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Introduction

This talk is concerned with beamforming in the time domain, which
has the advantage to be more intuitive than beamforming in the
frequency domain.

Furthermore, the approach depicted here is broadband in nature.

We describe the time-domain signal model that we adopt and explain
how broadband beamforming works.

Then, we define many performance measures, which are essential for
the derivation and analysis of broadband beamformers.

We show how to derive fixed and adaptive time-domain beamformers.
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Signal Model and Problem Formulation

We consider a desired broadband source signal, x(¢), in the far-field
that propagates in an anechoic acoustic environment, and impinges
on a ULA consisting of M omnidirectional sensors, where the

distance between two successive sensors is equal to ¢ (see Fig. 1).

A
ol

Yu(f) Ya(f) Yi(f)
Figure 1. A uniform linear array with M sensors.
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In the rest, sensor 1 is chosen as the reference.

In this scenario, the signal measured at the mth sensor is given by [1]

ym(t) = [t — A — foTm (c0s6q)] + vim (1) Q)
=Ty (t) +om(t), m=1,2,..., M,

where A is the propagation time from the position of the source
(desired signal), z(t), to sensor 1, fs is the sampling frequency,

6 cos by

(@)

Tm (cosfq) = (m — 1) -

is the delay between the first and mth sensors, 6, is the direction of
the desired signal, c is the speed of the waves in the medium, and
v, (t) is the noise picked up by the mth sensor.
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For the sake of simplicity, we assume that

0< fs6 cos By 6
c

Z. (3)

This clearly restricts 64, but simplifies the signal model.

In the sequel, we generalize the signal model when assumption (3) is
not satisfied. Under this assumption, we can express (1) as

Ym(t) = gL (cosBq) X' (t — A) + v, (t), 4)

where

T

gm (cosbq)=[0 -+ 0 1 0 -+ 0] (5)
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is a vector of length L, > fi7,,, (cos04) + 1 whose [ fs7y, (cosfq) + 1]th
component is equal to 1 and

Xt-A)=[z(t-A) z(t—-A-1)

2[t— A= foTm (cosOq)] -+ w(t—A—Ly+1)]".
(6)

The vector g, (cosfy) is a 1-sparse vector and the position of the 1
depends on both 64 and m, with

gl(cosﬁd):[l 0o --- O}T. @)

By considering L successive time samples of the mth sensor signal,
(4) becomes a vector of length Lj,:

Ym(t) = Gy (cosq) x (t — A) 4+ v (), (8)

Benesty, Cohen, and Chen Beamforming in the Time Domain 7\ 101



x(t—A)=

[z(t—A) z(t—A-1)

oz (t—-A-—
is a vector of length L, and

Vi) = [ 0m(®) vm(t=1) - omt—Li+1) ]

=

is a Sylvester matrix of size Ly, x L, with L = L, + L, — 1,

gl (cosby)

©)

L+1)]"
(10)

11)

PN G4



G (cosba)

Figure 2 illustrates the multichannel signal model in the time domain

x(t—A)

v (t)
Figure 2: Multichannel signal model in the time domain.
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By concatenating the observations from the M sensors, we get the
vector of length M Lj,:

where

yt) =[yTw yI@ - yhm]"
=G (cosly)x(t—A)+v(t)
= x(t) +¥(t),
G (cosfq)
G (cosfy)
G (cosby) = .

G s (cosby)

is a matrix of size ML, x L,

v(t)y=[ Vi) viw) - v "
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is a vector of length M L;,, and
=[xT®) T - x50 ]
Q(COSGd)X (t—A),
with x,,,(t) = G, (cosq) x (t — A).
From (12), we deduce that the correlation matrix (of size
MLy, x MLy) of X(t) is
Ry=F [X(t)XT (t)}
=Rx + R,
= G (cosbq) R,G” (cosfq) + Ry,

where Ry, Ry, and Ry are the correlation matrices of x(¢),
x (t — A), respectively.

Benesty, Cohen, and Chen Beamforming in the Time Domain 11\ 101
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We always assume that Ry has full rank.

But, to fully exploit the spatial information like in the frequency
domain, the matrix Ry = G (cosf4) RxG” (cos#4) must be rank
deficient.

Since the size of G (cosfq) is M Ly, x L and the size of Rx is L x L,
the condition for that is

MLy >L a7
or, equivalently,
L,—1
L g . 1
"M (18)

We see that as M is increased, the minimal value of L;, is decreased.
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Then, our objective is to design all kind of time-domain or broadband
beamformers with a real-valued spatiotemporal filter of length M Ly:

h=[hf bl - nf ], (19)
where h,,,, m =1,2,..., M are temporal filters of length L,,.

To generalize the signal model when assumption (3) is not satisfied,
we resort to Shannon’s sampling theorem [2], [3], which implies that

Tm(t) = [t — A — foTm (cos0q)] (20)
= i x(t— A —mn)sinc[n — fsTm (cosq)] (21)

Benesty, Cohen, and Chen Beamforming in the Time Domain 13\ 101
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and for P > fs7p, (cosfq) we have

P
T (t) = Z x(t — A —n)sinc[n — fs7pm (cosq)]. (22)
n=—P—Lp+1

Hence, we can simply redefine x (t — A) as a vector of length
L =2P + L;, with

x(t—A)=[az(t—A+P+L,—1) z(t—A+P+Ly,—2)
zt-A-P)]" (23)

and redefine G, (cosf4) as a Toeplitz matrix of size L;, x L with:
(G (cosBa)l; ; =sinc[—P — Ly +1—i+j — fsmm (cosba)], (24)

wherei=1,..., Ly, j=1,...,L.

Benesty, Cohen, and Chen Beamforming in the Time Domain 14\ 101
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Broadband Beamforming

By applying the spatiotemporal filter, h, to the observation signal
vector, y(t), we obtain the output of the broadband beamformer, as
illustrated in Fig. 3:

2(t) =Y hlym(t) (25)

x(t—A)

v(t)

Figure 3: Block diagram of broadband beamforming in the time domain.
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The filtered desired signal is given by

xa(t) = Z h? G,, (cosfq)x (t — A)
=h'G(cosby)x(t—A)

is and

Vrn (¢ Z h? Vi (t
=h z( )

is the residual noise.

o F

(26)

(27)

PN G4



We deduce that the variance of z(¢) is

o? =h"Ryh
=05, o0,
where
0r = h”™ G (cosfq) RxG” (cosfy) h
= hTth

is the variance of z¢(t) and
U'Urn = hTR!h

is the variance of vy, (¢).

=] =

(28)

(29)

(30)
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In principle, any element of the vector x (t — A) can be considered as
the desired signal.

Therefore, from (26), we see that the distortionless constraint is
h''G (cosby) =i}, (31)

where i, is the ith column of the L x L identity matrix, Ip.

Benesty, Cohen, and Chen Beamforming in the Time Domain 18\ 101
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Performance Measures

Signal-to-Noise Ratio

Signal-to-Noise Ratio
White Noise Gain
Directivity Factor
Front-to-Back Ratio
Mean-Squared Error

In this section, we define all relevant performance measures for the
derivation and analysis of fixed and adaptive beamformers in the time
domain.

For fixed beamforming only, since we are concerned with broadband
signals, we assume for convenience that the source signal, z(t), is
white; this way, the whole spectrum is taken into account.

Since sensor 1 is the reference, the input SNR is computed from the
first L;, components of y(¢) as defined in (12), i.e.,
yvi1(t) = x1(t) + v1(t).
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We easily find that

iSNR = — 12 (32)

o2’

where Ry, and R, are the correlation matrices of x; (¢t) and vy (¢),
respectively, and o2 and o2, are the variances of z(t) and vy (¢),
respectively.

The output SNR is obtained from (28).
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Itis given by
0.2
oSNR (h) = “;fd (33)
JUrn
_ h'Gc (cosbq) R,GT (cosba)h
B h'R,h
_ o2 y h''G (cosfq) G (cosfy) h
o3, h'Tyh ’
where
Ry
)

is the pseudo-correlation matrix of v(¢).

The third line of (33) is valid for fixed beamforming only.
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White Noise Gain

We see from (33) that the array gain is
__ oSNR (h)
G(h) = “SNR
B el (cosby) (el (cosba)h
h'Tyh '

(35)

The white noise gain (WNG) is obtained by taking 'y = Iz, in (35),
where I, isthe M L;, x M L, identity matrix, i.e.,

h’ ‘ T (cosbq) h
W(h) = B G (cosby) G (co&@d)_.

h b'h (36)

Benesty, Cohen, and Chen Beamforming in the Time Domain 22\ 101



Introduction

Signal Model and Problem Formulation
Broadband Beamforming
Performance Measures

Signal-to-Noise Ratio
White Noise Gain
Directivity Factor
Front-to-Back Ratio

Fixed Beamformers
Mean-Squared Error

Adaptive Beamformers

Directivity Factor

We define the broadband beampattern or broadband directivity
pattern as

1B (h, cos 0)]> = h" G (cos §) GT (cos ) h. (37)

In the time domain, the definition of the directivity factor (DF) is

D(h) = B (b, cos 04)|* )
% / B (h, cos 0)|? sin 06
0

el (cosby) G7T (cosba)h
h'Tro-h

)
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where

1 s
Trox =3 / G (cos0) GT (cos ) sin §d
0

is a matrix of size M L;, x M Lj, which is the equivalent form of

I'o.~(f) in the time domain.

Note that an explicit expression for I't o - iS not available.

In practice, we compute the DF in the time domain directly from the

first line of (38) with numerical integration.
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In the same manner, we define the broadband front-to-back ratio
(FBR) as

1 w/2 )
3 B (h, cos )| sin 6d6
2
Fl) =7 (40)
—/ B (h, cos 0)|* sin 06
2 /2
_ b Tronph
hTI‘TJr/QJrh7
where
1 /2
Lrome = 5/ G (cos#) G” (cos 8) sin 046, (41)
0
Trm/om = %/ /QQ(COS 0) G" (cos ) sin 0. (42)
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Now, let us define the error signal between the estimated and desired
signals:

e(t) = z(t) — il x (t — A) (43)
Za (t) + v (t) — ilTx (t—A).

This error can be rewritten as
e(t) = eq(t) + en(t), (44)
where
ea(t) = wralt) — i x (t — A) (45)

= [QT (cosba)h —1; TX(t_A)
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and

en(t) ) (46)

Upn (t
h'v(t)

are, respectively, the desired-signal distortion due to the beamformer
and the residual noise.

Therefore, the MSE criterion is
J(h) = [ (t)] (47)
=02 — 2h" G (cos0a) Rxi; + h"Ryh
( )+ Ju(h),
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where

Ja(h) = E [e3(¢)]

(48)
— [G7T (cosq ) h — il] "Ry [gT (cosq @) h — il]
= o,vq (h)
and
Jn () = E [e3(t)] (49)
=h"Ryh
o2

[m] = -
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with

E { [2ea(t) — iTx (t — A)f}

va (h) = 5

0z

(50)

[QT (cosq 0) h — il} "R, [gT (cosq 0) h — iy

2
0z

being the desired-signal distortion index and

& (h) =

being the noise reduction factor.

Benesty, Cohen, and Chen

2

=__Yu 51
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We deduce that
Ja(h) .
Jn (h) - SNR X §H (h) X U4 (h) (52)
= oSNR (h) X fd (h) X Uq (h) s
where
h % 53
&a (—) hT]REh ( )
is the desired-signal reduction factor.

it
N)
ye)
?

[m] = -
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Null Steering

In this section, we show how to derive the most conventional
time-domain fixed beamformers from the WNG and the DF.

The classical delay-and-sum (DS) beamformer in the time domain is
derived by maximizing the WNG subject to the distortionless

constraint.

This is equivalent to

m}}n h’h subject to el (cosby) = ilT. (54)

We easily obtain

hpy (cosfy) = G (cosq) |GT (cos ) G (cos Qd)} o i. (55)

Benesty, Cohen, and Chen
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Therefore, the WNG is
1

W [hpg (cos 0a)] = =
il |G” (cosfa) G (cos Gd)} i

(56)

It can be checked that the matrix product G% (cosf4) G, (cosfy) is a
diagonal matrix whose elements are 0 or 1.

As a result, the matrix
G” (cos04) G (cosby) = Zi\f:l GT (cosfq) G, (cosfy) is also a

diagonal matrix whose main elements are between 0 and M.

We conclude that the position of the 1 in i; must coincide with the
position of the maximum element of the diagonal of
G” (cos84) G (cos ).
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In this case, we have

W [hpg (cosba)] = M
and

hpg (cosfy) = G (cosby) IMZ

In the rest, it is always assumed that the position of the 1 in i; is
-1
chosen such that i [QT (cosfq) G (cos Qd)] ii=1/M.

=] =

(67)

(58)
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Example 1

Consider a ULA of M sensors.

Suppose that a desired signal impinges on the ULA from the direction
4.

Assume that f; = 8 kHz, P = 25, and L; = 30.

Figures 4—6 show broadband beampatterns, |B [hpg (cos6q) , cos b)),
for different source directions 64 and several values of M and 6.

The main beam is in the direction of the desired signal, i.e., ;.

As the number of sensors, M, increases, or as the intersensor
spacing, 9, increases, the width of the main beam decreases, and the
values obtained for 6§ £ 64 become lower.
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Figure 7 shows plots of the DF, D [hpg (cos f4)], and the WNG,
W [hpg (cos84)], as a function of ¢ for 63 = 90° and several values of

As the number of sensors increases, both the DF and the WNG of the

DS beamformer increase.

For a given M, the DF of the DS beamformer increases as a function

of 4.
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Maximum DF

Let t, (cosf4) be the eigenvector corresponding to the maximum
eigenvalue, A, (cosfa), of the matrix T' . G (cos6a) G™ (cos fa).

It is obvious that the maximum DF beamformer is

h

—max

(cosfy) = sty (cosba), (59)

where ¢ # 0 is an arbitrary real number, and the maximum DF is

Dinax (cosbq) = Aq (cosby) . (60)
Therefore,

Dinax (cosfla) > D (h), Vh. (61)
While h, .. (cosf4) maximizes the DF, it cannot be distortionless.
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To find the distortionless maximum DF beamformer, we need to
minimize the denominator of the DF subject to the distortionless
constraint in the numerator of the DF, i.e.,

m}inhTI‘T,gmh subject to h'G (cosby) = ilT. (62)

Then, it is clear that the distortionless maximum DF beamformer is

-1

b pr (cosby) = I‘E}O’WQ (cosBq) [QT (cosby) I‘E}O’WQ (cosbq)| 1.
(63)
We deduce that the corresponding DF is
1
Dh,,pp (cosba)] = - - (64)

il [QT (cosfq) F;}Mg (cosfq)| 1
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Returning to Example 1, we now employ the distortionless maximum
DF beamformer, h, nr (cosfq), given in (63).

Figures 8-10 show broadband beampatterns,
|B [h,,pr (cosfq), cosb]]|, for different source directions 64 and several

values of M and 6.

The main beam is in the direction of the desired signal, i.e., 4.

As the number of sensors, M, increases, or as the intersensor
spacing, 9, increases, the width of the main beam decreases, and the
values obtained for 6 +# 64 generally become lower.
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Figure 11 shows plots of the DF, D [h,, g (cosf4)], and the WNG,
W h,pr (cosf4)], as a function of ¢ for 64 = 0° and several values of
M.

Compared to the DS beamformer, the distortionless maximum DF
beamformer obtains higher DF, but lower WNG (cf. Figs. 7 and 11).

For a sufficiently small ¢, as the number of sensors increases, both
the DF and the WNG of the DS beamformer increase.

For a given M and a sufficiently small §, the DF of the distortionless
maximum DF beamformer increases as a function of 4.

The WNG of the distortionless maximum DF beamformer is
significantly lower than 0 dB, which implies that the distortionless
maximum DF beamformer amplifies the white noise.
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Figure 11: (a) DF and (b) WNG of the distortionless maximum DF beamformer as a
function of § for 64 = 0° and several values of M: M = 10 (solid line with circles),

M = 20 (dashed line with asterisks), M = 30 (dotted line with squares), and M = 40
(dash-dot line with triangles).
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Superdirective

The time-domain superdirective beamformer is simply a particular
case of the distortionless maximum DF beamformer, where 83 = 0
and ¢ is small.

We get

—1
oo = 071G (€715, @
where G = G (cos0).

The corresponding DF is

1
D (hSD) = i (66)
7 (a'rsh0)

This gain should approach M? for a small value of 6.
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Following the ideas in [4], [5], we can easily derive the time-domain
robust superdirective beamformer:

1
hR,e = I";,l(),ﬂ',eg (gTr';,lO,Tr,eg) il’ (67)
where

Troxe=Tr07x+€elrr,, (68)
with € > 0.

We see that hy , = hgp and hy ., = hpg (1).
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Returning to Example 1, we now employ the robust superdirective

beamformer, hy, ., given in (67).

Figure 12 shows broadband beampatterns, |B (hg ., cos )|, for
M =10, 6 =1 cm, and several values of e.

The main beam is in the direction of the desired signal, i.e., 83 = 0.

As the value of ¢ increases, the width of the main beam increases,
and the sidelobe level also increases (lower DF).
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Figure 13 shows plots of the DF, D (hg ), and the WNG, W (hg, ),
as a function of ¢ for several values of e.

For a given 4, as the value of ¢ increases, the WNG of the robust
superdirective beamformer increases at the expense of a lower DF.

For a given ¢ and a sufficiently small ¢, both the DF and the WNG of
the robust superdirective beamformer increase as a function of 4.
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We assume that we have an undesired source impinging on the array
from the direction 0,, # 6.

The objective is to completely cancel this source while recovering the
desired source impinging on the array from the direction 64.

Then, it is obvious that the constraint equation is

<" o= o | (69)
where
C(04,0,) = [ G (cosby) G (cosby) } (70)

is the constraint matrix of size M L, x 2L and 0 is the zero vector of
length L.
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Depending on what we desire, there are different ways to achieve the
goal explained above.

Next, we present two methods.
The first obvious beamformer is obtained by maximizing the WNG

and by taking (69) into account, i.e.,

minh"h subject to G (6, 6) h = [ 3 } . (71)

From this criterion, we find the minimum-norm (MN) beamformer:
-1 O
hygy (c0564) = C (6a,6) [T (6a,6) C (64, 00| [ 5 } NG

which is also the minimum-norm solution of (69).
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The other beamformer is obtained by maximizing the DF and by
taking (69) into account, i.e.,

mhinhTI‘Tpﬂh subject to CT (Aq,60,)h = { 1 ] . (73)

We easily find the null steering (NS) beamformer:
hyg (cosbla) = FT 0, <C (04,6n) x

SRR TONS) I R
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Example 4

Consider a ULA of M sensors.

Suppose that a desired signal impinges on the ULA from the direction
64 = 0°, and an undesired interference impinges on the ULA from the
direction 6,, = 90°.

Assume that f; = 8 kHz, P = 25, and L; = 30.

Figure 14 shows broadband beampatterns, |B [hyx (cosf4) , cosb)]],
for several values of M and 6.

Clearly, the beam is in the direction of the desired signal, i.e., 4, and
the null is in the direction of the interfering signal, i.e., 6,.

As the number of sensors, M, increases, or as the intersensor
spacing, 9, increases, the width of the main beam and the level of the
sidelobe decrease.
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Figure 15 shows plots of the DF, D [hy,y (cos64)], and the WNG,
W [hyy (cos6q)], as a function of ¢ for several values of M.

For a small §, both the DF and the WNG increase as M increases.

However, for a large ¢, the DF and the WNG of the MN beamformer
are less sensitive to M, if M is sufficiently large.

For a given M and small §, both the DF and the WNG of the MN
beamformer increase as a function of §.

Benesty, Cohen, and Chen Beamforming in the Time Domain 59\ 101



Delay-and-Sum

Maximum DF
Distortionless Maximum DF
Superdirective
Null Steering
- At g Rig o
o A
@ o LR L. .Eg o
= A+ ~ R L
— £ = o = 0" R Tregien
g - < P
ER P 8 G
T oo TE |~ oo
ey :
A — A
S 2 /
1 3 a4 5 6 T 4
5 (cm) 4§ (cm)
a) (b)
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Figure 16 shows broadband beampatterns, |5 [hyg (cos4) , cos ]|, for

several values of M and é.

Here again, the beam is in the direction of the desired signal, and the
null is in the direction of the interfering signal.

As the number of sensors, M, increases, or as the intersensor
spacing, 4, increases, the width of the main beam and the level of the

sidelobe decrease.
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Figure 17 shows plots of the DF, D [hyg (cos64)], and the WNG,
W [hyg (cos64)], as a function of § for several values of M.

For a small ¢, both the DF and the WNG of the NS beamformer
increase as M increases.

For a given M and small §, the DF of the NS beamformer increases
as a function of 4.

Compared with the MN beamformer, the NS beamformer obtains
higher DF, but lower WNG.

The WNG of the NS beamformer is significantly lower than 0 dB,
which implies that the NS beamformer amplifies the white noise.
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In Table 1, we summarize all the time-domain fixed beamformers
derived in this section.

Table 1: Fixed beamformers in the time domain.

DsS: hpq (cosq) = G (cosbq) %
Max. DF: h  (cosfq) =¢st, (cosbq), ¢ #0
Dist. Max. DF: h g (cosby) = I"T 0,+G (cosf4q) X
[GT (cos04) FT 0,+G (cos Gd)} ! i
Superdirective: hg, =T, .G (GTI‘;lo ﬂG) i
Robust SD: hy =T}, .G(G"T TOW&G)ilil
Minimum Norm: hy (cosby) =
C (04, 60) [C7 (04,60) C (64,00)] [ . }
Null Steering: hy g (cosby) = I"T o, ~C (04,0n) x
[T (04,0, 75, ,C (0,00 { . }
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Most of the adaptive beamformers are easily derived from the
time-domain MSE criterion defined in (47).

Below, we give some important examples.

From the minimization of the MSE criterion, J (h), we find the Wiener
beamformer:

Q

hy (cosby) = (cosbq) Rx; (75)

(cosby) R,GT (cosfa)i

& =
<7<
[}

|
=
=

|< |

i

where i is a vector of length M L;, whose all elements are 0 except for
one entry which is equal to 1 in the appropriate position.
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This Wiener beamformer can be rewritten as
hyy (cosfq) = (IMLh - R;lRl) i (76)

The previous expression depends on the statistics of the
observations and noise.

Determining the inverse of R, from (16) with the Woodbury’s identity,
we get a
R,'=R,' —R;'G (cosbq) x

-1

R+ G” (cosfa) Ry G (cosfy)| G (cosby) R;l. (77)
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Substituting (77) into (75), leads to another interesting formulation of
the Wiener beamformer:

hyy (cosby) = R;lg(cos 04) X

-1
R+ G (cosba) Ry G (costy)| 1 (78)

The output SNR with the Wiener beamformer is greater than the input
SNR but the estimated desired signal is distorted.

This distortion is supposed to decrease when the number of sensors
increases.
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Example 5

Consider a ULA of M sensors.

Suppose that a desired signal, z(t), with the autocorrelation
sequence:

Elzt)z(t")] = o=l —1<a<1
impinges on the ULA from the direction 64 = 0°.

Assume that an undesired white Gaussian noise interference, u(t),
impinges on the ULA from the direction 6, = 90°, i.e.,
u(t) ~ N (0,02), uncorrelated with z(t).

In addition, the sensors contain thermal white Gaussian noise,
Wy, (t) ~ N (0,02), that are mutually uncorrelated.

w
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The noisy received signals are given by

Ym(t) = T (t) + v (), m=1,..., M, where

Um () = um(t) + wm (t), m = 1,..., M are the interference-plus-noise

signals.

The elements of the L x L matrix Ry are

Ry, ; =al™ i, j=1,... L

The M L;, x ML, correlation matrix of x(¢) is
Ry = G (cosfq) RxG” (cosby) .

Since the interference is at the broadside direction, the M L;, x MLy,
correlation matrix of v(t) is

Ry =1y ® 021z, +02Inr,,
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where ® is the Kronecker product and 1,; is an M x M matrix of all
ones.

To demonstrate the performance of the Wiener beamformer, we
choose f; =8 kHz,§ =3 cm, a =0.8, 02 = 0.1¢62, P = 20, and
Ly, = 30.

Figure 18 shows plots of the array gain, G [hyy (cosf4)], the noise
reduction factor, &, [hy, (cos 64)], the desired-signal reduction factor,
&a [hy (cosq)], and the desired-signal distortion index,

vq [hyy (cos8q)], as a function of the input SNR, for different numbers
of sensors, M.

For a given input SNR, as the number of sensors increases, the array

gain and the noise reduction factor increase, while the desired-signal
reduction factor and the desired-signal distortion index decrease.

Benesty, Cohen, and Chen Beamforming in the Time Domain 71\ 101



Introduction

Signal Model and Problem Formulation
Broadband Beamforming

Performance Measures

Fixed Beamformers

Adaptive Beamformers

Wiener

MVDR
Tradeoff
Maximum SNR
LCMV

G [hy (cos04)] (dB)

€4 [hy (cos6)] (dB)

Figure 18: (a) The array gain, (b) the noise reduction factor, (c) the desired-signal
reduction factor, and (d) the desired-signal distortion index of the Wiener beamformer
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line with squares), and M = 15 (dash-dot line with triangles).
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Figure 19 shows broadband beampatterns, |5 [hyy (cos4) , cos 6]], for

different numbers of sensors, M.

The main beam is in the direction of the desired signal, i.e., 64, and
there is a null in the direction of the interference, i.e., 6.

As the number of sensors increases, the width of the main beam
decreases, and the null in the direction of the interference becomes

deeper.
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of sensors, M: (a) M =4, (b) M =6, (c) M =10, and (d) M = 15.
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From the optimization of the criterion:
m}in hTR!h subject to el (cosby) = ilT, (79)

we find the MVDR beamformer:

-1
hyypr (cosfq) = Ry 'G (cosbyq) [QT (cosbq) R;lg (cos Hd)] i.
(80)

It can be shown that the MVDR beamformer is also

-1
hyvpg (cosby) = R;lg (cosby) [QT (cosbq) R;lg (cos Hd)] i.
(81)

This formulation is more interesting in practice as it depends on the
statistics of the observations only.
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We always have
0SNR [hy;vpg (€os84)] < 0SNR [hyy (cosbq)] . (82)

Also, with the signal model given in (1), the MVDR beamformer does
not distort the desired signal.

However, in practice, since this model does not include reverberation,
hyvpr (cosfq) may no longer be distortionless.
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Returning to Example 5, we now employ the MVDR beamformer,

Figure 20 shows plots of the array gain, G [hyypr (cos8a)], the noise
reduction factor, &, [hypr (cos84)], the desired-signal reduction
factor, &4 [hyrvpr (cosfa)], and the MSE, J [hyypr (cosbq)], as a
function of the input SNR, for different numbers of sensors, M.

For a given input SNR, as the number of sensors increases, the array
gain and the noise reduction factor increase, while the MSE

decreases.
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Figure 20: (a) The array gain, (b) the noise reduction factor, (c) the desired-signal
reduction factor, and (d) the MSE of the MVDR beamformer for: M = 4 (solid line with
circles), M = 6 (dashed line with asterisks), M = 10 (dotted line with squares), and
M = 15 (dash-dot line with triangles).
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Figure 21 shows broadband beampatterns,
|B [byivpr (cosfq) , cosb]], for different numbers of sensors, M.

The main beam is in the direction of the desired-signal, i.e., 64, and
there is a null in the direction of the interference, i.e., 6.

As the number of sensors increases, the width of the main beam
decreases, the null in the direction of the interference becomes
deeper, and the level of the sidelobe decreases.
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Figure 21: Broadband beampatterns of the MVDR beamformer for different numbers
of sensors, M: (a) M =4, (b) M =6, (c) M = 10, and (d) M = 15.
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The easiest way to compromise between desired-signal distortion
and noise reduction is to optimize the criterion:

min Jg (h) subject to Jy (h) = No7 , (83)

where 0 < X < 1 to insure that we get some noise reduction.

By using a Lagrange multiplier, ;> 0, to adjoin the constraint to the
cost function, we get the tradeoff beamformer:

by, (cosfa) = Ry'G (cosfa) x

1
pRY + G (cosby) R;Q (cos Gd)} i. (84)
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We can see that for

® 1 =1, hy (cosfq) = hyy (cosBa), which is the Wiener
beamformer;

® 11 =0, hy(cosba) = hyypg (cosfa), which is the MVDR
beamformer,

@ 1 > 1, results in a beamformer with low residual noise at the
expense of high desired-signal distortion (as compared to
Wiener); and

@ 1 < 1, results in a beamformer with high residual noise and low
desired-signal distortion (as compared to Wiener).
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Example 7

Returning to Example 5, we now employ the tradeoff beamformer,
hy , (cosfq), given in (84).

Figure 22 shows plots of the array gain, G [hy , (cosf4)], the noise
reduction factor, &, [QT7 . (cos 64)], the desired-signal reduction factor,
& [y, (cosf4)], and the desired-signal distortion index,

va [y, (cosfa)], as a function of the input SNR, for M = 10 and
several values of p.

For a given input SNR, the higher is the value of p, the higher are the
array gain and the noise reduction factor, but at the expense of higher
desired-signal reduction factor and higher desired-signal distortion
index.
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Figure 22: (a) The array gain, (b) the noise reduction factor, (c) the desired-signal
reduction factor, and (d) the desired-signal distortion index of the tradeoff beamformer
for M = 10 and for: . = 0.5 (solid line with circles), u = 1 (dashed line with asterisks),
1 = 2 (dotted line with squares), and . = 5 (dash-dot line with triangles).
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Figure 23 shows broadband beampatterns,
for M = 10 and several values of p.

B [QT# (cosbq) ,cosb]|,

The main beam is in the direction of the desired signal, i.e., 64, and
there is a null in the direction of the interference, i.e., 6.
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Figure 23: Broadband beampatterns of the tradeoff beamformer for M/ = 10 and

several values of u: (@) u = 0.5, (b) o =1, (c) p = 2, and (d) pu = 5.
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Let us denote by t) (cosfq) the eigenvector corresponding to the
maximum eigenvalue, \} (cos64), of the matrix
Ry 'G (cosbq) R G (cosby).

It is clear that the beamformer:
h .. (cosfq) = ct] (cosby), (85)

—max

where ¢ #£ 0 is an arbitrary real number, maximizes the output SNR
[defined in (33)].

With the maximum SNR beamformer, h_ .. (cosf4), the output SNR is

oSNR [h,,,, (cosf4)] = A] (cosfq) (86)
and
0oSNR [h,.. (cosf4)] > oSNR (h), Vh. (87)
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The parameter ¢ can be found by minimizing distortion or the MSE.

Substituting (85) into (47) we obtain

J (h) = 02 — 26t/T (cos64) G (cos Bq) Ry +
<%t/ (cosby) Ryt (cosba) . (88)

Therefore, ¢ that minimizes the MSE is given by

_ 77 (cos0q) G (cos Bq) R
t1"" (cos 6a) Ry} (cosfa) -

(89)

Benesty, Cohen, and Chen Beamforming in the Time Domain 88\ 101



Introduction

Signal Model and Problem Formulation
Broadband Beamforming

Performance Measures

Fixed Beamformers

Adaptive Beamformers

Wiener

MVDR
Tradeoff
Maximum SNR
LCMV

Example 8

Returning to Example 5, we now employ the maximum SNR
beamformer, h, .. (cosfy4), given in (85) with ¢ that minimizes the
MSE.

Figure 24 shows plots of the array gain, G [h,,. (cos6q)], the noise
reduction factor, &, [h,,... (cosf4)], the desired-signal reduction factor,
&a [hy,, (cosbq)], and the desired-signal distortion index,

vd [hyhax (€osB4)], @s a function of the input SNR, for different

numbers of sensors, M.
For a given input SNR, as the number of sensors increases, the array

gain and noise reduction factor increase, while the desired-signal
reduction factor and desired-signal distortion index decrease.
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Figure 24: (a) The array gain, (b) the noise reduction factor, (c) the desired-signal
reduction factor, and (d) the desired-signal distortion index of the maximum SNR
beamformer for: M = 4 (solid line with circles), M = 6 (dashed line with asterisks),
M = 10 (dotted line with squares), and M = 15 (dash-dot line with-triangles).
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Figure 25 shows broadband beampatterns, |B [h,,, (cos6q) ,cos 8],

for different numbers of sensors, M.

The main beam is in the direction of the desired signal, i.e., 64, and
there is a null in the direction of the interference, i.e., 6.

As the number of sensors increases, the null in the direction of the

interference becomes deeper.
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Figure 25: Broadband beampatterns of the maximum SNR beamformer for different
numbers of sensors, M: (a) M = 4, (b) M =6, (c) M = 10, and (d) M = 15.
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LCMV

We assume that we have an undesired source impinging on the array
from the direction 0,, # 6.

The objective is to completely cancel this source while recovering the
desired source impinging on the array from the direction 64.

Then, it is obvious that the constraint equation is identical to the one
given in (69).

The above problem is solved by minimizing the MSE of the residual
noise, J; (h), subject (69), i.e.,

mhinhTth subject to C” (fa,0n)h = { g ] (90)
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The solution to this optimization problem gives the well-known LCMV
beamformer [6], [7]:

by oy (cosfa) = RG'C (6q, ) X

—1 .
(GO <IN I I B O
which depends on the statistics of the noise only.

It can be shown that a more interesting formulation of the LCMV
beamformer is

hy oy (cosba) = R;Q (04, 60y) x

[C" (0.6, C (00 6,)] [ ; } S

The previous expression depends on the statistics of the
observations only, which should be easy to estimate.
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Returning to Example 5, we now employ the LCMV beamformer,

hy oy (cosba), given in (92).

Figure 26 shows plots of the array gain, G [h; v (cos6q)], the noise
reduction factor, &, [hy v (cosf4)], the desired-signal reduction
factor, &q [y, v (cosbq)], and the MSE, J [by ey (cosba)], as a
function of the input SNR, for different numbers of sensors, M.

For a given input SNR, as the number of sensors increases, the array
gain and the noise reduction factor slightly increase.
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Figure 26: (a) The array gain, (b) the noise reduction factor, (c) the desired-signal
reduction factor, and (d) the MSE of the LCMV beamformer for: M = 30 (solid line with
circles), M = 35 (dashed line with asterisks), M = 40 (dotted line with squares), and
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Figure 27 shows broadband beampatterns,
for different numbers of sensors, M.

B b,y (cosfa) , cosd]],

The main beam is in the direction of the desired signal, i.e., 64, and
there is a null in the direction of the interference, i.e., 6,. In particular,
|B [y cay (cosba) ,cosb]| is 1 for 6 = 04, and is identically zero for 6,,.
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Figure 27: Broadband beampatterns of the LCMV beamformer for different numbers
of sensors, M: (a) M = 30, (b) M = 35, (c) M = 40, and (d) M = 45.
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Adaptive Beamformers

In Table 2, we summarize all the time-domain adaptive beamformers
derived in this section.

Table 2: Adaptive beamformers in the time domain.

Wiener: hyy (cosfq) = R£1§ (cosBy) x
[R;l + G7T (cosby) Rglg (cos Gd)] - i
MVDR: hyvpg (cosfy) = Rglg (cosBg) x
[QT (cosBq) R;lg (cos Gd)] - i
Tradeoff: hy , (costq) = R;lg (cosBq) x
1R + G (cos0) Re' G (cos )] i, n> 0
Max. SNR: h . (cosfq) =ct] (cosby), ¢ #0
LCMV: hy oy (cos8q) = Ry 'C (04, 0n) x

_ -1
[C7 (9a,60) RS C (6a,6) { 0}
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