive.

For a given input SINR, as the number of sensors increases, the gain
in SINR increases, while the MSE and the desired-signal distortion
index decrease.
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Figure 4: (a) The gain in SINR, (b) the MSE, and (c) the desired-signal distortion
index of the tradeoff filter for different numbers of sensors, M, and © = 0.5: M = 10
(solid line with circles), M = 20 (dashed line with asterisks), M = 50 (dotted line with
squares), and M = 100 (dash-dot line with triangles).
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Figure 5: (a) The gain in SINR, (b) the MSE, and (c) the desired-signal distortion
index of the tradeoff filter for different numbers of sensors, M, and = 5: M = 10
(solid line with circles), M = 20 (dashed line with asterisks), M = 50 (dotted line with
squares), and M = 100 (dash-dot line with triangles).
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LCMV

In this approach, we would like to find a filter that completely cancels
one interference, let’s say v;, without any distortion to the desired
signal, and attenuates as much as possible the rest of the
interference-plus-noise signal.

Let
Qv =[Q, QU . (53)

where the M x R,, matrix Q;,, contains the eigenvectors
corresponding to the nonzero eigenvalues of ®,, and the

M x (M — R,,) matrix Q contains the eigenvectors corresponding
to the null eigenvalues of ®.,,.
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We can write the interference v; as

Vi = Qvl Q\I;Ilvl
= QQHQ(,I?VL
We deduce that the constraint to cancel this interference is
h'Qy, =07,
where 0 is the zero vector of length R,, .
Combining this constraint with the distortionless one, we get
h"Cyy, = [ i7Q, 07 ]
il

=1 N
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where
xv1 = [ Ql izl } (57)

is the constraint matrix of size M x (R, + R,,) and i.. is a vector of
length R, + R,,.

Now, the criterion to optimize is

min [Jo (h) + J; (h)] subject to hfCyy, =iF, (58)
which leads to the celebrated LCMV filter:
hpoy = @' Coy, (C, @, Cryy) ™ ie. (59)

It is clear from (59) that for this filter to exist, we must have
M>R,+R,,.
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An equivalent way to express (59) is

hrovy = @;1val (Cilvl @;1val) ! ic. (60)

While with this filter, we can completely cancel the interference vy,
there is no guarantee that the rest of the interference-plus-noise can
be attenuated,; in fact, it can even be amplified.

This depends on how M is larger than R, + R,,. As the difference of
these two integers increases, so is the attenuation of the rest of the
interference-plus-noise signal.
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Example 4

Returning to Example 1, we now assume two uncorrelated complex
harmonic random processes as interferences, v; and vy, impinging
on the ULA from the directions 6,, = 0° and 0,,, = 45°, respectively.

We employ the LCMV filter, hr,cnvv, given in (59).

Figure 6 shows plots of the gain in SINR, G (hr,cumv ), the MSE,
J (hrcwmv ), and the desired-signal distortion index, v (hpcmy), as a
function of the input SINR for different numbers of sensors, M.

The desired-signal distortion index, v (hycumy ), IS zero.

The gain in SINR is always positive. For a given input SINR, as the
number of sensors increases, the gain in SINR increases, while the
MSE decreases.
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Figure 6: (a) The gain in SINR, (b) the MSE, and (c) the desired-signal distortion
index of the LCMV filter for different numbers of sensors, M: M = 10 (solid line with
circles), M = 20 (dashed line with asterisks), M = 50 (dotted line with squares), and
M = 100 (dash-dot line with triangles).
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The generalization of this approach to the cancellation of more than
one interference is straightforward.

Let's say that we want to cancel the two interferences v; and vs.
First, we take the correlation matrix of the signal vy + vo.

We perform the eigenvalue decomposition of this matrix as we did for
d,,.

Then, the derivation of the corresponding LCMV filter is the same as
described above.

The only thing that changes is the condition of the filter to exist, which
isnow M > R, + R,, + R,,.
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Another interesting way to derive the LCMV filter is the following. Let
us consider the filters that have the form:

h =Qy a, (61)

where a # 0 is a shorter filter of length M — R,,,. It is easy to observe
that

hHV1 = aHQ”Hvl = 0, (62)

since QyQ},, = 0. By its nature, the filter h in (61) cancels the
mterference.
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Substituting (61) into J,, (h) + J; (h), we obtain

Ju (h) + Ji (h) = ¢p,a’a+a" Q7 ®,Ql a

(63)
=a®] a
=Ju(a) + Ji(a),
where
@, = doIn—r,, + QU7 2.QY, (64)
with s g, being the (M — R,,) x (M — R,,) identity matrix.
[m] = = =

it
N)
ye)
?
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Then, from the criterion:

min [J, (a) + J; (a)] subject to a” Q¥ QL =il Qj, (65)
We find that
aromy = ®'QUTQL (QF QL ®'QUQL) T Qi (66)

As a result, another formulation of the LCMV filter is

hrony = Q@ QU7 QL (QF QL 8,'QU QL) T Q. (67)
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Maximum SINR

The maximum SINR filter is obtained by maximizing the output SINR
as given in (19) from which, we recognize the generalized Rayleigh
quotient [6].

Since ®;,, is full rank, it is well known that this quotient is maximized
with the eigenvector corresponding to the maximum eigenvalue of
o P,

Let us denote by \; the maximum eigenvalue of this matrix and by t;
the corresponding eigenvector.

Therefore, We have

hystvr = st (68)

where ¢ # 0 is an arbitrary complex number.
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We deduce that
0SINR (hmsiNg) = A1 (69)
Clearly, we always have
0SINR (hy,sivgr) > iSINR (70)
and

0SINR (hpmsing) > 0SINR (h) , Vh. (71)

Now, we need to determine ¢. One possible good way to find this
parameter is by minimizing distortion.
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Substituting (68) into J4 (h), we get
Ja (BimsiNg) = Gy + A [o]” = 6" t1 @ydi — cif Dty (72)
The minimization of the previous expression with respect to ¢* gives

B

N (73)

We deduce that the maximum SINR filter with minimum distortion is

t1tI B
hysing = 11}\7 (74)
1

= t1t7 @5
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Example 5

Returning to Example 1, we now employ the maximum SINR filter,
h,,sing, given in (74).

Figure 7 shows plots of the gain in SINR, G (h,sing), and the MSE,
J (hmsing), as a function of the input SINR for different numbers of
sensors, M.

The desired-signal distortion index, v (hy,siNgr), IS z€ro.
The gain in SINR is always positive.

For a given input SINR, as the number of sensors increases, the gain
in SINR increases, while the MSE decreases.
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Figure 7: (a) The gain in SINR and (b) the MSE of the maximum SINR filter for
different numbers of sensors, M: M = 10 (solid line with circles), M = 20 (dashed line
with asterisks), M = 50 (dotted line with squares), and M = 100 (dash-dot line with
triangles).
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In the denominator of the output SIR appears the matrix ®.,, which
can be either full rank or rank deficient.

In the first case, it is easy to derive the maximum SIR filter, which is
the eigenvector corresponding to the maximum eigenvalue of &' ®,.

Fundamentally, this scenario is equivalent to what was done in the
previous subsection for the maximization of the SINR.

Therefore, we are only interested in the second case, where we
assume that rank (®,) = R, < M.
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Let
_ / 1"
Q=[Q, QU] (75)

where the M x R, matrix Q) contains the eigenvectors
corresponding to the nonzero eigenvalues of ®,, and the
M x (M — R,) matrix Q. contains the eigenvectors corresponding to

the null eigenvalues of ®,,.

We are interested in the linear filters of the form:

h = Qya, (76)

where a is a vector of length M — R,,.
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Since ®, QY = 0 and assuming that ®,Q/ # 0, which is reasonable
since ®, and ®,, cannot be diagonalized by the same orthogonal
matrix unless at least one of the two signals x; and v is white, we
have

oSIR (h) = oSIR (QLa) = cc. (77)
As a consequence, the estimate of x; is
71 = hfly (78)
= 2l Q)Mx + 2" Q)Mvy + al Qv
— a"Qyfx +a QU v

We observe from the previous expression that this approach
completely cancels the interference.

Benesty, Cohen, and Chen An Exhaustive Class of Linear Filters 64\ 70



Wiener

Introduction

q MVDR
Signal Model and Problem Formulation

Tradeoff

Linear Filtering for Signal Enhancement LoMY

Performance Measures
Optimal Filters Maximum SINR
P Maximum SIR

Now, we need to find a. The best way to find this vector is by
minimizing the MSE criterion.

Substituting (76) into (30), we get

J(a) = ¢, +27 QL ®,Qlla — 2" QL ®,i; — il ®,Qa.

The minimization of the previous expression leads to
—1 .
amsik = (QV7@,QY) QU &4
As a result, the maximum SIR filter with minimum MSE is

hpsir = Q) (QzH‘I’sz)_l QU ®i;.
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Example 6

Returning to Example 4, we now employ the maximum SIR filter,
thIRa given in (81)

Figure 8 shows plots of the gain in SINR, G (h,,s1r), the MSE,
J (hmsir ), and the desired-signal distortion index, v (hysir), as a
function of the input SINR for different numbers of sensors, M.

The gain in SINR is always positive.

For a given input SINR, as the number of sensors increases, the gain
in SINR increases, while the MSE and the desired-signal distortion
index decrease.
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Figure 8: (a) The gain in SINR, (b) the MSE, and (c) the desired-signal distortion
index of the maximum SIR filter for different numbers of sensors, M: M = 10 (solid
line with circles), M = 20 (dashed line with asterisks), M = 50 (dotted line with
squares), and M = 100 (dash-dot line with triangles).
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All the optimal filters derived in this section are summarized in
Table 1.

Table 1: Optimal linear filters for signal enhancement.

Wiener:  hw = ®,'Q) (AL + Q'H<I>;}Q' ) Qi

MVDR: havor = 9, QL (QF®,1QL) ' Qi

Tradeoff: hr, = &' Q) (uAL! +Q’H<I>;le;)’ QHy

LCMV: hLCMV = Q/I ‘I)/_ QHHQ X
(QIHQI/ (I)/f Q/IH I) Q/H

Maximum SINR: h,sing = tlt1 D, i;
. —1 N
Maximum SIR: himsir = QU (QUF2,QY) ~ QUH i
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