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ABSTRACT

In this paper, we generalize the recently proposed multi-
stage minimum variance distortionless response beamformer
to all distortionless linearly constrained minimum variance
(LCMV) beamformers with directional constraints. Given N,
constraints and an M -element microphone array, we propose
to divide this array into K -element microphone sub-arrays
(N. < K < M) on which LCMV beamforming is per-
formed. The K-element outputs are then used as new sensor
inputs, and the operation is performed recursively until there
is only one output at the last stage. The multistage LCMV
beamformer satisfies all the imposed directional constraints
but with reduced complexity compared to the conventional
one. Simulation results show that in the presence of diffuse
noise, the multistage LCMV beamformer achieves higher
white noise gain than that of the classic LCMV beamformer,
although the directivity factor is slightly decreased.

Index Terms— Linearly constrained minimum variance,
microphone arrays, multistage, beamforming.

1. INTRODUCTION

The linearly constrained minimum variance (LCMV) beam-
former has been developed in order to minimize the power
of the output signals received by a microphone array given
some linear directional constraints. Although the optimum
solution is well known, it involves the inversion of the cor-
relation matrices of the noise and of the noisy signal that are
often ill-conditioned [1], leading to performance degradation
of the white noise gain (WNGQG).

There are two main traditional approaches to improve the
WNG of the LCMV beamformer. The first approach is diag-
onal loading (DL) [2, 3] and the second approach is general-
ized sidelobe canceller (GSC) [4]. The main idea in DL is
to add a small positive constant to the diagonal elements of
the correlation matrix before inversion, which is equivalent to
adding white noise in the observation. The drawback of this
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solution is sensitivity to the choice of the loading parameter.
Too small values keep the matrix ill-conditioned, while much
large values will impair the superdirectivity of the LCMV
beamformer. Moreover, that solution has the same compu-
tational complexity as the conventional LCMV. The second
method consists of formulating the linearly constrained prob-
lem of the LCMV in an equivalent unconstrained problem.
However, this method suffers from high sensitivity to estima-
tion error of the correlation matrix and high computational
complexity.

A third approach to solve the WNG problem has been re-
cently proposed for the minimum variance distortionless re-
sponse (MVDR) beamformer [1], which is a particular case
of the LCMV beamformer [5]. It recursively divides the ar-
ray into smaller sub-arrays and implements a reduced size
MVDR on each. The output signals from all the sub-arrays
are then fed as input signals to another stage of sub-arrays
MVDR beamformers. This process is repeated until only a
single sub-array is left. Simulation results show that the pro-
posed method improves the WNG and also reduces the com-
putational complexity.

In this paper, we generalize the solution of the multistage
MVDR beamformer and derive the multistage LCMV beam-
former. We first present the signal model and review the orig-
inal LCMV beamforming formulation. Then, we develop the
multistage LCMV beamformer and propose an implementa-
tion. Finally, we compare its performance with that of the
conventional LCMV beamformer in a typical example.

2. SIGNAL MODEL

We consider a classic room acoustic signal model in which a
uniform linear array (ULA) of M sensors captures a desired
farfield source signal. Using the formulation in [6], the re-
ceived signals are expressed in the frequency domain as

Ym(w) :Xm(w)+vm(w)v m = 1a2a"'aMa (1)

where X, (w),V,,(w) and Y, (w) are the source signal, the
additive noise and the sensor signal at the mth sensor, respec-
tively. All these signals are assumed to be real valued and
zero-mean.
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The main objective is to extract the signal X,,(w), re-
ceived at any reference microphone. Without any loss of gen-
erality, we choose to recover the signal X7 (w) of the first mi-
crophone. We can write (1) as

y(w) =x(w) +v(w) =dw)Xi(w) +v(w), @)

where
y(w) 2 Yi(w) Ya(w) Yar()]",
x(w) 2 [X1(w) Xa(w) Xuw)]”,
v(w) 2 Vi(w) Va(w) Varw)] ",

d(w) is the steering vector, and the superscript 7 denotes
transpose of a vector or a matrix. We refer to the first mi-
crophone as the reference microphone, and write the steering
vector d(w) for incidence angle 6 and sensor spacing 0:

d(o.)) — [1 e—]wé/c cos 0 e—j(M—l)w(S/c cos 0] NG
where c is the speed of sound.

The signal and the noise are assumed uncorrelated so we
can write the power spectral density (PSD) matrix of y(w) as

Py (w) £ Ely(w)y" ()] = @x(w) + B (w)

. @)

= ¢x, (w)d(w)d"™ (w) + Dy (w),
where the superscript  denotes the complex conjugate trans-
pose operator, ®,(w) = Elx(w)x"(w)] and ®,(w) =
E[v(w)vH (w)] are the PSD matrices of the signal and
the noise and ¢x,, (w) is the variance of X,,(w), m =
1,2,...,M. We then perform beamforming by applying
a complex weight to the output of each sensor and sum-
ming them together, ie., Z(w) £ h¥(w)y(w), where
h(w) = [Hi(w) H(w) HM(w)]T is the vector
containing those weights. Using (2), we get: Z(w) =
Xo(w) + V,(w), where X,(w) = X;(w)h(w)d(w) and
V,(w) £ h¥ (w)v(w) are the signal and noise at the output of
the beamformer. We deduce that the PSD of the beamformer
output is given by

¢z(w) = ¢x, (W)W (W)d(w)[* +h" (W) Py (w)h(w). (5)

3. CONVENTIONAL LCMV BEAMFORMER WITH
DIRECTIONAL CONSTRAINTS

The aim of the LCMV beamformer is to minimize the PSD of
the output noise subject to several linear constraints. Let N,
be the number of constraints (N. < M), we define an M X N,.
matrix, C(w), whose columns are linearly independent. The
problem can be written as:

Lr&r)th(w)fI)v(w)h(w) s.t. h (W)C(w) = q (w), (6)

where g(w) is an N, X 1 vector containing the constraints.
The solution of this problem is known to be [6]
—1
hy(w) = 8! (w)C(w)[CH(w) 2 (W)CW)] aqw). (7)

v

Here, we only consider distortionless beamformers,
meaning that when the sensors receive the desired sig-
nal without any noise, the signal must be perfectly recov-
ered, i.e., X,(w) = Xj(w). This implies the condition
h(w)d(w) = 1, that can be summarized as C(y) (w) = d(w)
and q; (w) = 1 where C;)(w) is the Ith column of C(w) and
q;(w) the Ith element of g(w). The MVDR beamformer is the
LCMYV beamformer with the distortionless constraint only.

Among the typical constraints that can be added in an
LCMV design, we choose to focus on directional constraints.
Given a particular direction by the steering vector d ;) (w), | =
1,..., N, we assign a response q; (w), i.e., h" (w)d () (w) =
q(w). Different values for q;(w) can be chosen. For exam-
ple, we can flatten the beampattern around the signal direction
by adding constraints at two symmetric directions around the
main direction [7]. We can suppress directional noise by set-
ting a null (q;(w) = 0) in the unwanted direction [8]. Com-
bining together all these constraints, we obtain:

C(w) = [d1)(w) de)(w) div)(w)], ¥
aw) = [a1(@) qa(w) an, )] ©)

4. MULTISTAGE LCMV BEAMFORMER

4.1. Derivation

To compute the LCMV beamformer, we need to invert the
M x M matrix ®,(w) in each frequency. The first issue is
that usually, this matrix is ill-conditioned and lead to very un-
stable results. Moreover, the computational complexity of the
matrix inversion goes like O(M?). That motivates to general-
ize the multistage MVDR beamformer, which is proposed to
solve these issues, to all LCMV beamformers with directional
constraints [1]. Indeed, we propose to apply the beamformer
to smaller sets of K sensors in Ny = log M/log K succes-
sive stages (K > N.). For every stage n, we apply LCMV
to M /K™ sets of K elements. This allows to compute inver-
sions of K x K matrices instead of M x M matrices.

For every stage n = 0,1,2,..., Ny — 1, we perform the
LCMV to sets of K sensors, such that the output Zi("H) (w)
is a new estimate of X;(w). Fori = 1,..., N/K"T! we
define sets of K sensors input:

2" (w) = [Zg()i—l)ﬂ(w)

_ (n)
- [XK(i—lH—l(w)
Then, we perform the LCMV beamformer, choosing the

ith microphone as reference. We can rewrite x(w) as
Xi(w)
Di (w)

Zg? (W)}T

; (10)
X @] +viPw)

x(w) = Xj (w)d(w) = d(w), (11)



where D;(w) is the ith element of d(w), fori = 1,..., M/K™.

We deduce that for all constraints [ = 1,..., N, the steering
vector of the K -sensor input z§"> (w)is
d),i(w) = (Dy,i(w))
T
[Day.xii-n41(w) Day,xi(w)] "
We can apply to this set the LCMV beamformer for the new
estimate Z\" ™ (w) of X;(w):

Z_(n+1)(w) _ h(n)H(w)Z(n) (w), (13)

7

-1

(12)

with

hE")(w):@;?)(w)Ci(w) [CH(w)qu (w)ci(w)y a(w), (14)

T

Ci(w) = [d)i(w) divyi(w)] . (13

T
aw) = o™ @ - M w| - ae

Using (5) we get the output noise PSD matrix:

B, (@) = W (@)@ o (@B (W), (17)
The replacement of q(w) with q(w) enables to keep the same
directional constraints after N, LCMV beamforming.
4.2. Implementation

In Algorithm 1, we present the multistage LCMV beam-
former implementation. The noise signal at the nth stage
is stacked into a vector and a global filter H,,(w) of size
KNa—n » KN:=n=1 g defined such that Ny — n — 1 beam-
formers are applied to groups of K sensors:

hgn) (w) ?Kx 1 Ok x1
0 h{" (w 0

H(”)(o.)) _ Kx1 2 ( ) Kx1 - (18)
Orx1  Oxx1 h<1?1>\157n71(w)

The combined filter is given by
By (W) = HO(WHD (W) ... HM"D(w).  (19)

If we have null constraints, the signal from that direction
will be nulled after the first stage. Therefore, we can remove
the null constraints in C(w) in the next stages. That is why
we remove the columns of C(w) corresponding to the null
constraints in the second stage of the algorithm.

This beamformer follows the condition h (w)C(w) =
q(w) although it does not minimize the variance of the resid-
ual noise as the conventional LCMV beamformer, but the
simulations show that the loss of performances is limited.
Moreover, the complexity of the multistage beamformer is
decreased by the fact we invert K x K instead of M x M ma-
trices. In the case that the number of constraints /N, in small
compared to M, the computational complexity of the beam-
former at every frequency falls from O(M?3) to O(K?M).

Algorithm 1 Multistage Directional LCMV Beamformer

Input: input noise PSD @) (w) = Py (w), input signals
29 (w) = y(w), LCMV constraints C(w) and q(w)

Filtering:
forn=20,1,...,N;,— 1do
if n=1 then

for all [ where q; = 0 do remove column C; from C
and q; from q
end for
end if
fori=0,1,..., KNs=""1 do
P (W) = [‘I%gw (w)}

K(i—1)+1:Ki,K(i—1)+1:Ki
-1

b)) = 1, (0)Ci(e) | OF (22, (i) ale)
end for
h§”> (w) (gK)xl Orx1
H™ (w) = Oxx1 hy”(w) Orx1 7
Orx1 Orx1 hg?l)\fs—'n,—l (W)

2"t (W) = HMWH (10)2(7) (W)
B s (w) = HMWH(W0)B () (w)H™ ()
end for
Output: 7 (w) = z™+(w) {Signal Estimation}

5. PERFORMANCE MEASURES

The array gain is defined as the ratio between the output and
the input signal-to-noise ratios (SNR). Using (5), and the dis-
tortionless condition, we obtain the array gain:

A(w) £ 0SNR(w)/iSN R(w)
= v, (@) [b" (W) @y (w)h(w)]

In order to see the sensor noise amplification, we also com-
pute the WNG defined as the gain in presence of white noise,
A (w) = [0 (w)h(w)] .

We analyze the performance in presence of diffuse noise,
because it involves the inversion of very ill-conditioned ma-
trices as shown in [1]. In that case we take advantage of the
dimensional reduction of the problem. The PSD has the form
P, (w) = ¢y, (w)T(w), with the pseudo-coherence matrix
[[(w)]; ; = sinc(2wd; j/c), where d; ; is the distance be-
tween the ¢th and the jth sensors. The array gain for this
choice of @ (w) is known as the directivity index (DI).

1 (20)

6. EXPERIMENTAL RESULTS

To evaluate the performance, we choose a ULA with a sensor
spacing of 2 cm. We apply a superdirective LCMV beam-
former, meaning that we set the input noise in the filter as
diffuse noise. We assume that the desired signal is in the end-
fire direction, where the results are optimal. Besides the dis-
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Fig. 1: Performance of the multistage LCMV beamformer
compared to that of the conventional implementation.

tortionless constraint, we set a null constraint at angle 6, to
deal with one farfield directional interference source. This
solution is very practical when the noise signals are highly
non-stationary because we cannot estimate their PSD [8]. We
also want to force the beamformer with a gain of 0.9 at angle
0. As we have three constraints, we choose to perform this
test with sub-arrays with respect to one degree of freedom,
i.e., with K = 4 microphones. The set of parameters is

{IV[_16 K=4 N,=2, 6,=n/3 6,=7/2—0.1 o

C@) = [doow) do,(w) do)] .a=[1 0 08]"

Figure 1 compares the performances of the multistage
beamformer and the conventional LCMV beamformer for
the cases of 4, 8 and 16 sensors. Firstly, we see that the
conventional 8§ and 16 microphone beamformer is stable only
above 0.8 and 3 kHz, respectively. Indeed, Figure 2 shows the
eigenvalues of @ (w), and as M increases and f decreases,
the eigenvalues come closer to zero. With K = 4, the mul-
tistage beamformer remains stable for the whole frequency
range.

The performance of the multistage beamformer with 16
sensors in white noise gain is very close to that of the conven-
tional beamformer with 4 sensors, with a gain of more than 20
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Fig. 2: Eigenvalues of the pseudocoherence matrix of the dif-
fuse noise with 4 (top) and 16 (bottom) microphones.

dB and 80 dB compared to the conventional beamformer with
8 and 16 microphones, respectively. In contrast, the DI of the
multistage LCMV beamformer is slightly decreased with re-
spect to the conventional 16-sensor LCMV. This result is ex-
pected since in the multistage, we implement several beam-
formers, but with reduced DI with respect to the conventional
one.

7. CONCLUSION

We have developed a multistage LCMV beamformer with
directional constraints as a generalization of the multistage
MVDR beamformer. We have divided the sensor array into
smaller sub-arrays, that produced a new small sized micro-
phone array. This recursive action leads to a beamformer that
preserves the conditions of the conventional LCMV beam-
former. This method improves the robustness and computa-
tional cost of the LCMV beamformer for a high number of
microphones. Despite a slight decrease of the DI, this method
considerably restricts the white noise amplification.
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